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MG dau

Cho H la khong gian Hilbert, C' 14 mot tap con 16i déng ciia H va
F : H — H la mot anh xa. Bai toan bat dang thic bién phan cé dién
(classical variational inequality), ky hieu 1a CVI(F,C), dugc phat biéu

nhu sau:
Tim diém x, € C théa man: (Fx,,x —x,) >0 Yz e C. (0.1)

Bai toan bat dang thiic bién phan dudc nha toan hoc ngusi Italia, Stam-
pacchia (Lions va Stampacchia, 1967 [51]; Stampacchia, 1964 [68]), nghién
cttu va dua ra dau tién vao cudi nhitng nam 60 va dau nhitng nam 70 cla
thé ky trude. Tt d6 dén nay, bat dang thic bién phan ludén la mot chi dé
nghién citu mang tinh thoi sy, thu hut duge nhiéu nha toan hoc quan tam
nghién ctu do vai tro quan trong ctia bai toan trong 1y thuyét toin hoc
ciing nhu trong nhiéu @ng dung thuec té. Bat dang thiic bién phan dudc chi
ra l1a mot cong cu quan trong dé nghién citu cac bai toan can bang chang
han nhu bai toan can bang mang giao thong [34], [56], bai toan can bang
thi truong doc quyén nhom, bai toan can bang tai chinh [54] va bai toan
can bang di cu [11], [47].

Céc nghién citu vé bat dang thiic bién phan c6 thé chia theo hai huéng
chinh bao gom nhiing nghién cttu vé sy ton tai nghiem (Chen, 1992 [28];
Giannessi, 2000 [36]) v& cic phuong phap gidi bat dang thitc bién phan.
Cho dén nay ngudi ta da thiét lap duge nhiéu ki thuat giai bat ding thic
bién phan, chang han phuong phap chiéu ctia Lions (1977) [50], nguyén 1y
bai toan phu ctia Cohen (1980) [32], phuong phap diém gan ké ctia Martinet
(1970) [53], phuong phap diém gan ké quan tinh do Alvarez va Attouch
(2001) [6] dé xuat va phuong phap hiéu chinh dang Browder-Tikhonov
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(Browder, 1966 [16]; Tikhonov, 1963 [76]). O Viet Nam, trong mot s6 nam
trg lai day bat dang thic bién phan da tré thanh mot chi dé nghien citu
rat soi dong clia cac nha nghién ctiu toan giai tich va toan tng dung. Mot
s6 tac gia trong nudc c6 nhiéu cong trinh nghién ctu vé bat ding thiic
bién phan c6 thé ké dén nhu N. Buong va N. T. T. Thiy (Buong, 2012
[24]; Thuy, 2015 [75]), N. D. Yén (Lee va dtg, 2005 [49]; Tam va dtg, 2005
[73]), L. D. Muu va P. N. Anh (Anh va dtg, 2005 [7], 2012 [8]), P. H. Sach
(Sach va dtg, 2008 [61]; Tuan va Sach, 2004 [64]) va P. Q. Khanh (Bao va
Khanh, 2005 [13], 2006 [14]), .... Ngoai ra, bat dang thitc bién phan va
mot s6 bai toan lien quan nhu diém bat dong va bai toan can bang ciing
da va dang 1a dé tai nghién cttu cia nhiéu tic gid 1a tién si va nghién citu
sinh trong nuéc nhu L. T. T. Duong (Buong va Duong, 2011 [21]), N. D.
Lang (Buong va Lang, 2011 [22]), T. M. Tuyén (Tuyen, 2012 [77]), N. D.
Duong (Buong va Duong, 2011 [23]), D. V. Thong (Thong, 2011 [74]), N.
T. H. Phuong (Buong va Phuong, 2013 [25]), D. D. Thanh (Anh va dtg,
2015 [9]), N. S. Ha (Buong va dtg, 2015 [26]) va P. D. Khanh (Khanh, 2015
46]), . ...

Khi tap rang budc C ctia bai toan (0.1) dude cho dusi dang an 1a tap
diém bat dong chung ciia mot anh xa khong gian hodc mot ho céc anh xa
khong gidn thi bai toan (0.1) con c¢6 nhiéu ting dung trong cic bai toan
thie té nhu xit 1y tin higu [33], [41], khoi phuc anh [39], [63], kiém so&t
nang lugng trong hé thong mang CDMA [42], phan phdi bang thong [43],
[62] va bai todn diéu khién t6i wu [44]. D6i v6i 16p bai toan nay, phuong
phap lai ghép dudng dbc ciia Yamada dé xuat nam 2001 [84] dé giai (0.1)
t6 ra la phuong phap kha hiéu qua khi 4nh xa F' : H — H la thdéa man
diéu kién don diéu manh va lién tuc Lipschitz vi né da khac phuc dugc
khé kh#n ctia viee thie hién phép chiéu meétric Po lén tap con 16i déng
bat ky C khi ding day lip Picard dang x,.1 = Po(x, — N\, Fx,) dé giai
(0.1). Dya trén céch tiép can ciia Yamada, da ¢6 nhiéu nghién cttu nham
md rong va cai bien thuat toan lai ghép dang duong déc cho cac bai toan
phiic tap hon chang han bat dang thitc bién phan trén tap rang buoc C la
tap diém bat dong chung ctia mot ho hitu han ([20], [21]), ho vo han dém
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duge cac 4nh xa khong gian va nita nhom céc anh xa khong giin. Chéang
han, khi C := N2, Fix(T;), v6i {T;}52, 1a ho vo han dém duge cac dnh xa
khong gian tréen H, Yao va cac cong su (2010) [86] va Wang (2011) [79]
da st dung phuong phép lai ghép duong doc két hop véi W-anh xa [72]
dé thiét lap day lap hoi tu manh vé nghiém ctia bat dang thitc bién phan
(0.1). Khi C' = F := Ny>oFix(T(s)) 1a tap diém bat dong chung ciia nita
nhom khong gian {T'(s) : s > 0} tréen H, Yang va dong tac gia (2012) [85]
da st dung anh xa tich phan Bochner trong day lip dé giai bat déng thiic
bién phan cb dién trén tap rang buoc F. Tuy nhién, cac phuong phap ké
dén 6 trén déu dugce thiét 1ap trong khong gian Hilbert H.

Ta biét rang, trong cic khong gian Banach, khong gian Hilbert H 1a
khong gian c6 tinh chat "kha dep" chang han nhu tinh chat hinh binh
hanh, hodc sy ton tai va duy nhat ctia phép chiéu métric Po tit H lén mot
tap con 1oi déng bat ky C, .... Nhitng tinh chat nay lam cho viéc nghién
citu cac bai toan trong khong gian Hilbert tré nén don gian hon so véi viéc
nghién cttu bai toan dé trong khong gian Banach tong quat. Ciing can noi
thém rang, mot so6 van dé clia toan hoc duge thiét 1ap va nghién citu trong
khong gian Banach c6 lien quan dén bat dang thic bién phan chéang han
nhu phuong trinh vi phan va phuong trinh dao ham riéng, phuong trinh
toan t1t hodic bai toan diém bat dong trong khong gian Banach 14 mot chi
dé nghién cttu quan trong ctia Toan hoc ([15], [68]). Do vay viéc nghién
citu dé xuét cac phuong phap giai bat déng thic bién phan trong khong
gian Banach hoic mé rong cac phuong phap giai bat déang thic bién phan
tit khong gian Hilbert sang khong gian Banach 13 mot chi dé can dudc
quan tam.

Viéc mé rong bat déng thic bién phan trong khong gian Banach duge
xét trong hai truong hgp. Truong hop thi nhat 1a xét anh xa F: B — E*
bién ddi tit E vao khong gian doéi ngdu E*. Mot sé phuong phap giai cho
bai toan nay c6 thé ke dén nhu phuong phap chiéu (Alber, 1996 [3]; liduka
va Takahashi, 2008 [40]; Zeidler, 1985 [87]) va phuong phép hiéu chinh
(Alber, 1983 [4]; Buong, 1991 [18]; Ryazantseva, 2002 [60]). Truong hop
tht hai 1a xét anh xa F' : F — FE di tu khong gian Banach E vao F.
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Mot s6 két qua nghién ctu cong bd gan day theo huéng nay cé the két
dén Ceng va dtg. (2008) [27], Chen va He (2008) [30], Thong (2011) [74]
va Tuyen (2012) [77], [78], ...v6i cac phuong phap lap an va lap hien dya
tren phuong phéap lai ghép duong déc va cac ki thuat lip tim diem bat
dong chang nhu phuong phap lap Mann [52]. Tuy nhién mot dicu quan
trong ddm bao cho sut hoi tu manh clia cic két qua nay 1a anh xa ddi ngau
chuan tic ctia khong gian Banach E phai thda méan tinh chat lién tuc yéu
theo diy. Ngudi ta da chi ra ring cdc khong gian [?, 1 < p < oo, théa
man tinh chat nay trong khi cac khong gian LP[a,b], 1 < p < oo lai khong
théa man [31]. Mot van dé tu nhién ndy sinh tit day 1a lidu c6 thé xay
dung dugdc cac phuong phap giai bat dang thic bién phan trong cac khong
gian Banach ma khong doi héi tinh chat lién tuc yéu theo day clia anh xa
do6i ngau chuan tac? Néu van dé dude giai quyét thi pham vi ap dung cac
thuat toan sé dudc md rong sang cac khong gian Banach tong quat hon
khong gian P, chang han nhu khong gian L”[a, b].

Mot khia canh khac ctia bat déng thic bién phan chinh 1a tinh dit
khong chinh ctia bai toan [4]. Do d6 viéc xay dung cac phuong phap giai
on dinh cho bat dang thiic bién phan ciing 1& mot ndi dung can duge quan
tam trong d6 phuong phap hiéu chinh dang Browder—Tikhonov ([16], [76])
té ra la mot phuong phap kha hitu hieu dé giai nhiéu 16p bai toan dit
khong chinh. Nam 2012, Buong va Phuong [24] da dé xuat phuong phéap
hieu chinh dang Browder—Tikhonov cho bai toan bat dang thiic bién phan
j-don diéu trén tap chap nhan dugc 1a tap diém bat dong chung ctia mot ho
vo han dém dugc cac anh xa khong gian {7;}3°, trong khong gian Banach
E bing viéc st dung V-anh xa nhu mot cai tién ctia W-anh xa [72] trong
phuong trinh hiéu chinh. Rat gan day, Thuy (2015) [75] cai tién V-anh xa
bang S-anh xa c6 cau trac don gidn hon V-anh xa. Trong truong hop tap
rang buoc ctia bat déng thic bién phan j-don dieu la tap diéem bat dong
clia nita nhom khong gian thi chua c6 cac két qua ve phuong phap hiéu
chinh dé giai 16p bai toan nay.

C6 thé khang dinh ring, bai toan bat ding thitc bién phan da va dang

dugc nhiéu nha toan hoc trong va ngoai nudc quan tam nghién citu theo
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nhiéu huéng khac nhau nham xay dung cdc phuong phap gidi hitu hieu
cho bai toan. Viéc xay dung cac phuong phép giai bat dang thic bién
phan trong khong gian Banach 14 mot van dé dugc ndy sinh mot cach tu
nhién v can thiét dé lam phong phi va hoan thién them cho 1y thuyét vé
bai toan quan trong nay. Vi nhitng li do duge phan tich 6 trén, ching toi
chon dé tai nghién citu cho luan an 1a "Phuong phap liap giai bat dang
thic bién phan trén tap diém bit déng ctia nita nhém khong gian
trong khong gian Banach".

Muc dich chinh ctia luan an nay la nghién cttu phuong phap lai ghép
duong dbéc va phuong phap hieu chinh dé gidi bat dang thic bién phan
trén tap rang budc la tap diém bat dong chung ctia nita nhéom céc anh xa
khong gian trong khong gian Banach F ma khong can dén tinh lien tuc
yéu theo day ciia 4nh xa d6i ngdu chuan tic ctia E. Cu thé, luan an sé
quan tam gidi quyét cac van dé sau:

1. Xay dung cac phuong phap lai ghép dusng doc dang an va dang hién
cho bat dang thic bién phan j-don diéu trong khong gian Banach 16i déu
va c¢6 chuan kha vi Gateaux déu.

2. Nghién cttu thiét 1lap phuong phap hiéu chinh Browder-Tikhonov cho
bat dang thic bién phan j-don dieu dong thoi két hop phuong phap hicu
chinh v6i phuong phap diem gan ké quan tinh dé xay dung phuong phap
hiéu chinh diém gan ké quéan tinh cho bat dang thiic bién phan trong khong
gian Banach 16i déu va c6 chuan kha vi Gateaux déu; stt dung ki thuat lap
hién két hop v6i phuong phap hiéu chinh dé xay dung phuong phéap hiéu
chinh 13p cho bai toan tuong tu trong khong gian Banach ¢-tron déu.

Ngoai phan md dau, két luan va tai lieu tham khdo, noi dung chinh
cua luan an dugc trinh bay trong ba chuong. Trong Chuong 1, chung to6i
trinh bay mot s6 kién thitc chuan bi quan trong cho viéc trinh bay cac két
qua chinh & cic chuong sau gom mot s6 dac trung hinh hoc ctia khong
gian Banach, anh xa loai don diéu, anh xa lién tuc Lipschitz va bai toan
bat dang thiic bién phan trong khong gian Banach. Chuong 2 dudc xay
dung dé trinh bay céc phuong phap lip an va lip hién tuong tng cho
bat ding thic bién phan j-don diéu dua trén tu tuéng ciia phuong phap
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lai ghép duong déc trong khong gian Banach 16i déu va c6 chuan kha vi
Gateaux déu. Trong Chuong 3, chiing t6i dé xuat phuong phap hiéu chinh
dang Browder—Tikhonov va két hgp phuong phap nay véi phuong phap
diém gan ké quan tinh dé thiét lap phuong phap hiéu chinh diém gan ké
quan tinh cho bat dang thiic bién phan; ddng thoi két hop phuong phap
hieu chinh Browder-Tikhonov vé6i ki thuat lip hién dé thiét lap phuong
phap hiéu chinh lip cho bat ding thic bién phan trong khong gian Banach
g-tron deu. Vi du s6 mang tinh chat minh hoa cho cac phuong phap da
nghién ctu duge dé cap ¢ cudi Chuong 2 va Chuong 3.

Céc két qué clia luan an da duge cong bo trong cac bai bao (1)-(5)
trong Danh muc cic cong trinh da cong b lien quan dén luan an va dugc
bao cao tai:

e Seminar ciia Bo mon Giai tich, Khoa Toan, Truong Dai hoc Su pham,
Dai hoc Thai Nguyén cac nam 2013, 2014 va 2015.

e Hoi thao T6i wu va Tinh toan Khoa hoc lan thi 11, 24-27/04/2013
va lan thit 12, 23-25/04/2014, Ba Vi, Ha Noi.

e Dai hoi Toan hoc Toan qubc lan thi 8, Nha Trang, 10-14/8/2013.

e Hoi thdo quoc gia "Mot s6 van dé chon loc vé cong nghé thong tin va
truyen thong" lan tht 15, Ha Noi, 03-04/12/2012; 1an thit 16, Da Ning, 14-
15/11/2013; 1an thit 17, Tay Nguyén, 30-31/10/2014 va lan thi 18, Thanh
phd H6 Chi Minh, 5-6/11/2015.

e The 6th international conference on "High Performance Scientific
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Chuong 1

Mot s6 kién thitc chuan bi

Chuong nay trinh bay mot sd kién thic vé hinh hoc ctia khong gian
Banach, bai toan bat ding thiic bién phan va nita nhém khong gian. Noi
dung ctia chuong dugce chia thanh 4 muc: Muc 1.1 danh cho viéc trinh bay
mot sd dic trung hinh hoc clia khong gian Banach, dinh nghia va mot s6
tinh chat ctia 4nh xa j-don diéu va anh xa lién tuc Lipschitz. Muc 1.2 giéi
thieu vé ntta nhom khong gian va tng dung ciia nita nhém khong gian
trong nghién cttu nghiém cia bai toan Cauchy. Trong Muc 1.3, ching to6i
phat biéu bai todn bat déng thic bién phan cd dién va mot sd bai toan
lien quan. Muc 1.4 dugc xay dung dé gidi thieu vé bai toan bat dang thic
bién phan don dicéu va bat dang thic bién phan j-don diéu.

