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Mdé& dau

Céac qua trinh truyén nhiét hay khuéch tan thuong duge mo hinh héa bang
bai toan bién cho phuong trinh parabolic: khi mién vat 1y, hé s6 ctia phuong
trinh, diéu kién ban dau va diéu kién bién dugce biét, nguoi ta nghién ctiu bai
toan bién nay va dya vao nghiém ciia bai toan dua ra mot du doan vé hién
tuogng dang nghién cttu. Day 1a bai todn thuan cho qua trinh ma ta dang xét.
Tuy nhién, trong thic té, nhiéu khi mién vat 1y, hodc hé s6 ctia phuong trinh,
hoiic diéu kien bien, diéu kién ban dau khong dugce biét cu thé ma ta phai xac
dinh ching qua céac do dac gian tiép, dé qua dé nghién cttu lai qua trinh. Day
chinh 1a nhtmg bai todn ngugc véi bai toan thuan duge néi 6 trén va la chu
dé soi dong trong mo hinh hoéa toan hoc va 1y thuyét phuong trinh vi phan
hon 100 nam qua. Hai diéu kién quan trong dé mo hinh héa mot qué trinh
truyen nhiét d6 1a quy luat trao doi nhiét trén bién va ngudn. CA hai dicu
kien nay déu do tac dong & bén ngoai va khong phai lic nao ciing dude biét
truéce, do do trong nhitng trucng hgp nay, ta phai xac dinh ching qua cac do
dac gian tiép va dé 1a noi dung ciia luan 4n nay. Luan an gom hai phan, phan
dau nghién cttu bai toan xac dinh quy luat trao doi nhiét (néi chung I phi
tuyén) trén bién qua do dac trén bién va phan thtt hai nghién cttu bai toan
xac dinh nguon (tao ra qua trinh truyén nhiét hay khuéch tan) qua céc quan
sat khac nhau. ,

Trong phan dau ciia luan an nay, cu thé trong Chuong 1, chiing t6i nghién
cttu bai toan nguge xac dinh ham g(-,-) (ttc quy luat trao doi nhiet trén bien)
trong bai toan gia tri bien ban dau

ug —Au =0 trong Q,

u(z,0) = up(z) trong €, (0.6)
ou _
% = g(u7 f) trén S’

tir dicu kieén quan sat bo sung

u(&o,t) = h(t), tel0,T]. (0.4)
Quan sét theo ting diém (0.4) thudng khong c6 ¥ nghia khi nghiém ctia (0.6)
dugce hiéu theo nghia nghiém yéu. Do d6, trong luan 4n ching toi sé thay thé

quan sat nay bdi cac quan sat sau
1) Quan sat trén mot phan cta bién

uly, = h(z,t), (z,t) €Y, (0.7)



v6i ¥ =T x (0,T], T 13 mot phan ctia 9Q c¢6 do do khéc 0;
2) Quan sét tich phan bién

lu = / w(z)u(z, t)dS = h(t), te (0,T], (0.8)
o0N

trong d6 w 1a ham khong am, xac dinh trén 0Q, w € L'(09) va [, w(x)dS > 0.
Ching toi luu § rang, néu ta chon ham w nhu 14 xap xi ctia ham Dirac § thi
cac quan sat (0.8) c6 thé coi 1a trung binh ctia quan sat (0.4). Quan sét tich
phan 1 lya chon thay thé cho quan sat do dac theo timg diém (khi thiét bi
do dac c¢6 do day khéc 0) va bai toan nguge sé duge gidi mot cach dé dang
hon nho phuong phap bién phan. Ngoai ra véi cach dat bai toan nhu & trén,
ta chi can st can do dac ¢ mot phan clia bién 1a ¢6 thé xac dinh dude quy
luat truyen nhiét trén bién, day 1a mot diéu quan trong trong thuec té. Trong
moi bai toan, chiing toi trinh bay maot vai két qua da biét vé bai toan thuan
(0.6), st dung phuong phap bién phan dé giai bai toan nguge va chiing minh
sy ton tai nghiém ctia bai toan t6i wu hoa, ciing nhu dua ra cong thic tinh
gradient ctia phiém ham can cyc tiéu héa; phan cubi ciing trong mdi muc,
ching t6i danh dé trinh bay va thao luan vé phuong phap s6 dé giai cac bai
toan tren. .

Phan thi hai ctia luan an danh cho bai toan xac dinh nguon trong qua
trinh truyén nhiét. Bai toan nay dudc nhiéu nha khoa hoc nghién ciu trong
vong hon 50 ndm qua. M#c dit ¢6 kha nhiéu két qua ve tinh ton tai, duy nhat
va danh gia on dinh cho bai toan, nhung do tinh dit khong chinh va cé thé
phi tuyén ctia bai toan, nén trong thoi gian gan day da cé rat nhiéu nha toan
hoc va ki su da dat lai van dé nghién citu ching. Cu thé, gia st Q ¢ R” Ia
mieén Lipschitz, gidi noi véi bien I'. Ky hieu Q := Q x (0,7, v6i T > 0 va bién
S =T x(0,7]. Gia st

aij, i,jE{l,Q,...,n},bELOO(Q),
a;j = ajj, i,7€{1,2,...,n},

MEln <) aij(@ )€ < AllElgn, V€€ R,
ij=1
0 < b(x,t) < p1, hau khap trong Q,
ug € LX), ¢, € L*(S),
A va A 13 cac hing s6 duong va py > 0.
Xét bai toan gia tri ban dau
o~ D du
. a_ g\Ls U) 53— ) = Fa ) )
o Zl o (a](aj t)axj) + b(z, t)u (z,t) € Q
1,]=
uli=0 = ug(z), 1z €Q,
v6i diéu kién bién Robin
ou

8N+au]5 = ¢ trén S,



ho#c diéu kién bién Dirichlet

ulsg =1 trén S.

0 day,

Sl = D (i, ) costv, i,

1,j=1

v 13 vecto phap tuyén ngoai ddi véi S va o € L>(S), dugce gia thiét 14 khong
am hau khap noi trén S.

Bai toan thuan la bai todn xac dinh u khi cac hé s6 clia phuong trinh (2.7)
va cac dit kién wug, ¢ (hodc ¢) cing nhu F da cho. Bai toan ngudgc la bai toan
xac dinh vé phai F khi mot sé diéu kien bo sung lén 15i giai v duge cho them
vao. Phu thudc vao cau tric clia F va cac quan sat bo sung clia u, ta cb cac
bai toan ngugc khac nhau nhu sau:

e Bai toan nguge (IP) 1: F(z,t) = f(z,t)h(x,t) + g(z,t), tim f(z,t), khi
u dugc cho trén Q. Mot s6 tac gid da nghién citu bai todn nay nhu
Vabishchevich (2003), Lavrente’v va Maksimov (2008).

o IP2: F(x,t) = f(z)h(x,t)+g(x,t), h va g da biét. Tim f(x), khi u(z, T') dugc
cho. Cac tac gia nhu Hasanov (2012, 2014), Iskenderov (1976, 1979),
Kamynin (2003) va Rundell (1980),... da nghién cttu bai toédn nay. Ngoai
ra, Gol’dman da nghién cttu cac bai toan nguge tuong tu cho phuong
trinh phi tuyén.

e IP2a: F(z,t) = f(x)h(z,t) + g(x,t), h vA g da biét. Tim f(zr), néu
fQ w1 (t)u(z, t)dx duge biét. 0 day, w; thudéc L>(0,7) va khong am. Ngoai
ra, fOT wi(t)dt > 0. Cac quan sat dang nay dugce goi la quan sat tich phan
va ching 14 mé rong ciia quan sat tai thoi diem cudi T trong IP2, khi w;
1a xap x1 ham § tai t = 7. Bai toan nay da duge Erdem (2013), Kamynin
(2005),0rlovskii (1991) va Prilepko (1987, 2003) nghién ctu.

o IP3:F(z,t) =f(t)h(x,t)+g(x,t), h and g da cho. Tim f(t), néu u(zo,t) duge
biét. O day, zo 1& mot diém thuoc Q. Borukhov va Vabishchevich (1998,
2000), Farcas va Lesnic (2006), Prilepko va Solov’ev (1987) da nghién
citu bai toan nay.

e IP3a: F(z,t) = f(t)h(z,t) +g(z,t), h va g da cho. Kriksin va cac cong su
(1995), Orlovskii (1991) da xét bai toan tim f(¢), néu [, wa(z)u(z, t)dz
dugce bit. O day, wy € L®(Q) v6i [, wa(x)dz > 0.

e IP4: F(x,t) = f(x)h(x,t) + g(z,t), h va g d& cho. Tim f(r) néu mot dieu
kien bo sung & trén bién clia u duge biét. Vi du, nhu khi diéu kien
Dirichlet da cho, ta c6 thé lay dit kien bo sung la diéu kién Neumann
dugc cho trén mot phan ctia S. Cac két qua cho bai toan nay c6 thé



duge tim thay trong cac cong trinh ciia Cannon va cong sy (1968, 1976,
1998), ctia Choulli vad Yamamoto (2004, 2006), va ctia Yamamoto (1993,
1994). Bai toan tuong tu khi xac dinh f(¢) v6i F(z,t) = f(t)h(z,t)+g(x,t)
da dugc deé cap trong cong trinh ctia Hasanov va cong su (2003).

e IP5: Tim ngudn diém v6i quan sat trén bién véi sy dong gop ciia cac
tac gid Andrle (2011, 2015), El Badia (2002, 2005, 2007), Dinh Nho Hao
(1992, 1994, 1998),... Mot bai toan lien quan ciing da duge Hettlich va
Rundell (2001) nghién ctu.

Ta dé y riang, trong céc bai toan ngude IP1, IP2, IP2a dé xac dinh f(z,t)
va, f(r) ta phai doi hoi 1o gidi v duge biét trén toan mién vat 1y Q - diéu nay
khé c6 thé thyc hien duge trong thuc té. Dé khic phuc khiém khuyét nay,
chiing t6i tiép can dén bai toan ngudc nay tit mot quan diém khéac: do dac u
tai mot s6 diém trong (hodc diém bién) z1,z9,...,zx € Q (hodic trén 9Q) va
tlt cac dit kién nay xac dinh vé phai F. Vi cac do dac bao gio cling phéai lay
trung binh, nén véi cach tiép can nay ta c6 cac dit kien sau:

liu:/wi(x)u(x,t)dx:hi(t), hi € L*(0,T), i=1,2,...,N,
Q

VOl w; € L™(Q) va [wi(x)dz >0, i =1,2,...,N, la cdc ham trong, con N la
sO cac do dac. Ngoai ra, ro rang rang, néu ta chi cé cac dit kién l;u, thi ta
sé khong c6 tinh duy nhat nghiém ciia bai toan, trit truong hop khi ta xac
dinh f(t) trong IP3, IP3a (c6 thé xem trong cic bai béo ctia Borukhov va
Vablishchevich (1998, 2000), ctia Prilepko va Solovev (1987)). Bdi vay, dé c6
tinh duy nhat, ta gia thiét rang, ta c6 mot dir doan f* clia f - gia thiét thuong
dat ra khi gidi cac bai toan thyc té. Tom lai bai toan ngudc trong cac tiép
can mdi cua chung toéi nhu sau:

Gia stt ta do dugce cac dit kién lu = hi(t),i = 1,2,..., N, v6i mot sai

s6 nao d6 va mot udc lugng f* ctia f da duge biét. Xac dinh f.
Ta sé giai bai toan ngudc nay bing phuong phap binh phuong t6i thiéu: cuc
tiéu héa phiém ham

N
1 gl "
Ty () =5 > M= hill o + 5l = £,
i=1

v6i ~ 1& tham s6 hiéu chinh, || - ||, 1a chuan thich hgp. Ching t6i mudn nhan
manh riang, phuong phap bién phan dang nay da duge Dinh Nho Hao st dung
dé giai cac bai toan truyén nhiét nguge va chitng té né rat hitu hieu.

Ching toi chiing minh rang, phiém ham nay kha vi Fréchet va dua ra cong
thiic cho gradient ctia phiém ham thong qua mot bai toan lien hop. Sau dé
ching to6i sé rdi rac bai toan bang phuong phap phan ti hitu han va phuong
phap sai phan roi gidi bai toan t6i uu roi rac bang phuong phap gradient
lien hgp. Truong hgp xac dinh f(t) sé dudce giadi bang phuong phap phan ra
(splitting method). Cac két qué s6 cho thiy cach tiép can ctia ching toi la
ding dan va phuong phap giai s6 1a hitu hiéu.



Chuong 1

Xac dinh quy luat trao doi nhiét
phi tuyén tir quan sat trén bién

1.1. Mot sb kién thic bd trg

Cho © ¢ R*, n > 2 1a mién Lipschitz bi chan c6 bién 14 90Q :=T, T > 0 1a
mot s6 thie, Q@ = Q x (0, 7). Xét bai toan gia tri bien ban dau trong phuong
trinh parabolic tuyén tinh

ye — Ay +coy = f  trong Q,

dy+ay=yg tréen X =T x (0,7T), (1.1)

y(+,0) = yo(") trong €.
Trong do, ta gid thiét rang co, a, f, g 14 cAc ham phu thuoc (z,t) thoa man
co € L®(Q), a € L>®(X) sao cho a(z,t) > 0 véi hau hét (z,t) € ¥ va cdc ham
fer*Q), g€ L*%), yo € L*(Q).
Dinh nghia 1.1 Ki hieu H'9(Q) la khong gian dinh chuan gom tat ca cac
ham y € L?(Q) c6 dao ham riéng yéu cap mot theo bién 21, - - - , z,, thuoc L*(Q)
v6i chuan

g 2 2 1/2
lyll o) = </ / (ly(e, OF + [Vy(z, 1)l )dwdt> :
o Ja
Dinh nghia 1.2 Khong gian H'!(Q) dugc dinh nghia

HYN Q) ={y € L*(Q) : e € L*(Q) va Dy € L*(Q),Vi=1,--- ,n},
la khong gian dinh chuan véi chuan xac dinh nhu sau
T
s = ([ (oGt 4 190G 0 + e 0) o)
0o Jo
Dinh nghia 1.5 Cho V la mot khong gian Hilbert. Ki hiéu W (0,7 1a khong

gian tuyén tinh gom tat ca cdc ham y € L?(0,T;V), c¢6 dao ham (theo nghia
phan bd) o € L2(0,T;V*) véi chuan xac dinh bdi

1/2

1/2

T
lylwon = ( /O (I ®1 + Iy @3- dt)

5



Khong gian W (0,7) = {y : y € L*(0,T;V),y' € L*(0,T;V*) } la khong gian Hilbert
véi tich vo hudéng

T T
<U7U>W(0,T):/O (u(t),v(t))v—i—/o <u'(t),v'(t)>V* dt.