1.1. Mot sé dic trung hinh hoc ctia khéng gian Banach

Cho E 1a khong gian Banach vé6i khong gian d6i ngau ky hiéu 1a E*.
Ta diing ky hiéu ||| cho chuan trong E va E* va viét tich ddi ngdu (z, z*)
thay cho gia tri ctia phiém ham tuyén tinh z* € E* tai diem x € E, ttc la

(x,2*) = z*(z).

1.1.1. Khong gian Banach phan xa
Dinh nghia 1.1 Khong gian Banach E dugc goi 1a phan xa, néu véi moi
phan tit z** € E**, khong gian lien hop thi hai ctia E, déu ton tai phan
ti z € F sao cho

*(z) = 2™ (z") Va* € E*.

Dinh 1y 1.1 [1] Cho E la khong gian Banach. Khi dé, cic khdang dinh sau
la tuong duong:



(1) E la khong gian phdn za.

(it) Moi day bi chan trong E déu c6 mot day con hoi tu yéu.

Vi du 1.1 Cac khong gian vectos dinh chuan hitu han chiéu, khong gian
Hilbert H, khong gian [P, LP[a,b], 1 < p < oo la cac khong gian Banach

phan xa.

1.1.2. Khéng gian Banach 16i va tron
Ky hieu Sg := {z € F : ||z|| = 1} 1a mit cau don vi ctia khong gian
Banach E.

Dinh nghia 1.2 Khong gian Banach E dugc goi 1a 16i chiit néu v6i moi
diém z,y € Sg, v # y, suy ra

|(1T=XNx+ Ayl <1 VAe(0,1).

Vi du 1.2 Khong gian £ = R" véi chuan ||z||y duge xac dinh béi

n 1/2
lalls = (fo) R T

i=1
14 khong gian 16i chat. Khong gian E = R",n > 2 v6i chuan ||z||; xac dinh
bdi
zllt = |z1] + |22 + ... + |za], 7 = (71,22,...,7,) ER"
khong phai 1a khong gian 16i chit.
Dinh nghia 1.3 Khong gian Banach E dugc goi 1a 16i déu néu véi moi

e € (0,2] va cac bat dang thic ||z]| < 1, |ly|| <1, ||z — y|| > ¢ théa man
thi ton tai § = §(e) > 0 sao cho |[(x +y)/2|| < 1-06.

Vi du 1.3 Khong gian Hilbert H, [P, LP[a,b], 1 < p < oo la cac khong

gian 161 déu.

Dinh ly 1.2 [1] Moi khong gian Banach 107 déu déu la loi chat va phdn

zq.



Vidu 14
(i) Khong gian E = ¢y v6i chuan ||| duge x4c dinh béi

oo

Ek
|WW=HN%+5Q:7;W% z = (z;) € ¢

1=1

14 mot khong gian Banach 16i chit nhung khong phai 14 khong gian 10i

deu.

(4i) Cac khong gian 11, 1, ¢, o, L*[a, b], C[a, b] khong 16i chiit va do d6 ciing
khong 16i déu.

Meénh dé 1.1 [1] Cho C la tap con 16i déng khdc rong cia khong gian
Banach phdn za va 107 chat E. Khi dé, vdi moi x € E ton tai duy nhat

mot diém y € C' thoa man
|z =yl = d(z, C),
vdi d(xz,C) = inf o ||z — 2||.

Chu y 1.1 Diém y € C trong Ménh dé 1.1 con dudc goi 1a xap xi t6t nhat
cuia x € E bdi C.

Dinh nghia 1.4 Cho C' la tap con khac rong ctiia khong gian Banach E.
Anh xa P : E — 2° x4c dinh béi

Po(z) = {y €eC:llz—y||=d(x,C) Vre E}

dugc goi 14 phép chiéu métric tit £ len C.

Dinh nghia 1.5 Tap con C' ctia khong gian Banach £ dugc goi la tap
Chebyshev trong E néu méi diem x € E c¢6 duy nhat mot diém y € C 1a

xap xi tot nhat cia .

Nhan xét 1.1

(¢) Tt Meénh dé 1.1 suy ra, moi tap con khac rong, 16i, déong ctia mot khong

gian Banach phan xa va 10i chit déu 1a tap Chebyshev.
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(#4) V6i moi tap Chebyshev C' C E| ta ¢
e Po(x) 1a tap chi gom mot phan ti.
o |z — Po(x)|| =d(x,C) v6i moi x € E.

Meénh dé 1.2 [65] Cho {x,} la mot day trong khong gian Banach 167 déu
E. Néu moi day con {x,.} ciia day {x,} hoi tu manh vé mot diem duy nhdit

P € E khi i — oo thi cd day {x,} hoi tu manh vé diém p, khin — oo.

Pinh nghia 1.6 Khong gian Banach F dudc goi 1a tron néu véi méi diém
2 nam trén mat cau don vi Sg ton tai duy nhat mot phiém ham g, € E*
sao cho (z,¢9,) = ||z|| va ||g.|| = 1.

Vidu 1.5

(1) Cac khong gian 7, [P[a,b],1 < p < oo la khong gian Banach tron.

(i1) Cac khong gian cg, I', L', I, L khong phéi 1a khong gian tron.

Tinh tron ctia khong gian Banach c¢6 moéi lién hé chat ché véi tinh kha vi
ctia chuan trong khong gian Banach.

Dinh nghia 1.7

(i) Chuan ctia khong gian Banach E duge goi 1a kha vi Gateaux néu véi

moi y € Sg gi6i han

tyll —
ety — el "
t—0 t

ton tai v6i z € Sg, ky hieu (y, 7||z||). Khi d6 v7||z|| dugc goi 1a dao ham
Gateaux clia chuan.

(1) Chuan ctia E dugc goi 1a kha vi Gateaux déu néu véi mdi y € Sg, gidi
han (1.1) dat dugc déu véi moi x € Sg.

(4i7) Chuan ctia E dudc goi 1a kha vi Fréchet néu v6i mdi z € Sg, gi6i han
(1.1) ton tai déu véi moi y € Sg.

(iv) Chuan ctia E dugc goi 1a kha vi Fréchet déu néu gidi han (1.1) ton

tai déu v6i moi x,y € Sk.



11

Dinh 1y 1.3 [1] Khong gian Banach E la tron khi va chi khi chuan cia
E khd vi Gateaux trén E \ {0}.

Vi du 1.6 Khoéng gian Hilbert H 13 khong gian c6 chuan kha vi Gateaux
voi ||z|| = z/||z||, * # 0. That vay, v6i méi x € H v6i x # 0, ta c6

i et tyll ==l e+ ty)® — |l

im = lim

t—0 t t—0 (|| + ty|| + [|z]])

26(y, =) + *|ly|* _< x >

= lim =(y,—-
=0 ¢([|x + ty|| + || z]]) ]l
Vay chuan ctia H 1 kha vi Gateaux véi v/ ||z|| = z/||z||, = # 0.

D6 tron ciia khong gian Banach E con duge biéu dién qua moé dun tron.

Dinh nghia 1.8 Cho F la khong gian Banach. Ham pg : Rt — R dugc
goi 13 mo dun tron clia F néu
lz+yll + [z —yll

pe(t) = sup{ 12221 L ol = 1,0 =+

_ { |z 4 tyl| + |l — ty||
= sup 5 —

Dé& dang kiém tra pg(0) = 0 v& pgp(t) > 0 véi moi ¢t > 0. Hon ntta, pg 1a

L: 2l = [yl zl}, 1> 0.

ham 10i, tang va lién tuc.
Vi du 1.7 Cho khéng gian Hilbert H. Khi do6, v6i t > 0
pa(t) =sup{te/2 —1+ (1 —e2/)Y?: 0<e <2} =(1+)V2 1.

Tinh tron déu va g-tron déu (¢ > 1) cta khong gian Banach dugc dinh

nghia thong qua mé dun tron nhu sau.

Dinh nghia 1.9

(¢) Khong gian Banach E dugc goi 1 tron déu néu pg(0) = limy pET(t) = 0.

(i1) Véi ¢ > 1, F dugc goi la khong gian g-tron déu néu ton tai hing s6
¢ > 0 sao cho pp(7) < cr? 7 € [0, 00).
Vi du 1.8 Khong gian LP[a, b] va [P ¢6 tinh tron nhu sau:

p-tron déu, néu 1 < p < 2,

LPla,b] (hoac) 7 la
2-tron déu, néu p > 2.
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1.1.3. Anh xa d6i ngiu
Dinh nghia 1.10 Anh xa J, E—2F ¢ >1 (néi chung la da tri) xac
dinh bdi

Jow ={ug € B+ (w,uq) = ||z[lllugll, llugll = 2"},

duge goi 1a anh xa doi ngdu tong quéat ctia khong gian Banach E. Khi
q = 2, anh xa J, dugc ky hiéu 1a J va duge goi 1a anh xa déi ngdu chuan
tac ctia E. Tic la

Jr=A{uec E": (z,u) = |[z[l[[ull, [[ul] =[]}

Anh xa d6i ngAu chudn tdc ton tai trong moi khong gian Banach. Khing
dinh nay dugc suy ra nhu mot hé qua tric tiép ciia Dinh 1y Hahn-Banach.

Véi s6 thuc x, ta dinh nghia ham dau ctia x nhu sau

—1néux <0,
sgn(z) = ¢ 1 néu z > 0,

0 néu x = 0.

Vidu 1.9

(1) Trong khong gian Hilbert H, anh xa ddi ngdu chuan tic 1a 4nh xa don
vi [.
(7) [31] Trong khong gian [P (1 < p < oo) va LP[0,1] (1 < p < o0), anh xa

do6i ngau chuan tic duge xac dinh nhu sau:

o0

Jr = (|xi\p_1sgn (xl)) Vo= (x;)2, €lP va
i=1

Jr =

sgn (z) Vx e LP[0,1].

Bo6 dé 1.1 [80] Cho s thuc q > 1 va E la khong gian Banach thic tron.
Khi dé cic khang dinh sau la tuong duong:

(i) E la khong gian q-tron déu.
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(i4) Ton tai mot hang s6 C, > 0 sao cho vdi moi x,y € E, bat dang thic

sau thoa man
|z 4+ yl|? < ||zl + q(y, jo(z)) + Cqlly||?.

Chii y 1.2 Hang s6 C,, trong Bo dé 1.1 con duge goi 1a hing s6 ¢-tron déu
cua khong gian Banach F.

B6 dé 1.2 [57] Cho E la khong gian tuyén tinh dinh chudn. Khi dé, bat

dang thitc sau théa man

|z +ylI? < llz)? +2(y,j(z +y)) Vo,y € EVi(x+y) € J(x+y)
Dinh nghia 1.11 Anh xa d6i ngiu chudn tic J : E — E* ctia khong gian
Banach E dugc goi la
(¢) lien tuc yéu theo day néu J don tri va véi moi day {x,} hoi tu yéu ve
diém « thi Jz, hoi tu yéu vé Jz theo topo yéu* trong E*.
(47) lién tuc manh-yéu* néu J don tri va véi moi day {z,} hoi tu manh veé

diém x thi Jx,, hoi tu yéu vé Jz theo topo yéu* trong F*.

Vi du 1.10 [31] Khong gian [P, 1 < p < oo ¢6 anh xa ddi ngdu chuan tic
lien tuc yéu. Tuy nhién, khong gian LP[a,b], 1 < p < oo lai khong thoa
man tinh chat nay.

Tinh lién tuc ctia anh xa déi ngdu chuan tic c6 méi lien hé véi tinh
kha vi ctia chuan ctia khong gian Banach nhu khéng dinh trong cac dinh

Iy sau day.

Dinh 1y 1.4 [1] Cho E la khong gian Banach vdi dnh za doi ngau chudn
tic J . E — 28 . Khi do cic khang dinh sau la tuong duong:

(1) E la khong gian tron.

(22) J la don tri.

(4ii) Chuan cia E la khd vi Gateauz vdi 7||z|| = ||=|| ' J=.

Chu y 1.3 Ta dung ky hiéu j dé chi anh xa déi ngdu chuan tic don tri.
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Dinh 1y 1.5 [1] Cho E la khong gian Banach cé chuan khd vi Gateaux

deu. Khi do anh za doi ngau chuan tic j : E — E* la lién tuc déu manh-
yéu* trén moi tap con bi chan trong E.
1.1.4. Giéi han Banach

Xét khong gian cac day s6 bi chan o, = {x = (21, 22,...) : sup, |z, <
oo}
Dinh nghia 1.12 Phiém ham p : /o, — R dugc goi 1a giéi han Banach
néu
(i) p 1a tuyén tinh, tic 1a: p(z +y) = pu(z) + ply) va plex) = cu(z) véi
moi x,y € s va c 1a hang so.

(73) p la anh xa duong, tic la: p(z) > 0 v6i moi x € ly sao cho z, >
0 Vn € N.

(@id) |lpll = p(1,1,..) = 1.

(10) p(x1, 9, ...) = p(xe, x3,...) V6i MOl © = (21, %2, ...) € lx.

Ta viét pu(x,,) thay cho p(xy, s, ..., oy, ...). Suton tai clia giéi han Banach
duge bao dam nho Dinh 1y Hahn—Banach.

Dinh 1y 1.6 [1] Luon ton tai phiém ham tuyén tinh lién tuc p trén ly sao
cho ||u|| = p(1) =1 va p(x,) = p(rps1) vdi moi x = (x1,x9,...) € lo.
Cac ménh dé sau day cho ta nhiing tinh chat quan trong ciia gidi han
Banach pu.

Meénh dé 1.3 [1] Cho u la gidi han Banach. Khi dé

liminf z, < u(z,) <limsupz,
n—00 n—00

vdi moi v = (x1,T,...) € bsy. Hon nita, néu x, — a, thi u(x,) = a.

B6 dé 1.3 [71] Cho C la tap con loi trong khong gian Banach E c6 chudn
khd vi Gateauz déu. Gid st {x,} la day bi chin trong E, z la mot diém

trong C va p la gidi han Banach. Khi do,

||, — ZH2 = min pl|z, — UH2
ueC
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khi va chi khi p{u — 2z, j(z, — 2)) <0 vdi moiu € C.
Gidi han Banach 1a mot mé rong cua khai niém giGi han thong thuong.
Thc 1a, v6i moi x = {x,} € ¢, thi u(zr) = {(x) = lim, . ,, v6i moi gidi
han Banach p. Tuy nhién, ton tai nhitng day khong hoi tu nhung lai c6

gi6i han Banach. Chang han xét vi du sau.
Vi du 1.11 Lay day =z = (1,0, 1,0, ...) € £y. Khi d6

(1,9, ... Ty )+ (T2, 23, .o g, .. ) = (1,1, 1,...),
suy ra

(@) + p(znp) = p(l) =1 Vu.
St dung diéu kién (i¢) trong Dinh nghia 1.12, ta c¢6 u(z,) = 1/2.
Tiép theo chiing toi trinh bay vé mot 16p cac anh xa quan trong trong

Iy thuyét vé bat ding thitc bién phan va 1y thuyét diém bat dong do 1a 16p

cac anh xa lién tuc Lipschitz va anh xa j-don diéu.

1.1.5. Anh xa lién tuc Lipschitz va anh xa j-don diéu

Dinh nghia 1.13 Cho C la tap con khéc rong cuia khong gian Banach E.
(1) Anh xa T : C — E dugc goi 1a anh xa L-lién tuc Lipschitz néu ton tai
hang s6 L > 0 sao cho

|Te =Tyl < Lljw —y|| Va.yeC. (1.2)

(1) Trong (1.2), néu L € [0,1) thi 7" dugc goi 14 4nh xa co; néu L =1 thi
T dugce goi la anh xa khong gian.