1.2. Bai toan xac dinh quy luat trao do6i nhiét phi
tuyén tir quan sat tich phan trén bién

1.2.1. Bai toan thuan
Xét bai toan gia tri bién - ban dau

u—Au=20 trong @,

u(z,0) = up(z) trong , (1.8)
u ~

5 = g(u, f) trén S.

O day, ham g: IxT — R (v6i I C R) duge gia st 1a lien tuc Lipschitz, don digu
gidm theo bién u, don diéu tang theo bién f va thoéa man diéu kien g(u,u) = 0
con ug va f 14 cac ham s6 cho trude c6 mien gia tri 1a I, thudc vao khong gian
L%(Q) va L?(9).
Néu ham ¢ théa man dieu kién trén thi ta ki hieu ¢ € A.

Dinh nghia 1.6 Cho uy € L3(Q) va ham f € L3(S). Ham u € H,;°(Q) duge
goi 1a nghiém yéu ctia bai toan (1.8) néu ham g(u, f) € L2(S) va v6i moi ham
thit n € H41(Q) théa man n(.,T) =0,

—u(z, t)ne(z,t) + Vu(x, t) - Vn(x,t) | dedt
Q

:/uo(x)n(x,())da:—i—/g(u(a:,t),f(:mt)) n(x,t)dSdt. (1.9)
Q

S

Trong d6, khong gian L2(S) gom tat ci cac ham y € L2(S) va ¢6 tap xac dinh
13 mién 1.

Keét qua sau duge Schmidt chiing minh vao nam 1989:
Dinh 1y 1.6 Cho J la khodang con cia tap I théa man ham g(u, f) lién tuc
Lipschitz déu trén J x J. Khi dé vdi moi ham ug € L%(Q) va ham f € L%(S),
bai toan (1.8) c¢6 duy nhat nghiém yéu.
Dé nhan manh sy phu thuoc ctia nghiém wu(z,t) vao ham g, ta ki hieu né la
u(z,t; g) hodc u(g) thay vi u. Trong phan tiép theo, ching toi chiing minh anh
xa u bién g thanh u(g) kha vi Fréchet. Dé lam dugc diéu dé, trude tien ching
toi chiing minh u(g) lién tuc Lipschitz.

Goi A; 1a tap tat ca cac ham g(u, f) kha vi lién tuc theo bién u trong mién
I. Ta c6 danh gia sau
Bo dé 1.1 Cho ham ¢',¢*> € A, thda man g' — g2 € A con u',u? la nghiém



ctia bai toan (1.8) tuong ung vdi dieu kién bién g, ¢?. Gid st uy € L3(Q) va
f € L¥(S). Khi dé, ton tai mot hang sé ¢ sao cho

[t — |l o) + 1t —U2||c <clg'—g HL°° (IxI)-

Dinh ly 1.9 Cho up € L3(Q), f € L°(S) va g € Ay. Khi dé, danh xa bién g
thanh u(g) kha vi Fréchet va vdi bat ki g, g+ z € A; ta c6

|u(g + 2) —ulg) — nllwo,m)

1m
121l oo (1 1y =0 2]l

—0. (1.16)

1.2.2. Bai toan bién phan

Noi dung ctia phuong phap bién phan la tim cyc tiéu ctia phiém ham
1 ~ ~
J(9) = S lltulg) — hl22 01y trén tap A;. (1.20)

Dinh 1y 1.10 Phiém ham J(g) khd vi Fréchet trén tap Ay va gradient dugc
tinh theo cong thic

VJ(g)z:/Sz(u(g))go(a:,t)det, (1.21)

trong do, o(x,t) la nghiém ciua bai todan lién hop

—or—Ap =0 trong @,
oz, T)=0 trong 2,
0 . N

5 = dulu(@)e + (@) fpw(@)ulo)lsds = h(D)  tréen S.

Trong phat biéu dudi day, ching toi chi ra dicu kién can ctia cuc tri cho
phiém ham J(g).

Dinh 1y 1.11 Gid st g* € Ay la cuc tiéu ciia phiém ham (1.20) trén tap A;.
Khi d6, bét ki 2 = g— g* € Ay,

VJ(g*)z = /gz(u"(g*))gp(a:,t;g*)det >0, (1.23)

vdi u* la nghiém cia bai toan (1.8), ¢(z,t; g*) la nghiém cia bai todan lién hop
ing vdi dieu kién bién g = g*.

Tiép theo, ching t6i chiing minh sy ton tai cyc tiéu ciia bai toan bién phan
(1.20) trén tap chap nhan duge. St dung ki thuat ctia Rosch dua ra vao nam
1992, chung t6i xét tap

Az = {g € CYl)my < glu) < My, My < () SO Vu e,

sup |gu(u1) - guS’UQ)’ < C}
uy,u2€l ’ul - UQ‘



O day, v,m1, M1, M va C la cac hiing s6 cho trudc.
Gid st ug € C#(Q) v6i hing s6 8 nao do thuoc (0, 1]. Thé thi, theo Raymond
J.P. v& Zidani H., ta c6 u € C7"/%(Q) v6i v € (0,1) . Dat

Typq = {(Q,U(g)) rg € Ag;u € C%V/Q@)}-

B6 dé 1.2 Tap Tyq la tien compact trong khong gian CY[I] x C(Q).

Dinh ly 1.12 Tap T,q déng trong khong gian C'[I] x C(Q).

Dinh 1y 1.13 Bai todn tim cuc tiéu cia phiém ham J(g) trén tap Ay c6 it
nhat mot nghiém.

1.2.3. Vidusbd

Dé giai s6 bai toan (1.8) v6i quan sit tich phan (0.8) chiing toi st dung
phuong phap phan ti bién dé gidi bai toan thuan va bai toan lien hop, st
dung phuong phap lip Gauss—Newton dé tim cyc tiéu ctia phiém ham (1.20).

Chiting toi thit nghiem thuat toan cho mién hai chieu Q = (0,1) x (0, 1),
T =1 va nghiém chinh xac dugc cho béi

o 2
uexact($at> = ﬂexp <—M> , (132)

47t 4t

trong d6 zp = (—2,—2). Ta nhan thay rang tit phuong trinh (1.32), cue tiéu
ciia v dat tai t = 0 véi kien ban dau u(z,0) = ug(x) = 0, trong khi cyc dai cla
Uexact dat tai t =T =1 va z = (0,0), tic 1a u((0,0),1) = 12e=2 Do d6, trong
truong hop nay, ching toi chon khoang thoi gian [A, B] = [0, 12e~2].