Dinh nghia 1.14 Anhxa T : C — E dugc goi la anh xa khong gian tiem
can néu ton tai mot day {k, }nen C [1,00) v6i lim,, o k, = 1 thi bat dang

thic sau thoa man
| T"x — T™y|| < kpl|lz —y|| Vz,y € C, n €N,

Ky hi¢u Fix(T) := {x € C : Tz = z} la tap diém bat dong clia 4nh xa

T. Ta c6 két qui quan trong sau vé tinh chat ctia tap Fix(T).
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Dinh 1y 1.7 [1]Cho C la tdp con loi trong khong gian Banach 107 chit E
va T : C — E la dnh za khong gian. Khi dé néu tap diem bat dong Fix(T)
ctia dnh za T la khac rong thi né la tap loi.
Cha y 1.4 Do tinh lién tuc cia anh xa 7 nén tap Fix(T) luon la tap
dong.

Hé qua 1.1 [1] Cho C la tap con khac rong, loi, déng trong khong gian
Banach loi chat E va T : C — E la dnh za khong gian. Khi dé tap Fix(T)
la tap ot dong.
Néu b6 tinh 16i chat ctia khong gian Banach E thi Dinh 1y 1.7 khong con
ding.
Vi du 1.12 Cho E = R? véi chuan duge xac dinh béi

|(a,b)|| = max{|a|, |b|} v6imoi == (a,b)c R
Khi do6, R? khong phai 1a khong gian 16i chat. Xét 4nh xa T : R? — R?
xac dinh béi

T(a,b) = (|b|,b) v6imoi = = (a,b) € R%.

Suy ra, T la anh xa khong gian véi tap diém bat dong 1a Fix(T) =
{(1,1), (1, —1)}. Tuy nhién khong c6 diém nao nam trén doan thang noi

hai diém bat dong trén la diém bat dong ctia T chiing t6 Fix(T') khong
phai 1a tap 16i.
Dinh nghia 1.15 Anh xa T : C — E duoc goi la anh xa ~-gia co chat
néu ton tai hing s6 v € (0,1) va j(z —y) € J(z — y) sao cho

(Tx =Ty, j(x —y)) < |lo—y|*=y[(I-T)a—(I-T)y|* Va,y € C, (1.3)
v6i 7 1a hang s6 khong am ¢ dinh. Trong (1.3), néu v = 0 thi 7' dugc goi
la anh xa gia co.
Nhan xét 1.2 (xem [1])

(i) Néu F : E — FE la anh xa v-gid co chit thi F' la anh xa L-lién tuc
Lipschitz v6i L =1+ 1/7.
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(i7) Moi anh xa khong gian déu la anh xa gia co lién tuc.
Dinh nghia 1.16 Anh xa A: E — E duge goi 1a

(¢) n-j-don dieu manh néu ton tai hdng s6 n > 0 sao cho v6i moi x,y €

D(A), ta c6

(Az — Ay, j(x —y)) > nllz —yl]?, jlz—y) € J(z—y);

(i1) a-j-don dieu manh ngudc (hay a-dong biic j-don diéu) néu ton tai
héng s6 a > 0 sao cho v6i moi x,y € D(A), ta ¢

(Az — Ay, j(z —y)) > ol Az — Ay|]*, j(z —y) € J(z —y);
(i71) j-don dieu néu véi moi z,y € D(A), ta co

(Ax — Ay, j(x —y)) >0, j(z —y) € J(z — y);

(iv) j-don dieu cyc dai néu A la anh xa j-don diéu va do thi G(A) cla
anh xa A khong thuc sy bi chita trong bat ki mot do thi clia mot anh xa
j-don diéu khac;

(v) m-j-don diéu néu A la anh xa j-don dieu va R(A+ 1) = E.

Chi § 1.5
(1) Trong khong gian Hilbert H, cac khéi niém toan t1t j-don diéu cuc dai,
m-j-don diéu va don diéu cuc dai la trung nhau.
(it) Cho A : E — E la anh xa tuyén tinh. Khi d6 A 1a j-don diéu néu va
chi néu véi moi z € D(A),

(Az,j(z)) 20 j(x) € J(x).
B6 dé 1.4 [27] Cho E la khong gian Banach tron va F : E — E la dnh
xa n-j-don diéu manh va y-gid co chat véi n+ v > 1. Khi do,
(i) Anh za I — F la dnh za co véi hé s6 co /(1 —n)/7.
(i1) Vdi moi A € (0,1), I — AF la dnh za co vdi hé so6 co 1 — A1, trong dé
T=1-+/(1=n)/yec(01)
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Meénh dé 1.4 Cho A: E — E la danh xa m-j-don diéu, khi dé A la j-don
dieu cuc dai va R(I + MNA) = E vdi moi A > 0.

Dinh nghia 1.17 Anh xa A : E — FE dugc goi la lién tuc theo tia tai
r € D(A)néux+t,y € D(A),véiy € Evat, — 0" thi A(x+t,y) — Ax
khi n — oo.

Dinh 1y 1.8 [4] Cho E la khong gian Banach 10i dév va anhza A : E — E
la j-don diéu va lién tuc theo tia vdi D(A) = E. Khi dé A la anh za j-don

diéu cuc dai.

Cha y 1.6 Néu T : C — E 14 mot anh xa khong gian thi toan ti [ — T
13 j-don diéu. Néu C = E thi I — T 1a m-j-don diéu.

1.2. Nua nhém anh xa khong gian va bai toan Cauchy véi anh

xa m-j-don diéu

1.2.1. Nita nhém anh xa khéng gian
Dinh nghia 1.18 Cho C la tap con 161, déng ctia E. Ho cac anh xa {T'(t) :
t > 0} tu C vao C dugc goi 1a nita nhém khong gidn trén C' néu

(¢) T'(t) la anh xa khong gian v6i moi t > 0;

(i7) T(0)x = x v6i moi x € C

(131) T(t+s)z=T(t)oT(s)x v6i moi x € C, t,s > 0;

(tv) v6i moi x € C, T(.)z : [0,00) — C la anh xa lién tuc theo s.

Ky hieu F = NioFix(T(t)) 1a tap diém bat dong chung ciia nita nhém
khong gian {7'(t) : t > 0}.

Vi du 1.13 Mot vi du vé nita nhém khong gian trén R? 1a phép quay
T(t) : R — R3 xac dinh nhu sau:

cos(at) —sin(at) 0\ [z
T(t)x = | sin(at) cos(at) O] x|,
0 0 1 T3
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6 day o € R ¢6 dinh va o = (21, 20, 23)7 € R3. Khi d6 {T'(t) : t > 0} 1a
nita nhom khong gian trén R3 véi tap diém bat dong chung F = {z € R3 :
z=(0,0,23)7}.

Ta c6 dinh 1y sau vé tinh chat ctia tap diém bat dong clia anh xa khong
gian va nmita nhom khong gian.

Dinh 1y 1.9 (xem [31] va tai lieu dan) Cho E la khong gian Banach 161
deu, C C E la tap con loi, dong, bi chan trong E va T : C — C la danh
za khong gian. Khi dé, T cé diém bat dong. Hon nita tap diém bat dong

Fix(T) ctia dnh za T la mot tap loi dong.

Dinh nghia 1.19 Anh xa A : £ — E dudc goi la théa man diéu kien (R)

néu A la anh xa j-don dieu va D(A) C MysoR(I + \A).

Sau day 1 mot két qua quan trong vé su xac dinh mot ntta nhém khong

gidn tir mot anh xa théa man diéu kién (R).
Dinh ly 1.10 (xem [31] va tai lieu dan) Cho A : E — E la dnh za thda

man dieu kién (R). Khi dé gidi han sau

lim <1 + %A) =T (1.4)

n—0o0

ton tai vdi moi x € D(A) va vdi moi t € [0, +o0]. Hon niia, (1.4) zdc dinh

mot nia nhom khong gian trén D(A).

B6 dé 1.5 [29] Cho C la tip con khdc rong, bi chan, 107 va déng trong
khong gian Banach 107 déu E. Cho {T(s) : s > 0} la nia nhém anh za
khong gian tréen C. Khi dé, vdi bat ki r > 0 va h > 0,

T(h)(% /O tT(s)yds)—% /O T(s)yds

d day B, ={z € E: |z| <r}.

lim sup
t=00 ycCNB,

=0,
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1.2.2. Bai toan Cauchy véi anh xa m-j-don diéu
Cho E la khong gian Banach va anh xa A : E — E la anh xa m-j-don
diéu. Xét bai toan Cauchy duéi dang phuong trinh tién hoa nhu sau

&} Au =0 véi moi t > 0,
uw(0) ==z, x€ D(A).

(1.5)

Nghiém ctia bai toan (1.5) dugce dinh nghia nhu sau.

Dinh nghia 1.20 Ham u : R, — E 1a nghiém ctia bai toan (1.5) néu u
1 lién tuc tuyét doi trén cac doan bi chan cia R, kha vi hau khap noi

tren R, va u(0) = z thoa man phuong trinh (1.5) hau khap noi trén R,
Meénh dé 1.5 [31] Bai todn (1.5) c6 nhiéu nhat mot nghiem.

Dinh 1y 1.11 [31] Cho E la khong gian Banach va dnh za A : E — E la
anh ra déng théa man dieu kien (R) va T(t) la nita nhom khong gian xdc
dinh bdi cong thic (1.4). Néu véi x € D(A), ham R, >t — T(t)x la khd
vi hau khip noi tren R, thi u(t) = T(t)x la nghiém cia bai todn Cauchy
(1.5).

Hé qua 1.2 [31] Néu E la khong gian Banach phdn za va A : E — E la
m-j-don diéu thi véi moi x € D(A), bai toan Cauchy (1.5) ¢ duy nhat
nghiém zxac dinh boi

t —nNn
T(t)r = lim (I + —A) r, t>0.
n

n—0o0

Hon nua, khi ‘fi—? = 0, thi phuong trinh (1.5) tré thanh Au = 0. Day
chinh 1& trang théai can bang ctia phuong trinh (1.5). Nhu vay, tap céac
khong diém A~!(0) clia todn tit m-j-don di¢u A biéu thi trang thai can
bang ctia phuong trinh tién hoa (1.5). Theo He qui 1.2 (xem thém [15]),
tap khong diém ctia toan tit A con la tap diém bat dong chung ciia nita
nhém khong gidn {T'(t) : t > 0}, tic 1a A71(0) = Ny=oFix(T(t)).

Néu A = 0f, dudi vi phan ciia ham 16i chinh thuong nia lién tuc duéi
f : E — RU {oo}, thi tap diém bat dong ctia nita nhém khong gian
{T(t) : t > 0} con la tap cac diém cyc tri ctia ham f.
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1.3. B4t dang thidc bién phan c6 dién va moét sbé bai toan lién

quan

1.3.1. Bt dang thiic bién phéan co dién

Cho H la khong gian Hilbert thic vé6i tich vé huéng va chuan duge ky
hi¢u lan lugt 1 (.,.) va
va anh xa F : C — H la anh xa lién tuc. Bai toan bat déng thic bién

.||. Cho C'1a tap con 16i, dong, khac réng clia H

phan co dién (classical variational inequality), k¥ hieu 1a CVI(F, C), dugc
phat biéu nhu sau:

Tim diém z, € C sao cho: (Fx, x —x,) >0 VxcC. (1.6)

Su ton tai va duy nhat nghiém ctia bat déng thitc bién phan co dién (1.6)

phu thuodc vao tinh chat ciia anh xa F' va mién rang buoc C.

Dinh ly 1.12 [48] Cho C la tdp con khdc rong, loi, déng cia khong gian
Hilbert H va F : C — H la mot anh za lién tuc trén C. Gid si ton tai
mot tap con compact khac rong U cia C' sao cho vdi moiu € C'\ U, ton
tai v € U thoa man

(Fu,u —v) > 0.

Khi dé, bai todn (1.6) c6 it nhat mot nghiém.
Ngoai ra tinh don diéu manh ctia anh xa F' ddm bao cho sy ton tai va
duy nhat nghiém ctia bai toan CVI(F, C).

Dinh ly 1.13 [48] Cho C la tdp con khdc rong, loi, déng cia khong gian
Hilbert H va F : C' — H la mot anh za don diéu manh va lién tuc trén C.
Khi dé, bai toan (1.6) cé duy nhat mot nghiem.

1.3.2. Mot sb bai toan lién quan

Bai toan hé phuong trinh, bai toan bu phi tuyén va bai toan cuyc tri
dugc coi 1a cac truong hop dic biét clia bai toan bat dang thic bién phan
co dién. Ngoai ra, bat ding thic bién phan con tuong duong véi bai toan
diém bat dong.
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1.3.2.1. Hé phuong trinh

Nhieu bai toan can bang kinh té dugce thiét lap dudi dang hé phuong
trinh chang han nhu bai toan can bang cung-cau ciia thi truong. Trong
(1.6) néu C' = R™ thi (1.6) tré thanh bai toan:

Tim x, € R" sao cho: Fa, = 0.

Néu F 1a anh xa affine, tiic 1a F' = Mx + ¢, thi bai toan trén tuong duong
16p bai toan hé phuong trinh tuyén tinh Mz, = q.

1.3.2.2. Bai toan bu

Dinh nghia 1.21

(i) Tap C trong khong gian Hilbert H dugdc goi 1a nén néu véi moi x € C
va hing s6 A > 0, ta c6 Az € C.

(i7) Non C duge goi 1a nén 161 néu C' 1a tap 16i trong H.

Chua y 1.7 Tap 16i C trong H 1a nén 16i khi va chi khi C' théa méan céc
tinh chat \C c Cva C+C c C.
Cho C 1a nén 18i trong H, bai toan b, ky hieu la CP, duge phat bieu

nhu sau:
Tim diém x, € C sao cho: Fx, € C', (Fx,,x,) =0, (1.7)
vdi C" la nén doi ngau cia C, tic la
C'={yeH: (y,x) >0, VreC}

Bai toan bit c6 thé coi la mot trudng hop dic biét ciia bat dang thic bién
phan nhu khang dinh trong ménh dé sau.

Meénh dé 1.6 [47] Néu C la nén 16i va déng trong khong gian Hilbert H
thi bai toan (1.7) tuong duong vdi bai toan (1.6).
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1.3.2.3. Bai toan cuc tri

Cho C' 1a tap con 10i, déng, khac rong ctia H va f : C — R 1a phiém
ham 15i trén C. Bai toan cuc tri dudge phat bieu nhu sau:

Tim x, € C sao cho: f(x.) =min{f(z) | x € C}. (1.8)

Mbi quan hé gifta bai toan cic tri (1.8) va bat dang thiic bién phan cb dién
duge khang dinh trong ménh dé sau.

Meénh dé 1.7 [47] Cho C' la tap con 16i, déng, khdc rong trong khong gian
Hilbert H va f : C — R la phiém ham 01 khd vi trén C. Khi dé, x, € C la
nghiém cia (1.8) khi va chi khi x, la nghiém cia bai todn CVI(F,C') vdi
F=x/f.

1.3.2.4. Bai toan diém bat dong
Cho C la tap 161, dong, khéac rong trong H va T : C — C la anh xa lien
tuc. Bai toan diém bat dong dugce phat biéu nhu sau:

Tim x, € C' théa man: x, = Tx,. (1.9)

M&bi quan hé gitta bai toan diem bat dong va bat dang thitc bién phan duge
phat biéu trong dinh 1y sau day:

Dinh 1y 1.14 [48] Néu dnh za F xdc dinh bdi F = I —T thi bai todn diém
bat dong (1.9) tuong duwong vdi bai todn bat dang thie bién phan CVI(F, C).
Hon nita, ta con ¢6 dinh Iy quan trong sau vé bat dang thic bién phan va

bai toan diém béat dong dua trén phép chiéu métric Pp.