Chiing toi xét cac vi du c6 ¥ nghia vat 1y nhu tim lai quy luat truyén nhiét
tuyén tinh ctia Newton va quy luat bic xa nhiét phi tuyén bac bon khi diéu
kién bién c6 dang

ou R
% = g(u) — Gexact (f), trén S,
v6i dit kien dau vao f cho truée duge xac dinh bdi
Olex
f = ue act + uexact, tl‘én S
ov

Trong truong hop tuyén tinh diéu kién bién tuyén tinh ta c6 gexact(f) = —f
v6i

auexact 4 14 ~
f= e + Ugyact , trén S.

Trong truong hop diéu kién bién phi tuyén ta c6 gexact(f) = —f*.

Bang tinh toan tric tiép, ta c6 cuyc tri cia ham f duge xac dinh nhu trén
trén S 1a [m := ming f; M := maxg f] O [A, B] = [0, {2¢72] . Theo He qua 1.7.2,
ta biét rang m < u < M, hon nita cac can trén M va can dudi m bi chan do
cac dit kien dau vao ug va f dude cho trude.



0 day, hai ham trong duge st dung trong quan sat tich phan (0.8) la

w(f){% néu ¢ € [(0:0, (0L s (1.33)

0 néu ngudc lai,

N

va
W) =+ &+ 1, (1.34)

V6l € = (&,&). Cha § rang trong ham trong (1.33) néu ¢ ¢6 gia di nhd thi
quan sat tich phan (0.8) tré thanh quan sit diém nhu trong (0.4) tai gbc toa
do & = (0;0).

Chung toi ap dung thuat toan lip Gauss — Newton dé tim cuyc tiéu cia
phién ham (1.20), duge viét lai nhu sau

1 1
7(9) = Htuta) — blZay ) = 210 2o (1.35)
Cho truée g,, xét bai toan con, tim cue tiéu (tng véi z € L*(I)) ctia phiém
ham
1 Qi 4
L 10(00) + @02l 0y + 2Ny Phuong phip 1 (M1),  (L36)
hoac

1 Qn .
§H¢(9n)""(I)/(gn)ZHQLz(O’T)+7|‘Z_gn+90"%2(1)7 Phuong phap 2 (MQ) (137)

Buéce 1ap méi duge cap nhat
In+1 = gn + 0.52. (1.38)

Do ham g 13 ham gidm nén & moi budc ldp, ta thyc hién phép chiéu (chit
cut) dé dam bao ring & budce lap tiép theo tinh chat gidm ctia ham ¢ dugdc
gitt nguyeén.

O day, ta chon tham sb hieu chinh
0001
Cn+1

ap, (1.39)
Bai toan thuan va bai toan liéen hop dude gidi bang phuong phap phan ti
bien (BEM) véi 128 phan tit bién, 32 budc thai gian va khoang [A, B] duge
chia thanh 32 khoang nho.

Cac két qua s6 dugc tinh toan cho truong hgp ham g(u) chua biét 1 tuyén
tinh va phi tuyén bang cach st dung phuong phiap M1 va phuong phap M2
v6i du doan ban dau gy va nhiéu dit kién 1a ||n° — hllr20.1y < 0.

Cac két qua s6 duge trinh bay trong luan an cho thiy phuong phap cta
ching t6i 1a hitu hiéu.

0Cac két qua s6 duge trinh bay chi tiét trong luan an.
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1.3. Bai toan xac dinh quy luat trao doi nhiét phi
tuyén tir quan sat mot phan trén bién

Xét bai toan (1.8) duge viét lai nhu sau

ug —Au =0, trong @,
u(z,0) =0, trong €2,

% =g(u, f), trén S=0Q x (0,7).

Tim ham u(z,t) va g(u, f) tit diéu kién quan sat tréen mot phan ctia bién
uly = h(x,t), (z,t) €T, (1.42)
trong d6 ¥ =T x (0,7T] v6i T' € Q. Vé6i bai toan thuan ta ciing c6 cac két qua

giong nhu bai toan thuan trong Muc 1.2.1, nén ching t6i chi dua ra cach giai
bai toan nguoc dya trén phuong phap bién phan bang ciach xét phiém ham
1 SR
J(0) = llue) = h( ) Fawy,  tren tap Ar (1.43)

Dinh 1y 1.14 Phiém ham J(g) khd vi Fréchet trén tap A, va gradient dugc
tinh theo cong thic

VJ(g)z:/Sz(u(g))go(a:,t)det, (1.44)

trong do, p(x,t) la nghiém ciia bai todn lien hop
—pr— Ap =0 trong @,
(2, T) =0 trong €2,
0 _ A
8_f = gu(u(g))e + (“(%t) - h(l’,t))xﬂx,t) trén S.

o) day, xy la ham dac trung ctia 3 xac dinh bdi

1 néu (z,t) €%,

xx(z,t) = { .

0 neu (z,t) ¢ X.
1.4. Bai toan xac dinh hé sé truyén nhiét o(u) tir quan
sat tich phan
Xét phuong phap bién phan cho bai toan xac dinh hé s6 truyén nhiét o(u)
trong bai toan gia tri bien — ban dau
ur — Au = 0, trong @,
u(z,0) = ug(), trén Q, (1.46)
% =0 (u(§,t))(uco —u(, 1)), trén S =00 x[0,T],
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v6i dieu kién quan sat
lu(o) ::/ w(x)u(z,t)dS = h(t), te (0,T], (1.47)
o9

trén tap chap nhan dudc o € Ay. Trong d6 us 1a nhiét do moi truong xung
quanh va dugc gia sit bang mot hang s6 cho trude.

Dinh nghia 1.7 Mot ham v € H'9(Q) dugc goi 14 nghiém yéu clia bai toan
(1.46) néu v6i moi ham n € H»(Q) théa man n(-,T) = 0,

/Q ( —u(z, t)n(z,t) + Vu(z,t) - Vn(z, t))dxdt = / ug(z)n(z,0)dx

Q

+ [ otule ) —ule. ODa(eicer. (1L48)
s
Chung t6i xét bai toan tim cuec tiéu ctia phiém ham
1
(o) = 5lllu(o) - 72201y (1.49)

trén tap As. Sy ton tai nghiém ctia bai todn bién phan (1.49) dugc Rosch
chiing minh thong qua viéc chi ra anh xa bién o € C'(I) vao u(o) € C(Q) kha
vi Fréchet. O day,

I := {min (uoo, inf uO(x)>,maX (Uoo, sup UO(m))]
z€N z€q)

Dinh 1y 1.15 Phiém ham J(o) kha vi Fréchet trén tap As va gradient duogc
tinh theo cong thic

J (0)z = /Sz(u(a)) (uoo - u(a))gp(x, t)dSdt, (1.52)

trong do ¢(x,t) la nghiém cua bai todn lién hop.