Dinh 1y 1.15 [54] Cho C' la tdp con loi, déng, khdc rong cia khong gian
Hilbert H va dnh za F : C — H. Khi dé x, € C la nghiém cia bat ding
thitc bién phan CVI(F,C) khi va chi khi vdi moi X > 0 co dinh, z, la diem
bat dong cia dnh za Po(I — \F), tic la

r, = Po(I — A\F)x,. (1.10)
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1.4. BAt ding thitc bién phan trong khong gian Banach

1.4.1. Bt dang thitc bién phan don diéu
Dinh nghia 1.22 Cho C' la tap con khéc rong, 16i va déng ciia khong gian
Banach E. Anh xa F : ¢ — E* dudc goi la:

(i) don diéu trén C' néu
(Fz — Fy,x—y) >0 Va,y € C; (1.11)

(1) don diéu chat trén C' néu ddu ” =" trong (1.11) xdy ra khi va chi khi
r=y;
(i47) don dieu déu trén C' néu ton tai mot ham lien tuc va ting ngat

a:[0,00) = [0,00) v6i a(0) = 0 va a(t) — oo khi ¢t — oo sao cho
(Fz— Fy,z —y) 2 a(llz —y|)llz —yl| Va,y € C;
(iv) n-don dieu manh trén C' néu ton tai hing s6 7 > 0 sao cho
(Fr — Fy,x —y) > nllz —y|* Va,yeC;

(v) don dieéu cyc dai néu F don diéu va do thi cia F', G(F) = {(z, Fz) €
C x E* : x € C}, khong thyc sy bi chita trong do6 thi cia mot anh xa don
diéu khac.

Dinh nghia 1.23 Cho C la tap con 16i v& déng ctia khong gian Banach
E. Anh xa F : C — E* duoc goi la lién tuc trén khong gian con hitu han
chiéu ctia £ néu v6i moi khong gian con hitu han chiéu ctia M C E, thu
hep ciia anh xa F tren CNM 1a lién tuc yéu, tic la anh xa F: CNM — E*

1a lien tuc yéu.

Dinh nghia 1.24 Anhxa F : C — E* dugc goi 1a biic trén C néu ton tai
v € C sao cho
(Fu— Fv,u —v)
lu— ]|

— +oo0 khi ||ul| = +oc.

Dinh nghia 1.25 Toan tt F': E — E* dugc goi la lién tuc theo tia tai
diém x € E néu F(xz +th) — Fx, khit — 0 va F duge goi 1a lién tuc theo

tia trén F néu né lién tuc theo tia tai moi z € E.
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Nhan xét 1.3 Dé thay rang néu I 13 mot toan ti lien tuc, thi F' 1a mot
toan ti lien tuc theo tia, tuy nhién diéu ngudc lai khong ding. Néu anh
xa F': E — E* don diéu va lién tuc theo tia v6i D(F') = E thi F la don
diéu cuc dai (xem [88]).

Cho C'1a tap con khéc réng, 16i, déng ctia khong gian Banach E va anh
xa F': E — E*, khong gian déi ngdu ctia £. Bai toan bat dang thic bién
phan don diéu, ky hieu 13 VI(F, ), duge phéat biéu nhu sau:

Tim phan ti xg € C' théa man: (Fxg,y —x9) >0 VYyeC.  (1.12)

B6 dé 1.6 (Bo dé Minty) [47] Cho C la tap con khdc rong, 1oi, dong ciia
Eva F:.C — E* la anh xa don diéu va lién tuc trén khong gian con hiu
han chiéu cia E. Khi dé, xo € C la nghiem cia (1.12) khi va chi khi xg
thoa man

(Fy,y—xg) >0 VyeC. (1.13)

Dinh ly 1.16 [3] Cho C la tdp con khdc rong, 101, déng cia khong gian
Banach E va F la anh xa don diéu va lién tuc theo tia tu C vao E* vdi
C = D(F). Khi doé tap nghiém cia bai toan (1.12) la khdc rong.

Chu y 1.8 Néu F la don diéu chit thi nghiem x( ciia (1.12) la duy nhat.
Bai toan tong quat cho bat dang thic bién phan VI(F,C) dugc phat
bieu dudi dang sau:

Tim xy € C sao cho: (Fxg— fo,x —x9) >0 Vel foe £, (1.14)

Dinh 1y 1.17 [4] Cho F : E — E* la dnh za don diéu cuc dai va cé tinh
chat biic vdi mién xdc dinh D(F). Cho C la tap con loi, déng trong D(F)
sao cho intC' # () hodc intC N D(F) # 0. Khi dé bat dang thitc bién phan
(1.14) ¢6 it nhat mot nghiém vdi moi fo € E*.

1.4.2. Bt dang thiic bién phan j-don diéu

Cho E la khong gian Banach va j : E — E* la anh xa déi ngdu chuan
tac don tri cia E. Trong phan nay ta luon gia st anh xa F : £ — E 1a
don tri.
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Bai toan bat dang thic bién phan j-don dieu, ky hieu 1la VI*(F,C),
duge phat biéu nhu sau:

Tim x¢ € C théa man: (Fxg,j(x —x9)) >0 Vo e C. (1.15)

Trong khong gian Hilbert H, bat dang thiic bién phan VI*(F, C) trd thanh
bat dang thiic bién phan ¢6 dien CVI(F, O).

Dinh nghia 1.26 Anh xa Q¢ : E — C dugc goi la phép co rat khong
gian theo tia tit £ len C néu Q¢ thoa man:

(1) Q¢ 1a phép co rat trén C, tiic 1a Q% = Qc;

(71) Q¢ 1a anh xa khong gian;

(171) Q¢ la anh xa theo tia, tiic 1a v6i moi 0 < t < oo

Qc(Qc(r) +t(x — Qc(x))) = Qe(x).

Tap C dudc goi 1a tap co rat khong gian theo tia néu ton tai phép co rut
khong gian theo tia Q¢ tut E lén C.

Bo dé 1.7 [1] Moi tap con C 1oi dong ciia khong gian Banach loi déu E
déu la tap co rit cia E, tidc la ton tai phép co rit tu E lén C.

Bo dé 1.8 [58] Cho C la tip con khdc rong, loi, dong ciia khong gian
Banach tron E va Q¢ : E — C la phép co rit tuw E léen C. Khi do, cdc
phdt biéu sau la tuong duong:

(1) Q¢ la dnh xa khong gian theo tia.

(it) (z — Qc(2),j(y — Qc(x))) <0 Ve e E, yeC.

Cht 7 1.9

(i) Khi E 1a khong gian Hilbert H, 4nh xa Q¢ chinh 1a phép chiéu meétric
Po tu H lén C.

(i7) Néu C la tap con khac rong, 16i dong ctia khong gian Hilbert H thi
phép chiéu métric Po : H — C 1a phép co rut khong gian theo tia tit H
len C. Tuy nhién dieu nay khong con dung trong khong gian Banach.
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Tu Bo dé 1.8 ta c6 két qua quan trong sau ve moéi quan hé ciia bat
dang thiic bién phan (1.15) v6i bai toan diém bat dong trong khong gian

Banach tron.

Ménh dé 1.8 [10] Cho C la tdp con khdc rong, 10, déng ciia khong gian
Banach tron E. Khi dé bat ddang thiic bién phan (1.15) tuong duong vdi
phuong trinh diém bat dong:

pe = Qc(l — AF)py, >0, (1.16)
tic la VI'(F,C) = Fix(Qc(I — AF)).
Chitng minh. Theo B6 dé 1.8, ta c¢6 p, € Fix(Qc (I — AF)) khi va chi khi

((pe = AFps) — ps, (@ — p.)) <0 & (=AFps,j(z —p.)) <0

voi moi x € C'va A > 0. Do A > 0 nén ta suy ra xy € VI*(F,C). Ménh de
duge chiing minh.
O

Do su tuong duong clia bai toan bat déng thic bién phan trong khong
gian Banach tron véi bai toan diém bat dong ma nhiéu phuong phap giai
bat déng thic bién phan trong khong gian Banach ciing dude xay dung
dua vao cac phuong phap xap xi diém bat dong.

1.4.3. Phuong phap lai ghép duong doc

Khi F': E — F la anh xa L-lién tuc Lipschitz va n-j-don diéu manh thi
dnh xa Q¢ (I — A\F), v6i X € (0,2n/L?) 1a anh xa co. Khi d6, theo Nguyén
Iy anh xa co Banach, day lip Picard xac dinh bdéi

Tpe1 = QeI — A\ F)zy, (1.17)

hoi tu manh vé diém p, 14 nghiem bat dang thiic bién phan (1.15).

Trong truong hop F = o, trong d6 ¢ : H — RU {oo} la ham 16i kha
vi Gateaux thi bat dang thiic bién phan ¢ dién CVI(F,C) chinh 1a diéu
kién t6i uu cho bai toan t6i wu 161, mingec (), trén tap C va khi d6 day
lap Picard duogc viét dudi dang

Tar1 = Poll = X v @)
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con dudce goi 1a phuong phap chiéu gradient. Tuy nhién viéc thiyc hién phép
chiéu metric Po tit H lén tap con 16i déng C' ciia H 13 khong dé dang do
su phtic tap clia cau tric tap C. Kho khan nay ciing tuong tu nhu khi thuc
hién phép co rat khong gidn theo tia Q¢ tit £ lén mot tap con 1oi dong
C bat ky ctia E. Mat khac, dé ¥ ring ban than dnh xa chiéu métric Po
la mot anh xa khong gidn c¢6 Fix(Pg) = C. Hon nita, trong nhiéu trudng
hop chang han trong cac bai toan xit 1y tin hiéu hoac khoi phuc dnh [41],
tap rang budc C ciia bai toan thuong dudce cho dudi dang an ching han
nhu tap diém bat dong chung clia mot anh xa khong gian hodc mot ho cac
dnh xa khong gian {T;}Y,. Xuat phat tit ¥ tudng d6, nam 2001, Yamada
[84] da dé xuat phuong phap lai ghép duong dbc dé giai bai todn bat ding
thitc bién phan trén tap rang buoc C := N¥,Fix(7}) bing day lip xoay
vong dudi dang:

Up+1 = T[nﬂ]un - )\n+1>\F(T[n+1}Un)7 (1.18)

d day [n] :==n mod N la ham modulo 14y gia tri trong tap {1,2, ..., N}, ug
la diém ban dau bat ky trong H, p € (0,2n/L?). Phuong phap do Yamada
(2001) [84] deé xuat duge chiing minh 1a hoi tu manh vé mot thanh phan
nam trong tap diém bat dong ctia ho hitu han cic anh xa khong gian
NN, Fix(T;) dong thoi thda man 1a nghiem duy nhat clia bat dang thic
bién phan c¢o dien CVI(F,C) khi C = N Fix(T;) v6i dicu kien dat len
day tham s6 {\,} nhu sau: (L1) lim, oo Ay = 0, (L2) D07 Ay = 00, VA
(L) 2 P — D] < o0,

Khi N = 1, phuong phap lai ghép duong doc ciia Yamada trd vé dang

Tpr1 = T(up) — Mpat AF(T'uy,).

Trong truong hop F = 7y thi day lap (1.18) hoi tu manh vé diém p, 13
diém cuyc tiéu ctia ham ¢(z) trén tap rang buoc NV, Fix(T;). Két qua nay
da dugc Deutsch v Yamada [35] cong bé nam 1998. Uu diém ctia phuong
phép lai ghép duong doéc 1a khong can thuc hien phép chiéu lén tap rang
buoc C' clia bat dang thitc bién phan ma thay vao dé la dang déng ciia
ho cac 4nh xa ma tap diém bat dong chung ctia ho anh xa dé la tap chap

nhan dudce cua bai toan.
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Cho dén nay, phuong phap lai ghép duong doc da duge nhiéu tac gid
cai tién theo huéng gidm nhe cac diéu kién dit len day tham sé {\,} ([21],
82],...) hodc md rong cho bai toan bat dang thitc bién phan trong nhiing
truong phtic tap hon, ching han nhu khi tap rang buoc C la tap diem bat
dong chung ctia mot ho vo han dém dudc cac anh xa khong gian ([25], [75],
[79], ...) hosic C la tap diém bat dong chung clia mot nita nhém anh xa
khong gian ([29], [30], ...).

Trong luan 4n nay, ching toi quan tam dén cac phuong phap giai bat
déng thic bién phan trén tap diem bat dong chung mot nita nhém cac anh
xa khong gian, ky hi¢u la VI*(F, F), trong khong gian Banach khong can
thoa man tinh lien tuc yéu theo day ctia anh xa déi ngdu. Ta phét bieu
bai toan VI*(F, F) nhu sau.

1.4.4. Bét dang thiic bién phan trén tap diém bat dong ctia nita
nhém khoéng gian
Cho E la khong gian Banach 16i déu c6 chuan kha vi Gateaux déu.
Cho F': F — FE la anh xa n-j-don diéu manh va ~y-gia co chit thoa man
n+~>1va{T(t):t> 0} la nita nhom khong gian trén E v6i tap diém
bat dong F := Ne>oFix(T(s)) # 0. Ta xét bai toan sau:

Tim diém p, € F sao cho: (Fp,,j(x —p.)) >0 Vv F. (1.19)

Véi cac dieu kien da cho dat len anh xa F' va khong gian Banach E, si ton

tai va duy nhat nghiém ctia bai toan (1.19) dudc khang dinh trong ménh

dé dudi day.

Ménh dé 1.9 Cho E la khong gian Banach 10i déu cé chuan khd vi Gateaux
déu. Cho F : E — E la dnh za n-j-don diéu manh va v-gid co chit vdi

n,v € (0,1) théa man n+-~ > 1 va {T(t) : t > 0} la nia nhém khong gian

tren E sao cho F := Ns>oFix(T(s)) # 0. Khi dé, bai todn (1.19) ¢6 duy

nhat mot nghiém p, € F.

Chitng minh. Véi gia thiét F # (), suy ra F la tap 1oi déng trong khong

gian Banach tron. Do d6, F la tap co rut khong gian theo tia ctia E.
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Theo Ménh dé 1.16, bai toan (1.19) tuong duong véi phuong trinh diém
bat dong sau:

pe = Qr(I — AF)p.. (1.20)

trong d6 tham s6 A > 0 xac dinh. Ta c6 Q7 14 4nh xa khong gian. T
gid thiét vé tinh v-gid co chat clia anh xa F', ta c6 F' 13 anh xa lién tuc
Lipschitz véi hing s6 L=1+1/y >2,do 0 <~ < 1.

Lay A € (0,2n/L?). Tun € (0,1) va L > 2, suy ra A € (0,1). Khi dé,
ap dung Bo dé 1.4, suy ra (I — AF) la 4nh xa co véi hé s6 co 1 — AT €
(0,1), 7=1— /(1 —n)/y. Tit d6 dan dén &nh xa Q#(I — AF) trong vé
phai clia phuong trinh diém bat dong (1.20) 1a co. Theo Nguyén ly dnh
xa co Banach, ta suy ra anh xa Qz(I — AF) c¢6 duy nhat mot diém bat
dong. Diéu nay c6 nghia la phuong trinh (1.20) c¢6 nghiém duy nhat. Do
tinh tuong duong ctia hai bai toan (1.20) va (1.19) ta két luan dugce sy ton
tai va duy nhat nghiém p, ctia bat dang thitc bién phan (1.19).

d

Duya vao Dinh 1y 1.11 va He qua 1.2 xét trong Muc 1.2.2, ta c¢6 thé ké dén
mot s6 trudng hop phai xét dén bat ding thic bién phan trén tap diém

bat dong ctia nita nhéom khong gian trong khong gian Banach nhu sau:
(1) Bai todn bat dang thitc bién phan trén tap khong diém ciia mot toan
ti m-j-don dieu A trong khong gian Banach théa man phuong trinh tién
héa (1.5).

(2) Bai toan bat dang thiic bién phan trén tap diém cyc tri ciia mot phiém
ham 16i chinh thudng va nita lién tuc duéi f : F — R U {oo} ma duéi vi
phan df clia ham f théa man phuong trinh tién héa (1.5) v6i A = Of.