Chung t6i muén nhan manh thém réng, phuong phap ciia chiing toi c6 the
ap dung dé tim heé s6 truyén nhiét o(u). Tuy nhién, dé gi6i han do dai cta
luan 4n, ching toi khong trinh bay cac két qua sé cho trudng hop nay.



Chuong 2

Xac dinh nguon trong bai toan
truyen nhiét tir quan sat trén bién

Trong chuong nay ching to6i nghién ctiu bai toan xic dinh nguodn ti cac
quan sat tich phan bang phuong phap bién phan. Gid st Q ¢ R™ 1a mién
Lipschitz, gi6i noi vé6i bién T'. Ky hiéu @ := Q x (0,7], v6i T > 0 va bién
S =T x(0,7]. Gia st

g, i,j€{1,2,...,n},b€L°°(Q), (21)

aij = Gji, 1,] € {1,2,...,71}, (22)

MElEn <> aij(w, )& < AJ€lRa, Ve € R, (2.3)
ij=1

0 < b(z,t) < p1, hau khap trong Q, (2.4)

ug € L3(Q), ¢, € L*(S), (2.5)

A va A 13 cac hing s6 duong va py > 0.
Xét bai toan gia tri ban dau

n

ou 0 ou
5L (wle0gy ) vem-r e @
1,)=

uli=o = uo(z), =z €Q, (2.8)
vé6i dieu kién bien Robin

ou _
N + oulg = ¢ trén S| (2.9)

ho#c dieu kién bién Dirichlet
ulg =1 trén S. (2.10)
0 day,

n

s = D (gl s, cos(w )l

1,j=1

12
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v 14 vector phap tuyén ngoai déi véi S va o € L*°(S), duoc gia thiét 1a khong
am hau khap noi trén S.

Gia sit w; € L™(Q) va [, wi(x)dz >0,i=1,2,...,N, la cdc ham trong va ta
cO cac du kién sau:

liu:/wi(x)u(x,t)dx:hi(t), hi € L*(0,T), i=1,2,...,N. (2.11)
Q

Ngoai ra gia st rang, vé phai F c6 dang F = fh(z,t)+g(z,t) (f c6 dang f(z,t),
f(z) hoac f(t)) va ta c6 mot ude lugng f* cua f. Trong chuong nay ching to6i
nghién cttu bai toan xac dinh f tu cac dit kién trén.

2.1. Phuong phap bién phan

Trong muc nay ching t6i chi xét truong hop bai toan Robin (2.7)—(2.9).
Truong hgp bai toan Dirichlet (2.7), (2.8), (2.10) véi diéu kien bien (2.10)
thuan nhat ciing tuong tuy. Loi gidi ctia bai todn Robin (2.7)—(2.8) dugc hiéu
theo nghia yéu nhu sau: Gid sit F € L*(Q), 101 giai yéu trong W (0,T) ciia bai
toan (2.7)—(2.9) 1a ham s6 u(z,t) € W(0,T) théa man dang thic

n

T
Ju On
/0 (wes 1) (1 (@), H ()0 + /Q < Z aij(x,t) a—xza—xj + b(z, t)un> dxdt

1,j=1

—l—/aundfdt:/Fndxdt+/<p77d£dt, vn e L*(0,T; H'(Q)),
S Q S

u(z,0) = up(z), z€Q. (2.12)

Vi 16i gidi u(z,t) cia (2.7)—(2.9) phu thudc vao f(x,t), ta ki hieu né la u(z, t; f)
hodc u(f) dé nhdn manh syt phu thuoc ctia né vao f. Dé xac dinh f, ta t6i
thiéu héa phiém ham

N

1
o) = () = hill 2 1y (2.14)

=1

tren L?(Q). Tuy nhién, bai toan téi thiéu héa nay khong on dinh va c6 the
c6 nhiéu 1oi giai. Béi vay thay vao d6, ching to6i t6i thiéu héa phiém ham
Tikhonov N

1
L) = D7 5lsuf) = balldaomy + 5 1 = F 2 (2.15)

i=1

v6i v > 0 13 tham s6 hiéu chinh Tikhonov, f* € L?(Q) 1a mot du doan cia
f. D& thay rang néu v > 0, thi bai todn t6i thiéu héa nay co 16i gidi duy
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nhat.Ching t0i chiing minh phiém ham J, kh& vi Fréchet va dua ra cong
thic cho dao ham cua né. V6i muc dich do, ta xét bai toan lién hgp

n

_% & i(aij(:c,t)aa—i) + bz, )p = Y wi(w) (lu — hi), (2,t) € Q,

ij=10%; i=1
B
ol tp =0, (z,1) € 5,
p(l‘,T) = 07 z € Q.

(2.16)
Vi w; € L2(Q), lyju — h; € L*(0,T), vé phai clia phuong trinh dau trong (2.16)
thuoc L?(Q). Bing cach thay doi chiéu thsi gian, dé thay bai toan lien hgp
c6 nghiém duy nhat trong W (0, 7).
‘Cii)inh ly 2.1 Phiém ham J, khd vi Fréchet va dao ham ciia né VJ, tai f c6
ang
V() = Ao, p(a,0) + 1 (F (1) — £, 1), (2.17)
vdi p(x,t) la loi gidi cia bai toan lién hop (2.16).
Nhan xét 2.1 Trong dinh 1y nay ching toi viét phiém ham Tikhonov cho

truong hop F(z,t) = f(z,t)h(z,t) + g(z,t). Khi F ¢6 cau tric khac, thi phiém
ham can thay doi tuong tng. Cu thé, néu

o F(x,t) = f(t)h(x,1) + g(z. ), thi phiém ham phat 1a [[f — f*|| 2. V&
Vo(f) = / h(z,t)p(x,t)dz.
0
o F(x,t) = f(x)h(z,t) + g(x,t), thi phiém ham phat 1a || f — f*||;2(q) va
T
V() = [ e opte 0t
0

Dé tim diém cyc tiéu clia (2.15), chiing toi sit dung phuong phap gradient
lién hgp. Thuat toan dugce thiyc hién nhu sau:

Budc 1: Cho k =0, chon xap xi ban dau f°.

Bude 2: Tinh ro = —VJ,(f%), dat do = ro.

Bude 3: Tinh

B HrOH%Q(Q)
= —x% .
Zi:l HAZ'dOH%Q((LT) + 7‘|d0||2LQ(Q)

Dat f! = £ + agdo.
Budc 4: Cho k=1,2,---. Tinh

ry = —VJ,(f5), dy =1 + Brdr—1
||T]€||%2(Q)

b= @
||7ﬂk71||%2(Q)
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Buoc 5: Tinh
Irel22 0

- N
Zi:l HA dkHL2 0,7) + ’}/HdkH[g(Q

Cap nhat
Y= 1 agdy.