KET LUAN CHUONG 1

Trong chuong nay ching t6i da trinh bay mot s kién thiic bo trg phuc
vu cho viéc nghién cttu va trinh bay cac két qua chinh & cac chuong tiép
theo nhu cac khai niém va tinh chat hinh hoc ctia khong gian Banach cu

thé nhu khong gian Banach 16i chit, 16i déu, tron, tron déu, c6 chuan kha
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vi Gateaux va kha vi Gateaux déu; anh xa don diéu va j-don diéu, anh xa
gia co chit, anh xa khong gian va nita nhém khong gian; tong quan vé bat
déng thiic bién phan co dién va mot sé bai toan lien quan, bat ding thiic
bién phan don diéu va j-don diéu. Trong cac chuong tiép theo ching toi sé
nghién citu xay dung cac phuong phap giai bat dang thitc bién phan tren
tap chap nhan dugc 1a tap diém bat dong chung clia nita nhém khong gian
trong khong gian Banach c6 chuan kha vi Gateaux déu véi mot sd dicu
kién dit léen anh xa F nhu tinh j-don diéu manh va y-gia co chit. Cu thé,
trong Chuong 2, chiing toi xay dung céc phuong phap lip an va lip hien
dua trén phuong phap lai ghép dusng déc cho bat ding thitc bién phan
j-don digu VI*(F, F) trong khong gian Banach E 16i déu v& c6 chuan kha
vi Gateaux déu; trong Chuong 3, chting toi trinh bay cac phuong phap
hiéu chinh cho bai toan VI*(F, F) va phuong phép hiéu chinh tim diém
bat dong ciia nita nhém khong gian trong khong gian Hilbert.
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Chuong 2

Phuong phap lai ghép dudng déc
cho bat dang thitc bién phan trén
tap diem bat déng ctia nita nhém

khong gian

Trong chuong nay, ching toi dé xuat cac phuong phap lai ghép duong
d6c dang an va dang hién cho bat dang thic bién phan trén tap diem bat
dong ctia nita nhom khong gian trong khong gian Banach VI*(F,F). Noi
dung ciia chuong dudgc viét trong 3 muc. Muc 2.1 va Muc 2.2 ta xay dung
ba phuong phéap lip an dua trén tu tudng ctia phuong phéap lai ghép dudng
déc cho bat dang thitc bién phan VI*(F,F) va dang hién tuong ting cho
cac phuong phéap lap an da xét. Muc 2.3 danh cho viéc dua ra vi du sb
minh hoa cho cac phuong phap da de xuat. Cac két qua ctia chuong nay
duge viét tren co s§ cac bai bao (2) va (3) trong Danh muc céc cong trinh

da cong bo lien quan dén luan an.
2.1. Phuong phap liap an lai ghép duong déc

2.1.1. M6 ta phuong phap

Céc phuong phép lip an dé giai bat dang thiic bién phan da dudc nhicu
tac gid quan tam nghién citu do 1gi thé ctia phuong phap 1a dieu kien dat
lén cac day tham s6 ctia day lip kha nhe va sy hoi tu ctia phuong phap lap
an luon duge ddm bao dua trén nguyen 1y anh xa co Banach. Mot s6 két

qua nghién ctu vé cac phuong phap lip an giai bat déng thic bién phan
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trén tap diem bat dong mot ho cac anh xa khong gian ciia cac tac gia khac
c6 thé ké dén nhu cic két qua ctia Ceng va dong téac gid (2008) [27], Chen
va He (2007) [30], Shioji va Takahashi (1998) [67], Suzuki (2005) [69] va
Xu (2005) [83].

Trong truong hgp khi F': ' — E la don diéu manh va gia co chat va
tap rang buoc C = Fix(T) la tap diém bat dong clia mot anh xa khong
gian T : E — E, Ceng va céc cong su (2008) [27] d& dwa ra phuong phap
lip an dé gidi (1.15) c¢6 dang:

voi t, uy € (0,1) sao cho t — 0F. Cac tac gia da ching minh sy hoi tu manh
clia ludi o; xac dinh béi (2.1) vé diém p, thda man (1.15) trong khong gian
Banach 16i déu c6 anh xa déi ngau chuan téc lien tuc yéu. Ceng va dong
nghiép (2008) [27] cing da nghién cttu sy hoi tu manh cia luéi z; trong
(2.1) trong truong hop T : E — E 1a anh xa gia co lién tuc va khong gian
Banach E 1a khong gian 16i déu va tron.

Khi E 1a khong gian Hilbert H, Shioji va Takahashi (1998) [67], d& de
xuat phuong phap lip an c6 st dung tich phan Bochner T},

Tk = YU + (1 — ’yk)TkSIfk, kE>1,

v6i u c6 dinh cho bai toan tim diém bat dong chung ctia nita nhém khong
gian tiem can {T'(s) : s > 0} trén tap con C khac rong 16i dong trong
H. Phuong phap ctia Shioji va Takahashi dugc xay dung dua trén phuong
phap lip Halpern (Halpern, 1967 [38]) va cac tham s6 74, ¢, thoa man

0<v <1, t >0, lim t;y = oo, lim 7 = 0. (2.2)
k—o0 k—o0

Khong dung tich phan Bochner T}, Suzuki (2005) [69] d& nghién citu
st hoi tu manh cho day lap

Tk = YU + (1 — ’yk)T(tk)xk, kE>1, (23)

vé diem Pru trong khong gian Hilbert H. Ngoai ra, Xu (2005) [83] ciling
nghién cttu sy hoi tu ctia phuong phap (2.3) trong khong gian Banach F
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thoa man tinh chat c6 4nh xa ddi ngdu chuan tic lién tuc yéu theo day va
cac tham s6 vy, t, théa man

0<p <1t >0, limt; = lim 2£ = 0. (2.4)

k—o0 k—oo T

Chen va He [30] nam 2007 da nghién citu phuong phap xap xi gan két

v = W f (xr) + (1 — )T (te)zr, k=1, (2.5)

hoi tu manh vé nghiém ctia bat dang thitc bién phan (1.19) véi F = I — f,
trong d6 f : C' — C la anh xa co va {T'(s) : s > 0} la nita nhom khong
gian trén tap con C khac rong 16i déng trong khong gian Banach c6 anh
xa d6i ngdu chuan tic lien tuc yéu. Cac day tham s6 {1} va {t;} thoa
man dieu kien (2.4).

Cac phuong phap trén hosc 14 duge xét dén trong khong gian Hilbert
H hoic trong khong gian Banach E c6 anh xa déi ngdu chuan téc lién tuc
yéu theo day. Ta biét ring, anh xa déi ngdu chuan tic trong khong gian
Hilbert H chinh 14 4nh xa dong nhat I théa man tinh chat lién tuc yéu
theo day va trong cic khong gian Banach quen thuoc, tinh chat nay thda
man trong khong gian ”; 1 < p < oo nhung khong thoa man trong cac
khong gian LP[a,b], 1 < p < oo (xem [31]). Van dé dit ra trong chuong
nay la liéu c6 thé xay dung cac phuong phap giai bat dang thitc bién phan
trén tap diém bat dong ctia nita nhém khong gian ma loai bo duge tinh
chat lien tuc yéu theo day ctia anh xa do6i ngau chuan tic ctia khong gian
Banach? Xuat phat tit ¥ tudéng nay, trong muc nay ching toi dé xuat ba
phuong phap lip an dua trén tu tudng ciia phuong phap lai ghép dudng
dbc dé giai bat dang thiic bién phan (1.19) trong khong gian Banach E ma
khong ding dén tinh lien tuc yéu theo day clia anh xa déi ngdu chuan tac
ctia . Viéc chitng minh sy hoi tu clia cdc phuong phap nay can st dung
dén nhitng ki thuat dé vugt qua kho khan gay ra béi cac tinh chat hinh
hoc va cac tinh chat vé tinh lién tuc ctia &nh xa déi ngau chuan tic j cla
khong gian Banach nhu viéc sit dung gi6i han Banach p hoac anh xa co
rat khong gian theo tia Q. Nhu vay pham vi ting dung ctia cac phuong
phap da dé xuat c6 thé dugc mé rong cho cac khong gian Banach tong
quat hon, chang han LP[a,b], 1 < p < oo.
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Phuong phap thtt nhat dude thiét lap dua trén viec thiét lap to hop 16i
ctia hai anh xa F}, va T}, trong d6 F}, va T}, lan luot dugc xac dinh bdi

Fk.%' = ([ - )\kF)ZL‘ (26)

L[
Trr = t_/ T(s)xds,z € E. (2.7)
k Jo

Phuong phap 2.1. Xudt phdt tic diém x; bat ky thuoc E, zdc dinh day
{21} theo so do ldp an sau:

rr = Y Frxr + (1 — ’yk)Tkxk, k>1, (2.8)
vdi i € (0,1), \x € (0,1] va tx > 0 théa man \y — 0,tx — oo khi k — oo.

Khong dung tich phan Bochner T}, ma thay bang anh xa T'(¢;), ta thu
duge phuong phap lip an sau day.

Phuong phap 2.2. Xudt phdt ti diém y, bat ky thuoe E, zdc dinh day
{yr} theo phuong trinh lap an

e = wFryr + (1 —v)T(te)ye, k> 1, (2.9)

vdi A, € (0,1], v € (0,1) va ty > 0 théa man limy_ec t); = limg oo 7 = 0.

Phuong phap thit ba duge xay dung bang cach lay hop thanh ctia hai

anh Xa Tk va Fk

Phuong phap 2.3. Xudt phdt tu diém w, bat ky thuoc E, zdc dinh day
{wy} theo phuong trinh sau

WE = Tk:kak7 k Z 1, (2.10)
vdi A € (0,1] va tr, > 0 sao cho Ay — 0 va t, — 0o, khi k — oo.

2.1.2. Sy hoi tu

Pinh 1y 2.1 Cho E la khong gian Banach 10i déu cé chuan khd vi Gateaux
déu. Cho F : E — E la dnh za n-j-don diéu manh va v-gid co chit vdi
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n,v € (0,1) théa man n+~v > 1. Cho {T(s) : s > 0} la nia nhom khong
gian trén E sao cho F := Ng>oFix(T(s)) # 0. Khi dé day {xy} zdc dinh
bdi (2.8) hoi tu manh dén diém p, la nghiém duy nhat cia bat ding thic
bién phan (1.19) khi k — oo.

Chitng minh. Ta ching minh dinh 1y thanh cac buée cu thé nhu sau.
Budc 1. Ta chiing minh rang day {z;} xac dinh bdi (2.8) luon xac dinh va
13 day bi chan. That vay, véi 1 < k € N ¢6 dinh, xét &nh xa 7 : E — F
xac dinh béi

Tx =yFrx+ (1 — )Tz, Vo € E.

Ap dung B6 dé 1.4, ta c6

1 [
1T = Tyl = Il = M)+ (1= ) / T(s)2ds
0

~ el = WF)y+ (1= ) /0 " T(s)yds))

= |1 = MeF)x — (I — M\ F)y]
(- m% / (T(s)z — T(s)y)ds|
< (1 = M)l — gl + (1 —)lle — o

= (1 —y\e7) ||z =y,

6 day A € (0,1) v6i T =1—+/(1—n)/v € (0,1). Suy ra, T la dnh
xa co trén E. Theo nguyén ly anh xa co Banach, luon ton tai duy nhat
) € B thoa man x, = T x, v6i moi k > 1.

Tiép theo, ta chi ra {z;} 1a day bi chan. That vay, dat

1 [t
2k = Tha, = E/ T(s)xgds.
0

Khi d6, zx = (I — \p.F)xg + (1 — %)z, va cht ¥ rang, véi moi p € F,
p="T(t)p, v6i moi t > 0, nén ta c6

26— pll = Hi (0610~ Tl

< — Pl
- < |lzx — pl
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Do vay, véi bat ki diem c6 dinh p € F, ta suy ra dudc

|z = pl* = (I = MeF)ag + (1 — i)z — ol
= Y (Ae(L — F)ag + (1 — Ap)xp — p, j(zr — p))
+ (1 =) (2 — p, j(zr — p))
< WAL = Fag — p, J( —p)) + (1 = M) ||z, — plf?
+ (1= i) llex — plf?
< (I — F)ag — p, j(xr — p)) + (1 — ) lox — plf°
= WAl = F)zp — (I = F)p — Fp, j(zr, — p))
+ (1= ) [l — pl?.

Khi d6, theo Bo dé 1.4 ta c6

lz —pl|* < (1 —7)||lax — p|*> — (Fp, j(zr — p))
hay,
|z — pl|* < 77 YFp, j(p — ). (2.11)

T day suy ra, ||z — p|| < 771||Fp||. Diéu nay ching t6 {z;} 1a day bi
chan. Tu tinh bi chan ctia day {z;} va tinh khong gian cta dnh xa T}, vi

1 [t
| Trxr — Tipl| = E/ | T(s)xy — T(s)p||ds
0
1 [t
< t—/ lox — plids = lze —pl, peF
k Jo

ta suy ra {z;} 1a day bi chan. M&t khéc, do F'1a dnh xa L-lién tuc Lipschitz
v6i L =141/, ||Fxp— Fp|| < L||zg —pl|, nén day {Fxy} cing la bi chén.

Hon nita, ta con ¢6 danh gia sau:
[k = 2kl = I = AeF)wr + (1 — )2 — 2|
= Ik — 2r) — yeAeF 2|
< Yellwk = zull + el Fal],

tr d6 suy ra,
Vi Ak

lex — 2l < Hka:”
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Do A\ — 0,7y € (0,1) va {Fx;} 1a day bi chin nén tir bat dang thitc cudi
ta suy ra

lim ||z — 2z|| = 0. (2.12)
k—o0
Budc 2. Chiing minh rang ton tai day con {zy,} ctia day {z;} hoi tu manh
vé mot diém p € F.
Trudc tién, ta chiing minh
lim |z — T'(h)zi|| =0 Vh >0. (2.13)
k—o0

Xét tap
M={z€E:|z—p| <7YFp|}.

Ta c6, M la tap khac rong, 16i va déng ctia E va 1o rang o, € M theo nhu
chiing minh trong Buée 1. Ap dung B6 dé 1.5, ta c6
I I
—/ T(s)xpds—T(h) <—/ T(s)xkd5> H—> 0, (2.14)
tk Jo tr Jo
khi & — oo. Két hop (2.14) va (2.12) ta suy ra

|z — T(h)xk|| = ||z — 2 + 2 — T(h)zk + T'(h) 2z — T'(h)xy|

<2||xp — zkl| + ||z — T(h)zx|| = 0, & — oo.

H%—ﬂ@%”z‘

Nhu vay, ta ¢6 (2.13) théa man. Tiép theo, véi gidi han Banach pu, ta xac
dinh anh xa ¢ : E — R nhu sau:

o(u) = pl|lzy —ul|* YueE. (2.15)

Khi d6, ta c6 ¢(u) — oo khi ||u|| — oo va ¢ 1a anh xa 16i va lién tuc. Do
FE 1a khong gian phan xa va 16i chat, nén ton tai duy nhat p € E sao cho

o(5) = mingep p(u). Tit (2.13), ta suy ra
p(T(h)p) = pllzy — T(h)p|
= a(lex = Tanl? + 1701~ ()P
+ 2 (z, — T(h)xy, T(h)xr, — T(h)p) )
< T ()i — T(R)5I
2w = T T ()~ T

< pllzr = pI* = (D).
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Do tinh duy nhat ctia diém p nén tit danh gia trén ta suy ra duge T'(h)p = p,
véi moi h > 0, titc 1a p € F. Mat khéc, theo B6 dé 1.3, ta ¢ p la cuc ticu
ctia p(u) trén F, khi va chi khi

p{u —p,j(rx —p)) <0 Yue E. (2.16)
Diat u = (I — F)(p) trong (2.16), ta dugc
W(Fp, (5 — 22)) < 0. (2.17)

Két hop (2.11) va (2.17), ta ¢6

pllr = BII° < 77 p(FP, (B — ) <0,
do d6 suy ra p||zr — p||?> = 0. Tt day, dung tinh chat ciia gidi han Banach
(Ménh dé 1.3), ta suy ra

liminf ||z, — p||? < pllze — 5||* = 0.
k—o00

Khi do, ton tai mot day con {x;. } ctia {x;} hoi tu manh vé& diém p khi
1 — 00.
Budc 3. Chiing minh c& day {z;} hoi tu manh vé p khi k — oc.

Ta sé chi ra rang diem p = lim;_, zr, 13 nghiém ctia bat dang thic bién
phan (1.19). Mot lan nita, st dung (2.11) va tinh lien tuc manh-yéu* ctia
dnh xa ddi ngdu chuan tic j trén moi tap con bi chan ctia E, v6i a2y, — p
ta co

)
)

p)

(Fp,j(p—p)) <0 VpeF. (2.18
Do p va p déu thuoc F, tap con 16i déng ctia F, nén ta thay p trong (2.18
béi sp+ (1 — s)p v6i s € (0,1), stt dung tinh chat j(s(p — p)) = sj(p —
v6il s > 0, ta co
s(F(sp+(1—9)p),j(p—p)) <0.
Chia hai vé ctia bat dang thtc cudi cho s va cho s — 0, ta thu duge
(Fp,j(p—p)) <0 VpeF.

Diéu nay c6 nghia 13 p 14 nghiém clia bat dang thitc bién phan (1.19). Tinh
duy nhat cta p, trong (1.19) ddm bdo rang p = p,. Vay ca day {z;} hoi
tu manh vé p, khi k — co. Dinh 1y dugc chitng minh.
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Dinh 1y 2.2 Cho F' la anh xa n-j-don diéu manh va vy-gid co chat trén E,
khong gian Banach phdn za thuc 10i déu cé chuan khd vi Gateaur déu, vdi
n+~>1wacho {T(s):s >0} la nia nhom khong gian trén E sao cho
F = NsxoFix(T(s)) # 0. Khi do, day {yx} xdc dinh bdi (2.9) hoi tu manh
vé diem p, € F la nghiem duy nhat cia bat ding thitc bién phan (1.19) khi
k — oo.
Chting minh.
V6i 1 < k € N ¢b dinh, xét 4nh xa 7 : E — E xac dinh béi
Ty = wkey + (1 — )T (t)y,
v6i moi y € E. Khi d6, theo Bo dé 1.4, ta ¢6
[T =Tyl
= |l = XeF)z + (1 =) T(Er)z — [y = M)y + (1= 3) T (Er)yll
= [|%[(/ = MeF)z = (I = MeF)y] + (1 — ) [T (t) — T(tx)y]|
< (L = A7)l =yl + (1 = )|z =yl
= (1 = wAe7)lz — yl]-
Suy ra 7 1a anh xa co trén E v6i hé s6 co 1 — 4 A,7. Theo nguyeén 1y anh
xa co Banach, luon ton tai duy nhat y, € E sao cho yp = Ty, v6i moi
k> 1.
Tiép theo, ta chitng minh day {y} 1& bi chan. That vay, v6i méi diem
p € F co dinh, ta c6
lye — pII?
= (e = MeF)yr + (1 = )T (&) ye — p, 5 (yr — )
= (AL = F)yr + (1 = A)yr — p.j (e — p))
+ (=) TR yr — P I (Yr — )
= (I = F)yp — (I = F)p, j(yr — p)) + (1 = M) {yx — p, 5 (Y — p))
+ A= Fp, j (e — ) + (L= 0 (T (te)ye — T(te)p, j (yx — p))
< WAe(L = 1)y = pI* + (@ = Ae)llys = pII* + (1 =) |y — pl
— YA E'D, 3 (yr — p))
= (1= M)y = pII° = WAl Fp, 5 (g — p))-
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Do dé, ta c6 bat dang thiic (2.11) véi o dude thay béi y;, dudi dang sau:

lye — I < 77 (Fp, j(p — wi))- (2.19)

Tit day suy ra, ||yx —p|| < 77| Fp||. Didu nay ching t6 {y;.} 1a day bi chan.
Suy ra {Fy;} cing la day bi chan do F' 1a dnh xa L-lién tuc Lipschitz véi
L=1+1/r.

Tiép theo, ta ching minh rang ||yx — T'(¢)yx|| — 0 khi k& — oo v6i moi
t > 0 bat ki. Dé thay, gi6i han théa man véi t = 0. Véi t > 0, do ¢, — 0
nén ta cé thé gia st t > t;, v6i moi k va do vay [i] < i < [i] + 1, v6i moi
k, & day [z] 1a ky hiéu phan nguyén ctia s6 thyc duong z.

Nhéc lai rang T'(0)yx = yi.. Khi d6, dé thay

lyr = T@)yell = [1T(0tr)yx — T(Atr)ye + T (At )ye — T(2t1)ys
+ T/ tk] = Dte)ye — T([t/te]tr) ys
+ T ([t/telte)ye — T ()l

hay

[t/tx] -1
lye = Tl < Y 1T W)y — T+ 1)ty
=0

+ | T#)ye — T([t/tr]tr)yrll-

(2.20)

Do {T'(t) : t > 0} la nita nhom khong gian nén ta c6 cac danh gia sau véi
moi k:
T((U+Dtg) =T(Utg) o T(tr) YVOSI<[t/te] -1,

T(t) = T([t/trltr) o Tt — [t/tkltr)-
Hon nita, cac anh xa T'(It;) va T([t/t;]tr) cing la cac anh xa khong gian,
nén véi moi 0 < [ < [t/tx] — 1 ta c6 cac bat dang thiic sau day:

1T (Utw)yr — T+ Dtr)yell < llye = T )yl
1T @)y — Tt/ trltr)yell < 1T = [¢/ta]te)yr — vl
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St dung hai déanh gia trén trong (2.20) ta thu dugc

Ny — T(t)yx|

< t/tilllye — T(tr)yell + 11T — [E/tr]tr)ye — vrl|
Ve ot

< Iy 2 _ _ _

< B = AP = Tl + g [T ()~
Tt

<X — [yl + Ml F'(zi) || + [T (tx)we|]) + max [|T(s)ye — yll]-

ko Vk 0<s<ty

Do tinh bi chin ctua {yi}, {Fyr}, {T(tp)zr} va 0 < v < 1,y /tp — 0,
neén ta suy ra
klim lye — T(H)yrl] =0 Vit >0. (2.21)
—00

Van dung giéi han Banach p va xac dinh anh xa ¢ béi (2.15) véi xp duge
thay béi yy.. Khi do, ton tai diém P sao cho ¢(p) = min.eg p(u). Hon nita,
diém P nhu vay 1a duy nhat. Mat khéc, sit dung (2.21), ta suy ra:

o(T(h)p) = pllye — DI

_ ILL(Hyk — T(h)yel* + |7 (R)yr — T (h)p)*

+2 (= T T~ T(0P)
<y T(h)yr — T (h)pl|*
2 = T~ TP )
< pllye = BII* = 0 (P).
Do tinh duy nhét ctia diém P nén suy ra T'(h)p = p, véi moi h > 0. Diéu

nay ching té6 p € F. Mat khac, theo Bo dé 1.3, ta c¢6 p 1a cuc ticu cla
o(u) trén E| khi va chi khi

pefu =P, j(ye —=p)) <0 Vu € E. (2.22)
bat u = (I — F)(p) trong (2.22), ta dugc
H(ED, (D — yr)) < 0. (2.23)

Két hop (2.19) va (2.23), ta c6

ullye = BII° < 77wl Fp, j (B — yk)) <0,
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tic 1a ullyr — p||* = 0. T day, duing tinh chat clia gisi han Banach (Ménh
de 1.3), ta suy ra
lim inf [ly; — Bl < pllyx — Bl = 0.
Khi d6, ton tai mot day con {y; } ctia {yz} hoi tu manh vé diém p khi
i — 00. Ta s& chi ra ring diém P théa man bat dang thiic bién phan (1.19).
That vay, st dung (2.19) va tinh lién tuc déu manh-yéu* ciia 4nh xa déi

ngau chuan tac 7, ta cé

(Fp,j(p—p)) <0 VpeF.

Chiing minh tuong tu Bude 3 cua Dinh 1y 2.1, ta ¢

(Fp,j(p—p) <0 VpeF,
tic 14 P théa man bat dang thic bién phan (1.19). Do tinh duy nhat
nghiém ctia bat dang thiic bién phan (1.19) nén ta suy ra p = p,. Vay ca
day {y:} hoi tu manh vé diém p,. Dinh Iy dugc ching minh.
U

Dinh 1y 2.3 Cho E, F, {T(s) : s > 0} va F thdéa man cdic dieu kién nhu
trong Dinh lyj 2.1. Khi dé, day {wy} zdc dinh bdi (2.10) hoi tu manh dén
nghiém p, ctia bat ding thitc bién phan (1.19) khi k — oo,
Chitng minh. V6i 1 < k € N ¢6 dinh, xét anh xa 7 : £ — E x4c dinh
bdi

I

T =T, Frx = t_/ T(s)(I — \F)xds Yz € E.

kJo

Do T(s), s > 0 la anh xa khong gian va theo B6 dé 1.4, I — A\, F 1a anh

xa co, nén ta co

1Tz =Tyl = T Fra — TiFryll

1 tr 1 tk

. /O T(s)(I — \eF)ads — . /0 T(s)(I = ArF)yds
L] ™

- /0 T()(I — MoF)a — T(s)(I — M F)ylds

<N = AeF)z — (I = M F)y||

<(1-N7)z =yl VryeE.
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Do vay, T la anh xa co trén E. Theo nguyén ly anh xa co Banach, luon
ton tai duy nhat wy € F, thoa man wy, = Twg. Dicéu nay c6 nghia la (2.10)
hoan toan xac dinh.
Tiép theo, ta ching minh rang day {wy} 1a bi chan. That vay, v6i mdi
p € F, theo B dé 1.4, ta co

1

th 1 g
o=l = |- [ 70 = MPywnas = L [T 7(s)pas
tk Jo le Jo

Do tinh khong gian ctia anh xa T'(s), s > 0 nén ta co:

|wy, = p|| <L = MF)wy, — p|
= |( = MeF)wy, — (I = \eF)p — N Fp| (2.24)
< (1= Xe7)|lwy — pl] + Al Fp]|-

Suy ra, ||wr — p|| < ||Fp|l/7, diéu nay ching t6 {wy} 1a day bi chan. Va
do tinh L-lién tuc Lipschitz cia F v6i L = 1+ 1/ ta cing suy ra dugc
{Fwy} cing la day bi chin.

Do tinh 13i ctia || - ||, tit (2.24) v& ap dung cac Bo dé 1.2 va Bo dé 1.4, véi
p € F, ta con c6 thé danh gia ||wy, — p||* nhu sau:

lw = plI* < (I = MF)wi — (I = MeF)p = A Fpl|?
<N = MF)ywy = (1= M F)pl?
+ 2(=X\eEFp, 5 (I — M F)wy, — (I — M\ F)p — A\ .Fp))
< (1 = \er)||wp — plI* = 20 (Fp, j(wy, — p — M Fwy).

Suy ra

\}

Jwp—pl* < <Fp,j(p—wk)>+§<Fp,j(p—wk+>\kak)—j(p—wk)>- (2.25)

-

Tiép theo, xét tap D = {z € E : ||z — p|| < ||Fp||/7} tuong tu nhu
trong Dinh 1y 2.1, suy ra w;, € D. Dit z, = Tpwy, = ifotk T(s)wrds va ap
dung B6 dé 1.5, ta thu dudc (2.14), titc 1a limg s |21 — T'(h)zz|| = 0 v6i
moi h > 0 bat ky va wy, € D.
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M3t khac, ta ¢6 danh gia cho ||wy — z;|| nhu sau:

I I
|w, — zx|| = ||— T(s)(I — M\ F)wyds — —/ T(s)wgds
tk Jo tk Jo
I
= t_ [T(S)([ — )\kF)wk — T(S)wk]ds
kJo

1 [
< t_/ (I — M\ F)wy, — wil|ds
kJo
— Ml Fugll = 0, k = oo,
do A\ — 0. Khi do, véi h > 0 bat ky, ta ¢
|wr, — T'(h)wg|| = ||wk — 2z + 2 — T'(h)zx + T'(h)zx — T'(h)wy||
< lwk = 2l + llze = T(h)zell + [IT(h) 2z — T (h)wgll
< 2fjwg — zi || + 26 — T'(h) 2.
T day suy ra
klim |wg — T'(h)wg|| =0 Yh > 0. (2.26)
—00
V6i gi6i han Banach p, x4c dinh ham ¢ : E — R nhu sau:
p(u) = pllwg —ull* Vu € E.

Ta ¢6 ¢ 1a ham 16i lien tuc va o(u) — oo khi ||ul| — co. Do E 1a khong
gian phan xa va 16i chit nén ton tai duy nhat mot diém p € F thoa méan

o(p) = mingep p(u). Do (2.26) ta c6:
o(T(h)p) = pllwy, — T(h)p|]
- u(l!wk — T(hyws||* + | T(hywy, — T(h)p|*
+ 2 (wy, — T(R)wy, T(h)wy, — T(h)p) )
< pl|T (hywy, — T (h)p|*
+ 2u<\|wk — T(h)wy||| T (h)wy, — T(h)ﬁll>

< pllwr, = l* = @(p)-

Do tinh duy nhat ciia diém p nén ta suy ra 7'(h)p = P, diéu nay c6 nghia
1a p € F. Mit khac, theo Bo dé 1.3, ta c6 p 1a cuc tiéu ctia ¢(u) trén E,
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khi va chi khi
p{u —p, j(wy —p)) <0 Vue E. (2.27)

biat u = (I — F)(p) trong (2.27), ta dugc

p(Fp, 3 (p — wi)) < 0. (2.28)

Trong (2.25), chi y rang A\, — 0 khi k — oo va {F'w} 1a day bi chan nén
ta c¢6 (F'p,j(p — wy + \eFwy) — j(p — wy)) — 0 khi k — oco. Do vay, két
hop (2.25), v6i p duge thay béi p, va (2.28), ta c¢6

. 2 o
plws =Bl < =p(Fp, 5(b — wi)) <0.
Diéu nay c6 nghia la pljwy — p||* = 0. Tt day, ding tinh chét ctia gidi han
Banach (Ménh dé 1.3), ta suy ra

lim inf ||Jwy — p||* < pl|wr — p|I* = 0.
k—o00

Do d6, ton tai mot day con {wy,} ctia {w;} hoi tu manh vé diém p khi
1 — 00.

Lap lai Buéc 3 ciia ching minh trong Dinh 1y 2.1, stt dung mot 1an nita
tinh chét lien tuc déu manh-yéu* clia anh xa déi ngdu chuan tic j ctia F
trong (2.25), ta thu duge p ciing 1a nghiém ctia bat dang thitc bién phan
(1.19). T d6, suy ra p = p,, do tinh duy nhat ctia nghiém ctia (1.19). Vay
cd day {w;,} hoi tu manh vé diém p, thoéa man (1.19). Dinh ly dugc ching
minh.

O

Nhan xét 2.1 Khi F := N2, Fix(7;) 1a tap diém bat dong chung ciia
mot ho vo han dém dugc cac anh xa khong gidn, nam 2013, Buong va
Phuong [25] da dé xuat mot phuong phap lip an hoi tu manh cho bai toan
(1.19) trong khong gian Banach E 16i phan xa, 16i chit va c6 chuan kha
vi Gateaux déu vdi cau tric tuong tu (2.8) trong d6 anh xa T) dugce thay

bdi anh xa V), xac dinh nhu sau:

Vi=VY, Vi=TiT T T = (1= )] + T (2.29)
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v6i moi ¢ < k véi i, k € N, tap cac sd nguyén duong, a; théa man

a; € (0,1) véi Zai < 00, (2.30)
i=1
v A, 7 € (0,1) sao cho Ay — 0 khi k& — oo. Anh xa V; xéc dinh béi
(2.29) va (2.30) con dugc goi la V-anh xa.
Trong [25], cdc tac gid vAn ding V-anh xa dé gidi bai toan (1.19) khi
F = N2, Fix(T;) véi day lap an duge xac dinh béi

Tl = Vk(l — )\kF)xk, k Z 1, (2.31)

c6 cau tric thuat toan tuong tu phuong trinh lip an (2.10). Céc tac gia
ciing thu duge sy hoi tu manh ciia phuong phap (2.31) véi cac dieu kien
(2.29)-(2.30) vé nghiem p, ctia (1.19) trong khong gian Banach 16i déu va
tron.