2.2. Phuong phap phan ti¥ hitu han
Trude hét, ching toi viét lai toan tit quan sat dudi dang
eu(f) = Ueulf] + leu(uo, 0) = A f + lu(uo, ¢),
trong d6 Ay, : L?(Q) — L?(0,T) 1 cac toan ti tuyén tinh bi chan, k =1,..., N.
Khi d6, phiém ham J,(f) c6 dang
N
() = 37 Sl )+ o, 2) — el + LIS~ £ By

N
1 gl .
= > SIS + luluo, ©) = ilFaop) + 51 = F7 72

N
1 ~ y .
=D 5lAs = Il + 517 = Fllz2()

Nghiem f7 ctia bai todn t6i thiéu héa (2.15) duge biéu dién bdi diéu kién toi
uu bac nhat nhu sau

N
ST A A =)+ - ) =0, (2.20)
k=1

O day, A7 : L2(0,T) — L2(Q) la toan tit lien hop ciia 4 duge xéc dinh béi
At q = pi, trong do p;, 1a nghiém ctia bai toan liéen hgp

[ opk Opx, Opk,
o (< 0 ax) b, O = er(@)a(t), (10) € Q,
IR (2.21)
W—l—a(m pr = 0, (z,1) €5,
| pi(z,T) =0, v e

Chu ¥ rang, 6 day chung to6i chia bai toan lien hop (2.16) thanh N bai toan
doc lap (2.21). Theo nguyén ly chong chat tuyén tinh, lien hgp p c6 dang
fo:l pr- Chiing t6i sé xap xi phuong trinh (2.20) bang phuong phap phan ti
hitu han (FEM). Thuc té, ching toi sé xap xi Ay, va Af.
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2.2.1. Xap xi phan t hitu han cta A, A, k=1,.,N

Gia st rang Q 1a mot mién da dién, chting toi chia Q thanh cic tam giac
tua déu 7;, va xac dinh khong gian cac phan t hitu han tuyén tinh timg khtc
Vi, € HY(Q) nhu sau

Vh—{vh UhGC( ) Uh|K€P1(K),VKE771}. (2.22)

0 day, P1(K) la khong gian cac da thiic tuyén tinh trong phan tit K. Ching
toi chia [0,7] béi cac diém chia

0=ty <ty <..<ty,trong do6t, =nr,n=0,1,...., M v6i c6 lu6i r =T/M.

Dat

(0,) = / Z (o) e et [Pauiet [ ot

voi v,w € HY(Q) va v6i mdi ham ¢(z,t), ta xac dinh ¢"(z) := ¢(x,t,). Khi
doé, a™(-,-) : HY(Q) x H'(Q) — R 1a mot dang song tuyén tinh bi chin va
H(Q)-elliptic, tic la,

a"(v,v) > CY ||v||%1(9) Vo e HY(Q).
Tiép theo, ching ta xac dinh hé xap xi roi rac day dia FE ciia bai toan bién

phan (2.12) bang phuong phap Euler-Galerkin lui nhu sau: Tim u} € Vj, v6i
n=1,2,.., M théa méan

(dettgy » X) p2q) + @ (uh, X) = (F™ X) r2(0) + (0", X) 121y » VX € Vi (2.23)
va
<u(})p X>L2(Q) = <U0, X)LQ(Q)7 VX € th (224)
R i
trong do dyuj = —Q% "= 1,2,..., M.

Bai toan bién phan rdi rac (2.23) chita mot nghiem duy nhét ul! € V;,. Dat
up(z,t) 1a noi suy tuyén tinh ctia u} theo bién t. Do d6, bai toan rdi rac clia
bai toan diéu khién t6i wu (2.15) duge viét dudi dang

N

1 n Y * :
T =Y 51 AknS = henlFaomy + 51 = Fll72g) = min.  (2.25)
k=1

O day, quan sat tinh todn lyus(f) = lyun[f] + leun(uo, ) = Apnf + lrun(uo, @)
va hyp, = lpup(uo, p) — hy. Nghiém ctia bai toan t6i vu (2.25) duge mo ta bdi
déng thitc bién phan

N
S AL ARp S = ip) + (]~ 1) =0, (2.26)
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v6i A7, 1a todn ti doi ngdu clia toan tit tuyén tinh Ay, k=1,..., N.
V6i xap xi FE clia bai toan (2.21) ta xac dinh mot xap xi ;1;2 w4 = P, CUa

Ajq. Hon nita, thay cho quan sat hy, ta chi dung hik thoa man
1 — bl 2oy < 0 for k=1,..,N. (2.27)

Khi dé, ta c6 bai toan bién phan sau

N
Z A Aty - h;f,’z) +7(f, = f) =0, (2.28)
k=1

trong do EIf,kh = lkuh(UQ,QO) — hik7 k= 1,..., N.

2.2.2. Su hoi tu

Cho
d ou Ov
a(u,v) == / > ij (v, 1) 5 ———da+ / b(x, tyu(z, t)v(x)de+ / o (&, tyu(€, t)v(€)de,
o W=l T Q T

voi u € W(0,T), ve HY(Q).
Ta dinh nghia nghiém yéu u(z,t) € W(0,T) ctia bai toan (2.7)-(2.9) thoa
man dang thic bién phan

(ut, v) 200y + alu,v) = (F,v) 20y + (p,0) 2y, Y € HY(Q), t € (0,T), (2.29)

N

vay
u(z,0) = up(z), =z €. (2.30)

Véi ¢ € H'(Q) ta dinh nghia phép chiéu elliptic R, : H'(Q2) — V;, nhu la
nghiém duy nhat ctia bai toan bién phan

a(Rhgb, Uh) = a(qb,vh) Yoy, € V). (231)
0 day theo Thomée V., ta c6 danh gia sai s6 nhu sau
¢ — Rl z2i) < Ch*|16llg2) Vo € H*(Q). (2.32)

Bo dé 2.1 Cho u la nghiém duy nhat ciia bai todn bién phan (2.29)-(2.30) va
up € Vi, véin =1,2,..., M la nghiém cia (2.23)-(2.24). Khi do, ta cé danh gid

lun—Rnullzor.m@) < C (B lutll r20.mm200)) + Atlul 120 722(0)) + P lluoll 2q)) »
(2.33)

Va1

M 1/2
w2071 () = (Atz |w”%p<m) :
n=1
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B6 dé 2.2 Cho up(z,t) va (Ryu)(x,t) tuong ing la phép noi suy tuyén tinh
clia uft va Ryu™ doi vdi bién t. Khi d6 ta ¢ danh gid sai s6 nhu sau

[un, — Ruullr20 701 (0 = O(h° + At). (2.36)

Nhu ta da biét, theo xap xi chuan ta c6
[ Rpu — ullp2(g) = O(h* + (AL)?). (2.37)
St dung bat dang thiic tam giac ta thu duge
lun = ull2(q) = O(h* + At).

Khi do, ta c6 thé danh gia quan sat do dac nhu sau

T
() = b oy = [ () = b

_ /OT (/Q o () [up (z, ) —u(x,t)]d:c)zdt
< /OT (/sz(:v)dx/g[uh(a:,t) —u($,t)]2d:£) dt

= el 72 lun = ullf2q),
hoac
k() = ()l 20,r) < lorll 2 llun — ull 2y < C(W* + At).
Vi vay ta c6 thé két luan vé cac két qua hoi tu nhu sau
(A =A%) fll 20y = O(RP+AL)  va H(A\z,h_AZ)qHLQ(Q) = O(h*+At), (2.38)

voi moi f € L*(Q), ¢ € L?(0,T). Bang ky thuat nhu trong ching minh clia
Dinh Nho Hao va Phan Xuan Thanh ta c6 thé chiing minh ring véi v > 0 thi

I = 2 = Oh2 + At +6), 6= \/5§ L824t 2 (2.39)

2.2.3. Vidu s6
Trong cac vi du s6, ching t6i chon mién Q = (0,1) x (0,1), T =1 va
aZ](‘%?t) = 5237 b(l’,t) - 1, U(.T,t) =1.