Nhu vay, c6 thé coi cdc phuong phap lap an (2.8), (2.9) va (2.10) dugc
xét dén trong cac Dinh 1y 2.1, 2.2 va Dinh 1y 2.3 13 mé rong clia cAc phuong
phap trong [25] theo nghia tit tap rang budc la tap diém bat dong ctia mot
ho vo han dém dugc cac anh xa khong gian sang trudng hgp khi tap rang
budc 1a tap diem bat dong clia mot ho vé han khong dém dude céac anh

xa khong gian.

Chu y 2.1 Ki thuat chiitng minh dung giéi han Banach ciing da duge Ceng
(2008) st dung trong [27].

2.2. Phuong phap lip hién lai ghép dudng dbc

2.3.1. M6 ta phuong phap

Khi xay dung céc ki thuat lip an cho bai toan VI*(F,F), ching toi
nhan thay mot khé khan c6 thé gap phai clia cac phuong phap do trong
thuyc hanh tinh toan 1a tai moi buée lap thi &, ta déu phai thuc hién cac
bude gidi mot phuong trinh dang an dé tim dudc nghiem xap xi z; va
sau mot s6 hitu han buéc lip ta sé thu dugc nghiem xap xi x; gan vdi
nghiém chinh xéc ctia bai toan. Khé khan nay c6 thé duge khac phuc bing
cic phuong phap lap hién tuong tng. Trong muc nay, chung toi thiét lap
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phuong phap ldp hién tuong ting dya trén hai phuong phap lap an (2.8)
va (2.10).

Phuong phap 2.4. Xudt phdt ti mot diém z, € E tay v, ta zay dung day
{z,} nhu sau:

Tpnt1 = Yoknzn + (1 — ) Thx,, n> 1. (2.32)

Phuong phap 2.5. Xudt phdt tu mot diém x; € E tuy v, ta zdy dung
day {z,} nhu sau:

Tnt1 = (L =)z + W Tn Foxy. (2.33)

Céc anh xa T;, va F, trong (2.32) va (2.33) lan lugt duge xac dinh bai

T,x = —/ s)xds, (2.34)

Foo = (I - \F)z Va € E, (2.35)
va {1}, { )}, {ta} 1a cac day tham s6 théa man cac diéu kien sau:
A €(0,1), Ay =0, ) Ay =00, (2.36)
n=1

’tn—H — tn‘

lim ¢, = 0o, lim =0, (2.37)
n—00 n—00 tn—l—l
va
Y € (0,1) sao cho 0 < liminf~, <limsup~y, < 1. (2.38)
n—00 n—00

2.3.2. Su hoi tu

Dé phuc vu cho viéc chitng minh cac dinh 1y hoi tu cho cac day lap
(2.32) va (2.33), ta can mot s6 két qua sau:

B6 dé 2.1 [70] Cho {x,} va {z,} la cdc dday bi chan trong khong gian
Banach E théa man x,11 = (1—,)Tp+ynzn vdin > 1, ¢ day {v,} C (0,1)

théa man 0 < liminf, .. v, < limsup, . 7. < 1. Gid st rdng

limsup [[|zn41 — 2al| = [|@ns1 — z||] 0.
n—oo

Khi do lim,, o || — 20| = 0.
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Bo dé 2.2 [81] Cho day {s,} cic so thuc khong am théa man

Sn+1 S (1 - Cn)sn + Cnnn + eny n Z 07

trong dé cac day {C,}, {nn}, va {0,} théa man cac dieu kién sau:
(Z) {Cn} C [07 1]7 EZO:O Cn = 005
(1) limsup,, om0 < 0;
(idi) 6, > 0, 32 0, < o0.

Khi do lim,,_ s, = 0.

Meénh dé 2.1 Gia st F : E — E la la anh za n-j-don diéu manh va y-gid
co chat vdin+ v > 1 va cho {T(t) : t > 0} la nida nhom khong gian trén
E, vdi E la khong gian Banach 10 déu cé chuan khd vi Gateaux déu, sao
cho F := Mi>oFix(T(t)) # 0. Néu ton tai mot day bi chin {xz,} théa man
lim,, o0 |20 — T(t) 2] = 0, vdi moit > 0, va ton tai mot day {yx} sao cho

Ps = limy_,00 Y, trong do {yx} xdc dinh bdi (2.8), tic la

1 [
= (T = WPy + (1= 20)- / T(s)yrds,
0

thi
limsup (F'ps, j(pe — x,)) < 0. (2.39)

n—oo

Chitng minh. Vé6i n,k € N ¢6 dinh va moi z,y € F ta c6

Y — T = Ye[(L — M F)yr — xn] + (1 — ) [Thyr — )

va
(Thr — Ty, j(x — y)) < || The — Tyl — y|l
1%
=\~ [ [T(s)x—T(s)ylds||[|z -yl
te Jo
1 [ )
|z [ = ws| e =l < e =l
Suy ra,

Iy — zal?

= (1 =) (Thyk — T, (e — 20)) + 9% (L = MeF )Y — T, 5 (Y — 0))
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= (1 =) (Tt — Thwn, 3y — xn)) + {Thtn — Ty (Y — 7))
+ 3 (L = MF)yk = vk 3y — 20)) + llye — 2]
<1 =) ([lyr = @all® + 1 Trwn — @llllye — 2nll)
+ Y (I = MNeF)yk — Yo 3 (e — z0)) + Wllye — 2|
< gk = @all® + |1 Tezn — zallllyx — wnll
+ 3 A = MeF) Yk — Yrs J (ke — )
= Nk = zall® + | Tewn — zalllye = zall — YAk (Fyrs 5y — 20)) -

Va do vay, ta co

”xn - Tkxn”

—x,ll. 2.40
e — | (240

(Fyi, j(yx — xn)) <

Mat khac, ta co:
lim ||z, — Tyx,| = 0.

n—oo
That vay, stt dung dinh 1y gia tri trung binh trén doan [0, ], ta suy ra

ton tai 0 < uy < tx sao cho
1 [ 1
T, = —/ T(s)xnds = —T (ug)(ty — 0)x, = T (ug)xy,.
tr Jo lk

Khi d6, theo gia thiét lim,, o ||z, — T(¢)x,|| = 0 v6i moi ¢t > 0 ta suy ra
dugce

lim ||z, — Tyz,|| = lim ||z, — T (ug)z,|| = 0.
n—oo n—oo

Do céc day {yx} va {x,} déu la bi chan nén {yx — z,,} ciing bi chan va

lim ||z, — Txz,|| = 0 v6i moi ¢, > 0, lay lim sup cé hai vé ciia (2.40), ta
n—oo
dugce
lim sup (Fy, j(yx — zn)) < 0. (2.41)
n—oo

Mzt khéc, stt dung tinh lién tuc Lipschitz ciia anh xa F' va két qua y, — p.
khi k£ — oo ctia Dinhh 1y 2.1 ta ¢6

1
| Fyr — Fpi|| < (14—;)”91@_]?*” — 0, k — oo, (2.42)

trong d6 v 1a hing sb gid co chat clia anh xa F.
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Mat khéac, ta lai co:

| (Fyk, j(Yk — 2n)) — (FPes J (P — 20)) |
= | (Flyr — Fps, j(yr — @) + (Fpes J (Y — 2n) — 5 (0 — 20)) |
< |Fyr — Fpallllye — ol
+ | {(Fps, j(yk — xn) — J(ps — z0)) |.

Stt dung tinh lién tuc déu manh-yéu* ctia 4nh xa déi ngdu chuan tic j va
(2.42), ta c6
lim [ (yx — @n) = j(ps — @a)] = 0.

k—o0
Do vay, véi bat ki € > 0, ton tai 0 < K € N sao cho v6i moi k > K,
Vn € N ta co

| {(F'yr, 5 (Yk — 2n)) — (Fpes J(p — 20)) | <.
T day suy ra, bat ki € > 0, ton tai 0 < K € N sao cho véi moi k > K,
Vn € N ta co
(Fpe, J(s — ) < (FYn, J(Yn — 75)) + €.

St dung (2.41), ta co

limsup (Fps, j(ps — 25)) < limsup (Fyn, j(yn — z0)) +€ <&

n—oo n—o0

Do tinh bat ki clia €, nén ta thu dugce (2.39). Diéu phai chiing minh.
(]

Dinh 1y 2.4 Gid st E, F, {T(s) : s > 0} va F théa man cdc diéu kién
nhu trong Dinh Iy 2.1. T mot diém x, € E bdt ky, zay dung day lap {z,}
bdi (2.32) va cdic dieu kien (2.36)-(2.38) théa man. Khi dé day lap {z,}
hoi tu manh dén p. € F la nghiém bat dang thic bién phan (1.19).

Chting minh. Noi dung ching minh Dinh 1y 2.4 dugce chia thanh 3 buée

nhu sau.

Budc 1. Ta chiing minh rang day {z,} la bi chin.
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That vay, véi p € F cb dinh, ta c6 T,,p = p va do d6, theo B6 dé 1.4,

|21 = pll = v — AnF)zn + (1 — Y0) Ton — p|
< ll(I = A F)xn — pl| + (1 — 7)) | Ty, — Top|
S 771[(1 - AnT)Hxn _p” + >‘nHFp|H (1 - 'yn)Hxn _pH

P
= (=3l il + o 22

< ... <max{|z —pl, | Fpll/7}.

Suy ra, {z,} 1a day bi chan. T day suy ra cac day {T,x,}, {Fnzn}, {Fx,},
va {x, — p} cling bi chan. Gia si cac day nay bi chin bdi hang s6 duong
M.

Bude 2. Ta chi ra rang v6i moi t > 0, ta c6
lim ||T'(t)x,, — z,|| = 0. (2.43)
n—oo

Dat 2z, = T,,x,, — %Fﬂ&n Tt (2.32) ta suy ra T,41 = Yu&p + (1 —9,) 2, VA

LF% _ Intldntl o
1 - Tn 1 - Tn+1

< HTn—Hxn—H - Tn+1$nH + HTn+1$n - Tnaan

Hzn—i-l - Zn“ < HTn—Q—lxn—i—l - TnmnH + H Ln+1

1— Yn 1— Yn+1
t —1 M
S Hxn—b-l - xn” + 2‘71—1—1—n|M1 + (>\ + /\n+1) 6 .
thrl 1 - 5

véi B 1a mot s6 duong thude khoang (0,1) sao cho v, < 3. Két hop dicu
nay véi A, — 0 va |t,41 — ty|/the1 — 0 khi n — oo ta thu duge

lim sup [||Zn+1 — znl| = |Tn41 — an] < 0.
n—0o0

Do vay, tit (2.38) va Bo dé 2.1 suy ra

lim ||z, — z,|| = 0.
n—oo

Mat khac, do
BMy
— B

n|\<)\

|20 —
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va A, — 0 khi n — oo, nén ta c6 ||z, — T,z,|| — 0. Tiép theo, ta co
0 <||zp — Thxn|| < ||zn — 20l + |20 — Thzs|| = 0, k — 0. (2.44)

Va do do ta co:
|20 — T(t)z|
< ”xn - Tnxn” + HTnxn - T(t)Tnan + HT(t)Tnxn - T(t)an
< 2|z, — Ty + || Tozn — T(8) Thzy||.

St dung (2.44) va Bb dé 1.5 trong bat dang thiic cudi ta suy ra gisi han
(2.43) thoa man véi moi t > 0, khi n — oo.

Budc 8. Ta khang dinh rang lim, .. |2, — ps|| = 0, v6i p, nghiém ctia bat
dang thitc bién phan (1.19).

Dat yr = (I — MeF)ye + (1 — ’y;{;)i fot’“ T(s)yrds, k > 1. Stt dung két
qué ctia Dinh 1y 2.5, ta thu dugc y. — ps, khi & — oo, 14 nghiém duy nhéat
clia bat dang thiic bién phan (1.19). Dong thoi, st dung (2.43) va Ménh
dé 2.1 ta c6 gi6i han (2.39). Tiép theo ta danh gid ||z,41 — p«||* nhu sau:

HCUnH —p*H2
= (1 — )T — P 5 (@t — p)) + Y l(I = AF)Tn — Pay §(Tnst — ps))
= (1= ) {(Tawn — Tops, j(Tns1 — p))
+ Yo (L — F)xp — pef(@Xnt1 — pi))
+ Y (1 = M) (0 = Pas J(Tng1 — i)
< (1= y)llzn = pelllznen = pall + (1 = A J2n — pullll 201 — psll
F (I = F)xy — ey 5 (@01 — i)
< (1= mA)lzn = pelllzntr — pill + v An (1 = T)l|@n — pill |01 — P
+ YA (—Fp, j(Xnt1 — pi))

H-Tn —p*||2 + H$n+1 _p*HQ <_Fp*7j(xn+1 _p*)>

< (1 = YAnT) 5 + VAT
T
Do do,
1 =y AnT 295 T (= F'pe; j(Tng1 — p))
. 0, 2 < n\n " — Dy 2 n’\n ) n—+
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hay

2V AnT 29 AT (F'py, j(pe — x
|Zna1—ps||* < 1 _“MnAnT |z —pe||2+ TnAnT ( n—|—1)>.
1 +7nAnT 1—|—”}/n)\n7' T

Ta viét lai bat dang thiic cudi nhu sau:
lzni1 = pall? < (1= C)llzn = pell® + Cathns (2.45)

trong do ¢, = 27n)\n7_/(1 + Vn)\nT) va 1, = <Fp*7j(p* - xn+1)>/7'

Stt dung gid thiét "2, A, = 00, ta 6 >~ ¢, = oo va tir (2.39), suy
ra lim sup,, ... 7, < 0. Khi d6, 4p dung B6 dé 2.2 (véi 6, = 0) vao (2.45) ta
suy ra dugc lim, .o ||z, — ps||? = 0. Vay day {z,} hoi tu manh vé diém p,

I3 nghiém clia bat dang thiic bién phan (1.19). Dinh 1y dudc chiing minh.
]

Chu y 2.2 Chung toi da cai tién két qua (2.32) theo hudng khong sit dung
tich phan Bochner T,z = 1 fo" s)xds ma thay bang anh xa T'(t,) xac
dinh tt nita nhém {7'(s) : s > 0}. Khi d6 phuong phap (2.32) tré thanh

Tont1 =YL = NoF)zp + (L — )T (t)xn, n>1, 21 € E. (2.46)

voi A, € (0,1],79, € (0,1) va ¢, > 0 théa man lim,,_, ¢, = lim,, o = == = 0.
Sy hoi tu manh ctia phuong phap (2.46) dugc chiing minh véi cac dieu
kién dit lén khong gian Banach E, 4nh xa F va nta nhém khong gian
{T'(s) : s > 0} twong tu nhu trong Dinh 1y 2.4.

Hé qua 2.1 Gid st E, F, {T(s) : s > 0} va F théa man cdic diéu kién
nhu trong Dinh Iy 2.1. T mot diém x, € E bat ky, zay dung day lap {z,}
theo cong thic (2.46) va cac diéu kién sau théa man
(1) A € (0,1],7, € (0,1) va t, > 0;
(19) limy, o0 £, = limy, 00 1 =0.

Khi dé day lgp {x,} hoi tu manh dén p, € F la nghiem bt dang thiic
bién phan (1.19) khin — co.

Phuong phap lap (2.46) 1a dang hién tuong ting ctia phuong phap (2.9)
da xét trong Dinh Iy 2.2. Tiép theo ching toi phat biéu va chiing minh
dinh 1y vé sy hoi tu manh ctia phuong phép lap (2.33).
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Dinh 1y 2.5 Cho E, F, va F nhu trong Dinh Iy 2.1. Tt mot diém x, € E
bat ky, thiét lap {x,} bdi (2.33) va cdc dieu kién (2.36)-(2.38) théa man.
Khi dé, day {x,} hoi tu manh dén p. la nghiém cia (1.19) khin — oo.
Chting minh. Viéc ching minh Dinh 1y 2.5 dugc chia thanh cac budc
nhu sau:
Budc 1. Chitng minh rang ton tai mot s6 duong Mo sao cho ||z,]|, | Thzn |,
[ Fnznl | Fosrzn — pll | Faall < Mo, véibat ki p € F.