Nghiém chinh xac duge xac dinh béi u(z,t) = ef(x1 — 2?) sin wo.

Chung t6i thit nghiém véi mot vai ham F c6 cau tric khac nhau, cu thé,

o Vidu l: F(z,t) = f()h(z,t) + g(x, 1),
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e Vidu 2: F(x,t) = f(z)h(x,t) + g(x,t),
e Vidu 3: F(x,t) = f(x,t) + g(x, 1),

v6i quan sat tich phan (2.11) hodc quan sat diém. Bing phuong phap Euler
Galerkin i, ching t6i mién Q thanh 4096 phan t hitu han va buéc ludi thoi
gian 7 =T/M = 1/M v6i M = 64.

Trong vi du dau tién, chiing t6i st dung 1 quan sat N = 1, v6i nhiéu quan
sat 1a 0 = 1%, 3%, 5%. Ching toi thiét lap lai ham f(¢) c6 dang

2t néu 0<t<05
= . - 7 i 1.1 2.4
Uy {2(1—1&) neu 05<t<1, Vidu (2.40)
1 néu 0.25<t<0.75, ]
f(t)= {O ngitge lai. Vidu 1.2. (2.41)
Trong Vi du 2, chiing toi thiét lap lai ham
f@y=23+23  Vidu2l
1 véi z = (0.5;0.5),
flz) =140 voi z € {(0;0),(0;1), (1;1), (1;0)}, Vidu 2.2,

tuyén tinh nguoc lai,

trong d6 sb6 diém quan sat N =9 va h(z,t) =t +2, ~=1075 §=1%.
Trong vi du thit 3, chiing t6i thiét 1ap ham

fla,t) = (23 +23)(t* + 1), Vidu 3.1, (2.42)

tit do dac tai 9 diem. Cac két qua s6 cho thay cach tiép can dé giai bai toan
xac dinh nguon bang phuong phap phan tit bién ching toi 1a kha thi va hitu
hieu.Y

2.3. RJi rac bai toan xac dinh thanh phan chi phu
thuoc thoi gian trong vé phai

Trong muc nay, ching t6i xét bai toan xac dinh ham f(¢) trong hé phuong
trinh

5 T (e 055 )+ M= F0e0) +atet). (00 € Q

ot ox;
u(x,t) =0, (x,t) € S,
u(z,0) = up(x), x €,

(2.43)

tit quan sat bo sung

lu(f) = /Qw(x)u(a:,t)dx =h(t), 0<t<T. (2.44)

0Cac két qua s6 duge trinh bay chi tiét trong luan an
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Trong do6, cdc ham a;,i = 1,n, b, ¢ thudc khong gian L>®(Q) va g € L*(Q), f(t) €
L*(0,T), up € L*(). Hon nita, 6 day ta gia thiét ring a; >a >0 va ¢ > ¢ >0
VOl a, ¢ la cac hang s6 cho truée va ham w 1a ham trong nhu da dude mo ta
tit dau chuong.

2.3.1. RJi rac bai toan thuan bang phuong phap sai phan hitu han

phan ra
Gia stt rang Q := (0, Ly) x (0, Lg) x - - - x (0, L,,) trong khong gian R”, véi L;,

i = I,n la cac hing s6 duong cho trude. Ap dung ki thuat ctia Marchuk v
Yanenko, ta duge hé xap xi bai toan ban dau (2.43)

dia )
{%+(A1+--~+An)uf07 (2.47)
fL(O) :a07

voi @ = {u¥ k € @} 13 ham luéi. Ham 4y 13 ham ludi xap xi dieu kien ban dau
ug(z) va duge tinh bang cong thiic

e 1 /
Uy = up(x)dz.
O ] o (@)

Cac ma tran he s6 A; trong he (2.47) dugce xac dinh nhu sau

(-G k+ S
aih—Z(uk _ ukfei)_aihz (ukJre,- _ Uk), 2<k<N-— 2,
\k bk b= K+ z
(Aiw)" = ——+ 1 %hz Ut — (u'“’ei uk), k=1,
afj% ( k ;—ez f+%z k _
| T2 u® —u ) h?u, k=N —1,

v6i k € €. Hon nita,

f={r"+d" k e},
Ta thay, ma tran hé s6 A; 14 ntta xac dinh duong. Dé c6 luge do sai phan
splitting cho bai toan Cauchy (2.47), chiing toi roi rac bai toan theo bién thoi
gian. St dung luge do sai phan splitting

% 1—1
um—&-% _ um+ﬁ

7 i—1
Uerﬂ + um-i-ﬁ

A" =0, i=12,...,n—1,
Al A 1
1 n—1 1 n—1
umta — " o w2 M I P At
n+1 1 n+1 1
At A 4 =5 g
um+1—% . um+1—2in . Amum+1—% + um+1—2”n .
At ‘ 4 o
UO = Uy,

(2.49)
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hay
(E; +%Am) (E—%Am) mrE =12, — 1,
<&+%Mww% Elpm) = (B, — Sy s
(B, + %Am) mE = (B, — %A;ﬂ)(umﬂ + %Fm),
(E; AtAm) W = (E —gAm) M- i—n—1n—2... .1,
u® = 1, (2.50)

v6i F; 1a ma tran don vi tuong tng v6i A;,i = 1,...,n. Luge do sai phan (2.50)
c6 thé viét lai thanh

umtt = AT 4 AtBT (o™ 4 g™), m=0,..,M — 1,
- (2.51)
VOl
AT = AT ATAT AT
B = AT ... AT,
trong do A7 := (E; + AIAT) B - §IAM) i =1,

Ta c6 thé ching minh Iuge do sai phan (2.49) 1a on dinh dua két qua cia
Dinh Nho Hao, Nguyén Trung Thanh, Sahli va khi d6, ton tai mot hang s6

duong ¢; khong phu thuoc vao cac hé s6 a;,i=1,--- ,n va b théa man
M 1/2 1/2 1/2
Z Z ‘ukﬂn‘? < ¢4 Z ‘Uo‘ i Z Z }fmgpk’,m_‘_gk,m}z
m=0keQqy, keQqy m=0keQqy,

(2.52)
Khi © 1a mién mot chiéu, ta xap xi h¢ phuong trinh (2.47) bang phuong
phap Crank-Nicholson va nghiém ctia bai toan roi rac cing ¢6 dang (2.51).
2.3.2. RJi rac bai toan bién phan
Tu dieu kién quan sat (2.44), phiém ham quan sat Jo(f) c6 dang

1
Jo(f) = Zl10u(f) = Bl g2

Khi d6, phiém ham quan sat rdi rac J R, At( f) dugc viét duéi dang

2

TR li AR whubm(f (2.53)
NEE , .

m=1 kEQh
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v6i uF™(f) chi sy phu thuoc clia nghiém « vao diéu kién f va m 1a chi s6 trén
lu6i thoi gian. Ta ki hieu w* = w(z¥) 13 xap xi clla ham w(z) trong mién Q tai
diem 2%, vi du nhu
B 1
5 L

Dinh 1y 2.2 Gradient VJ(})L’At(f) ctia phiém ham Jh A tai diém f duge cho
bdi

VIS () = D MBI (2.54)

trong do n la nghiém cia bai todn lién hop
nm = (Am+1)*nm+1+wm+1’ m=M-—2,....,0,
=M, (2.55)
™ =0.
Va1
= {pkm = Wk ( Ahzw’f Emf) —hm), ke), m=0,1,..., M.

ke,
(2.56)

0 day (A™)* va (B™)* duogc zac dinh nhu sau

At At At At
(A™)" = (B — ZA'")(E IAm) (B — ZAm)(En + IA?)A
At At At At
X (B = A B+ A (B = P AT)(Br+ 2 AT)
At At At At
(B™)' = (En = — A7) (Bn + —- A7) 71 (Br = =P AT (By + AT

2.3.3. Phuong phap gradient lién hop

Phuong phap gradient lién hgp cho phiém ham roi rac (2.53) dugc tién
hanh theo cac budc sau

Bude 1. Cho truée xap xi ban dau f° € RM+! cia ham f(t) va tinh thang
du 7o = (Z}Lu(fo) — B () — B2, () — hM) bing cach gidi luge dd
splitting (2.49) vé6i f duge thay thé bdi xap xi ban dau fO va dit k = 0.

Budc 2. Tinh gradient rg = —V.J,(f°) x4c dinh bdi (2.54) bang cach giai
bai toan lien hgp (2.55). Sau d6, dit dy = ro.

Budc 3. Tinh )

||TOHL2 (0,7)

||lhd0||L2 OT + ’7||dO”L2 OT

& =

V6i Ihdy c6 thé duge tinh tit luge do sai phan splitting (2.49) vé6i f duge thay
bang dy va g(z,t) = 0, up = 0. Dit

1= 10+ apdp.



23

Budc 4. V6i k=1,2,---, tinh r, = —VJfY(fk), dp. = r + Brdp_1, V61

”TkH%Q(O’T)
e TR T E—
||Tk71 ||L2(O,T)

Bude 5. Tinh «y,

el Z2 0.
lndill 20y + YAkl 20y

O =

trong d6 I,dy duge tinh dya vao luge do sai phan splitting (2.49) véi f duoe
thay bdi dj va g(x,t) =0, up = 0. Dt

Y= 1+ agdy.

2.3.4. Vidusbd

Trong muc nay, ching toi trinh bay mot vai vi du s6 khi mién Q 1a mién
mot chieu va hai chidu dé chi ra tinh hitu hiéu ctia thuat toan. Cho T = 1,
ching toi thit nghiem thuat toan nham thiét lap lai cic ham sau

e Vidu 1: f(t) = sin(nt).

2 néu t < 0.5
{du 2: f(t) = b nEUdC
e Vidu 2: f(t) {2(1 —¢) néu ngugc lai.

o Vidu3: f(t) = 1 néu0.25 <t <0.75,
- ~ 10 néu ngudc lai.

Chiing to6i xét ba trudng hgp ma do tron ctia ham f(t) bi gidm dan, cu theé,
ham f(¢) trong vi du 1 la ham tron, ham f(¢) trong vi du 2 la ham khong kha
vi tai t = 0.5 va ham f(t) trong vi du 3 la ham gian doan.

Trong moi vi du s6, chiing toi chon trude nghiém chinh x4c u va cdc ham
o, f, 101 thay vao bai toan (2.43) ta ¢c6 ham g trong vé phai. Sau khi c6 nghiem
chinh xac u, chung to6i tinh dit kién quan sat [u va dat nhiéu ngau nhién lén
dit kien do dac h. Thuat toan dimg khi || f*t! — f*|| di nhd, thuong 1a 1073
Cudi ciing, ching toi so sanh nghiem giai s6 v6i nghiém chinh xac dé chi ra
thuat toan ma chiung to6i xay dyng la httu hiéu.

0Cac két qua s6 dugce trinh bay chi tiét trong luan an cho ci hai truong hop mién Q mot
chiéu va mién Q hai chiéu.
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KET LUAN CHUNG

Luan an nay nghién citu bai toan xac dinh quy luat bién phi tuyén va xac
dinh ngudn trong cac qua trinh truyen nhiét. Cu thé luan an da dat dugc cac
két qua sau:

1. Déi v6i bai toan xéc dinh quy luat trao doi nhiét phi tuyén trén bien,
ve Iy thuyét ching toi da gidi quyét triet dé bai toan trong truong hgp nhiéu
chiéu dya trén phuong phap bién phan. Ching minh tinh kha vi theo nghia
Fréchet ctia phiém ham can t6i wu hoa, dua ra cong thic tinh dao ham bang
bai toan lien hop. Trong mot s6 truong hop chitng minh dude sy ton tai
nghiém ctia bai toan bién phan. Bai toan dugc roi rac hoa bang phuong phap
phan ti bien (BEM) va sau dé dugc gidi s6 bang phuong phap lip Gauss-
Newton. Cac thit nghiém bang s6 trén méay tinh cho thay phuong phap va
thuat toan la httu hiéu.

2. V6i bai toan x4c dinh nguon trong cac qua trinh truyéen nhiét, ching toi
dua ra mot cac tiép can méi co ¥ nghia thuc té dé giai bai toan xac dinh ngudn
nhiéu chiéu véi he s6 phu thuoc thoi gian (chua duge nghién citu tir trudce),
sau do6 chuyén bai toan vé bai toan bién phan. Vi bai toan bién phan khong
on dinh, nén ching t6i da hieu chinh né bang phuong phap chinh Tikhonov,
sau d6 chiing minh phiém ham Tikhonov kha vi Fréchet roi dua ra cong thiic
cho dao ham Fréchet qua sy trg gitip ctia bai toan lién hgp. Bai toan dugce roi
rac hoa biang phuong phap phan ti hitu han (FEM) va phuong phap sai phan
phan ra (finite difference splitting method), sau d6 dugc giai bang phuong
phéap gradient lien hgp (conjugate gradient method). Thuat toan duge thit
nghiém trén may tinh va cac két qua s6 cho thay phuong phap rat hitu hieu.

Luan 4n md ra mot s6 huéng tiép tuc nghién ciu la:

1. Nghién citu phuong phap gidi sé bai toan xac dinh quy luat trao doi
nhiét phi tuyén tit quan sat mot phan bién va phuong phéap giai s6 bai toan
xac dinh hé s6 truyen nhiét tit quan sat tich phan. Nghién cttu bai toan cho
phuong trinh phtic tap hon.

2. Nghién cttu bai toan xac dinh nguon cho qué trinh truyén nhiét phi
tuyén, nghién ctu bai toan xac dinh nguodn diém.
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