V6i mot diém c6 dinh p € F, ta c6 T,,p = p, va do do, theo Bo dé 1.4,

”anrl - pH = ”(1 - '7n>37n + VLo Frxy, — p”
< =v)llwn = pll + Wl TnFrzn — Topl|
< (1 - ’Vn)Hxn - p” + VnHann - p”

= (1 =) llzn — 1l

+ Wl = A )z — (I = MF)p = M F |
< (1 =y)llzn = pll + 9 [(1 = Aa7)[l2n = pll + Al Fpll]
= (1= ) =l + A 2D

1 1
< maX{Hxn —p||,—HFp||} <... < maX{”ﬁ —pH,—HFpH}-
T T

T day suy ra, {x,} 1a day bi chan. Do T,, 1a dnh xa khong gian va [ — A, F

la anh xa co, nén

1
|Twwn = Topll < llon = pll < max {{lz1 = pl, —[|Fp] }

[Fran — Fupll = [|(I = A F)zn — (I = A F)pl| < (1 = A7) |20 — pl|
1
< (1= A7) max {[|z1 — p|l, ;lIFpH}-
Nhu vay, suy ra cac day {T,x,}, {Fhx,} va {F,112, — p} cing bi chin va
sy ton tai ctia My dude chiing minh.

Bude 2. Ta chi ra rang v6i moi t > 0, ta c6

lim ||T(t)z, — x| = 0. (2.47)

n—00
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bat z, = T, F,x,. Tt (2.33), suy ra

Tpa1 = (1 = %) Tn + Yz, (2.48)
va
2041 — 2ol = | Tns1 Fns1@n41 — TnFna, ||
< T Fopizngr — Top By
+ | Tr1 Foirn — TnFa@n|| + | T Frizn — T Foxa||.
Do

1

tn—l—l

——/ )Eq12, — T(s)p|ds

H( tnir a)/o [T(s) Fuien — T(s)p)ds
1

/ () Fyizn — T(s)p) ds

tn+1
+ / [T(S)Fn+1wn — T(s)p} ds
thrl tn
1 1 t —t
< __tnM2+|n+1 71‘]\42
thrl n n+1
t — 1
_ 2| n+1 n‘ M27
tnt1
ta thu duoc
Hzn—H - Zn”

t —1
< HFn+1xn+1 - Fn+137n” + 2|n;1—n|M2 + HFnJrlxn - ann”
n+1

|tn+1 -

tn
S Hxn—i-l — an + 2)‘n+1M2 + 2 |M2 + |)‘n+1 — An‘MQ

n+1

Két hgp diéu nay vdi (2.36) va (2.37) ta suy ra

lim sup [”Zn—i-l - ZnH - ”xn—i-l - ZL'nH] < 0.
n—0o0

Do vay, ta suy ra tit (2.38) va Bo dé 2.1

lim ||x, — 2,|| = 0. (2.49)

n—00
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Do ||Fhx, — x| < AyMs va A, — 0 khi n — oo, ta c6

lim ||F,z, — x,] = 0. (2.50)

n—oo

Mat khac, tir (2.49), (2.50), va

HTnxn - an
< Ty — zal| + |20 — 24|

= |Than — T || + |20 — 2ol < |20 — Foxpll + |20 — all,
ta thu duoc
lim ||T,x, — x,|| = 0. (2.51)
n—oo
Tiép theo, véi bat ki t > 0, ta c6

| T () — ol < ||TE)wn — T ) Ton|
+ ||T(t)Tn33n - Tnan + HTnxn - an
<2||Thxn — x| + | T () Tz — Ty

Két hop dicu nay vé6i (2.51), (2.34) va B6 dé 1.5, ta suy ra dugce (2.47).
Bude 3. Ching minh lim,_, ||z, — p«|| = 0, trong d6 p, € F la nghiém
bat dang thtic bién phan (1.19).

Xét day {yr} xéc dinh béi (2.8), tic la

1 [
Uk = (I — MNeEF)yr + (1 — 'yk)E/ T(s)ypds, k> 1.
0

Theo Dinh 1y 2.1, ta ¢6 diy {y;} hoi tu manh vé diém p, 1a nghiém cta
bat dang thitc bién phan (1.19) khi k — oo.
St dung tinh 18i ctia chuan ||.||?, Bd dé 1.2 va B dé 1.4, ta danh gia

|Zn11 — p«||* nhu sau:

Yo)llZn = pell? + Yol T Fren — pi)?

21— pell? < )
Mwn = pall” + vl Tu Foen — Tops®
)
)

I+ Yl oo — pul?

(1-

=1 =7
(1=
= (1= y)llzn — pll” + Wl Fon — Fups — A Fps

IN

||5Cn — D«
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< (1 =)0 = pallP 4+ [(1 = X7 20 — i
— 20 (Fpy, j(xy — ps — )\nFCL’n)”
= (1= A7) |20 = pull® + 290 [(Fps, § (Do — )
+ (Fpa, J (P — Tn 4 AF ) — j(pe — 20))]
< (1= AT |20 = pell” + 1 AT2[(Fps, (s — x0))
+ (Fpe, j(pe — T+ AaFn) = j(pe — 2a))] /7.

Ta viét lai bat dang thic cudi nhu sau:

201 = Pl < (1 = G)lln = p:lI? + Cutns (2.52)
trong do
Cn = YnAnT,
M = 2[(FDe, 5(De = T0)) + (FDu, J(pe = T + M F2p) — §(pi — ) ] /7.

Theo gia thiét, Y 2, A\, = co nén Y >~ (¢, = oo. St dung Menh dé 2.1
va (2.47), ta c¢6 (2.39); két hop them dieu kien lim, o A, = 0, ta suy ra
lim sup,, o 7n < 0. Khi d6, 4p dung Bo dé 2.2 (v6i 6, = 0), va (2.52) ta
thu dugce lim,, .o ||z, — p«]|> = 0. Vay day {x,} xac dinh bdi (2.33) hoi tu
manh vé diém p, 1a nghiém duy nhét ctia bat dang thitc bién phan (1.19).
Dinh 1y dugc ching minh.

U

Nhan xét 2.2
(a) Ta c6 thé viét lai (2.32) dudi dang

= ([ — N\ F)x, (2.53)
Tpa1 = Yl + (1 — 1) Do
Khi d6, y, = (I — M\, F)x, dugce xay dung theo phuong phap dudng doc va
Tpni1 = Yoo + (1 — ) Tx, duge thidt 1ap dya trén day lip dang Mann
(Mann, 1953 [52]).
Phuong phap (2.32) 1a dang hién tuong ting cho phuong phap (2.8) xét
trong Dinh 1§ 2.1 va phuong phap (2.46) la dang hién tuong ting cua day
lip an (2.9) xét trong Dinh 1y 2.2.
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(b) Mot s6 két qua nghién citu theo huéng tiép can xay dyng phuong phap
lap hién gidi bat dang thic bién phan trén tap diem bat dong ctia mot ho
cac anh xa khong gian clia cac tac gia khac cé thée ké dén nhu cac két qua
cia Ceng va céac cong su (2008) [27], Chen va He (2007) [30], Yang va cac
dong nghiep (2012) [85] va Yao va dong tac gia (2010) [86].

Xét trong truong hop F = Fix(T) la tap diém bat dong clia mot anh
xa khong gian thi day lap (2.32) tré thanh phuong phap

Tpi1 = V(L — N F)xy, + (1 — )T, (2.54)

duge Ceng va dong nghiep (2008) [27] nghién cttu dé giai bai toan bat dang
thitc bién phan (1.19) trong khong gian Banach c6 anh xa déi ngdu chuan
tac lien tuc yéu theo day.

Chen va He (2007) [30] da dé xuat phuong phap xap xi gan két

Tpt1 = Yof(xn) + (1 —7)T(tn)xn, n>1, 21 € E. (2.55)

va chitng minh sy hoi tu manh ciia (2.55) diém p, théa man VI*(F,F)
v6i ' = I — f da dugce hai tac gid chitng minh véi diéu kién khong gian
Banach F c¢6 anh xa doi ngdu chuan tic lién tuc yéu theo day vi cac
tham s6 {7,},{t,} thoa man diéu kien v, € (0,1),> 77,7 = 00, t, >
0,lim, s t,, = lim ;Y—: = 0.

Yang va céc cong su (2012) [85] da nghién citu sy hoi tu manh cta
phuong phap (2.32) trong khong gian Hilbert H véi cac diéu kien dit len
cac day tham s6 {\,} va {~,} tuong tuy nhu trong Dinh 1y 2.4.

Trong khong gian Hilbert H, khi F = N, Fix(T;) 1a tap diém bat dong
chung ctia mot ho vo han dém dugc cac anh xa khong gian, Yao (2010)
[86] da dung W-anh xa dé xay dung day lap hién hoi tu manh vé nghiém
clia bat dang thitc bién phan (1.19) dudi dang

Tpr1 = (1 —v)L = NoF)xy + v Woyn, n >0,

Vi A € (0,00), 7 € (0,1) va anh xa W), Ia W-anh xa do Takahashi (1997)
[72] dé xuat, duge thiét 1ap tit cac anh xa T),,T),_1,...,T1 va cac s6 thuc
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Qp, 1, ..., 01, nhu sau:

Un,n—i—l = [7
Un,n — @nTnUn,nJrl + (]- - @n)ly
Umn—l = an—lTn—lUn,n + (1 - O‘n—l)ja

Un72 == CEQTQUn’S + (1 — Oég)],
Wy =Up1=a1TiUps + (1 —a)l,

cday0<qa; <b<1vé6it>1.

Cac phuong phap duge ké dén trong [27], [30], [85] va [86] & trén ciing

dugc cac tac gid xét dén trong khong gian Hilbert hoac khong gian Banach
c6 anh xa d6i ngau chuan tic lien tuc yéu theo day. Su hoi tu manh cla
cac phuong phép lap hién (2.32), (2.33) va (2.46) trong cac Dinh 1y 2.4,
Dinh 1y 2.5 vd Hé qua 2.1 dugc chiing minh ciing khong can dung dén
tinh lién tuc yéu theo day ctia anh xa ddi ngau chuan tic ctia khong gian
Banach E. Nhu vay c6 thé khing dinh cac két qua vé phuong phéap lap
hién (2.32), (2.33) va (2.46) ctia luan an c6 tinh céi tién vd md rong hon
cac két qua da de cap dén & tren.
(¢) Tich phan Bochner cia toan tit T'(s),s > 0 tai budc ldp thi n trong
cac phuong phap lip an (2.8), (2.9), (2.10) va phuong phép lap hién (2.32),
(2.33), (2.46) xac dinh béi T,x,, = fot T(s)znds c6 thé tinh gan ding béi
tong Riemann (Neerven, 2002 [55]).

2.3. Vi du s6 minh hoa

Trong muc nay ching toi trinh bay mot vi du s6 nham minh hoa cho
cac thuat toan lap an (2.8), (2.9), v (2.10), cac phuong phép lip hien
(2.32) va (2.33) dé giai bai toan bat dang thitc bién phan biang ngon ngit
MATLAB 7.0 va da chay thit nghiém trén may tinh DELL INSPIRON,
CORE i5, RAM 1,7GHz.

Xét bai toan cyc tri ¢6 rang buodc

(ps) = min p(z), (2.56)

xeC
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v6i C' la tap con khac rdng 16i déng trong khong gian Euclid RY, véi
¢ : RY — R 1a ham 16i chinh thuong lién tuc trén RY c6 dang

ox) =z —a|? 2R a=(1,1,..., )" ¢ RY.
Khi do, ta c6 gradient s7¢ : RY — RY ctia ham ¢ 1a
ve(r) =2(x —a),
va diéu kién t6i wu cho bai toan (2.56) 1a bat dang thic bién phan sau:
(Ve(pe),r —ps) >0, Vo e C. (2.57)

Xét truong hgp N = 100 v C = F la tap diém bat dong chung ciia nita
nhém cac anh xa khong gian {T'(t) : R — R0 ¢ > 0} sau:

cos(at) —sin(at) 0 0 0 ... 0 0 0 x1
sin(at)  cos(at) 0 0 0 ... 0 0 0 T2
0 0 cos(at) —sin(at) 0 ... 0O 0 0 x3
0 0 sin(at) cos(at) 0 ... 0 0 0 x4
T(t)r = 0 0 0 0 1 .0 0 0 Ts5
0 0 0 0 0 ... 0 cos(ft) —sin(pt) Tgg
0 0 0 0 0 ... 0 sin(fBt) cos(ft) 2100
Vol © = (21,2, . .. ,371()0)T e R v o € R ¢6 dinh. Khi d6 dé& dang kiém

tra duge {T'(t) : t > 0} thoa man cac tinh chat ctia nita nhém khong gian
vaF={zeRY: 2 =(0,...,0,25,...,798,0,0)7} 1 tap diem bat dong
chung ctia nita nhom khong gian {T(¢) : t > 0}. Nghiém dung ctia bai toan
(2.56) 1a diém p, = (0,0,0,0,1,...,1,0,0) € F c R,

Chiing toi stt dung cac phuong phap lap an (2.8), (2.9) va (2.10); céc
phuong phap lap hién (2.33) va (2.32) dé tim nghiém clia bat dang thiic
bién phan (2.57) ciing chinh la nghiém ctia bai toan (2.56) véi ham F(z) =
v (x) 6 tinh chat 2-don diéu manh va 1-liéen tuc Lipschitz.

2.4.1. Minh hoa sé6 cho phuong phap (2.8)

Phuong phap (2.8) dugce viét lai dudi dang sau:

(v = 296k — DI + (1 — ) Ti)z® = =2,
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& day I 1a ma tran don vi cap 100 va Tya* = ifgk T(s)x"ds 1a tich phan

Bochner xac dinh béi phép nhan cac ma tran 7}, va z*, trong do

sin(gtk) cos(a(ik)fl 0 0 0 0 0 0
1—coz(o¢tk) Sin(stk) 0 0 0 0 0 0
0 0 sin(aty) cos(ati)=1 0 0 0
0 0 1—cos(aty) sin(aty,) 0 0 0 0
1 . )
T, = — 0 0 0 0 tk 0 0 0
tx
sin(Bty,) cos(Bt)—1
0 0 0 0 0 0 8 B
1—cos(Bty) sin(Bty)
<k k .k k \T
va ot = (27, 25,...,25)" -

Khi d6, phuong phap lap an (2.8) duge viét lai dudi dang phuong trinh

ma tran AFzF = bF v6i AF, 2F, va bF 1a cac ma tran xac dinh béi

O or 0 0 0 0 0 0
—or U 0 0 0 0 0 0
0 0 9 o 0 0 0 0
0 0 —op Y 0 0 0 0
A= 0 0 0 0 —2vM\ 0 0 0
. . (2.58)
0 0 0 0 0 o =2 00
0 0 0 0 0 0 W ol
0 0 0 0 0 0 —al, O,
x* = (x’f, x’f, e x’f00>T, v = (—2’ykAk, =29k ks - - —QVkAk)T,

trong d6 cdc phan tit g, ¥}, va oy, 0 & trong ma tran A* duge xac dinh

boi O = i — 2y hp — 1 4 Llsimlets) g o oo, 3 1 4 L) sin(h)

aty Bty
(1—)[cos(aty)—1] (L—k)[cos(Btr)—1]
Oztk

L0 = o, . Trong tinh toan thit nghiém,
chon o = 7/5, 8 = 7/7vacac day sb t, = (14+k)2, v = (1+k)"Y2 va A\, =
(14 k)73, Két qua tinh toan tren MATLAB dugc thé hién trong bang dudi
day:

va 0 =
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k| err = ||z¥ — p.|| | Thoi gian (giay)
1 1.0331 0.486
2 0.19829 0.514
3 0.074098 0.496
10 0.0015884 0.496
20 0.00014785 0.516
50 | 6.0132 x 1076 0.534
100 | 5.2543 x 1077 0.582

Béng 2.1: Bang tinh toan thit nghiém cho day lap (2.8)

Chi y 2.3 err = ||2% — p,|| do do léch giita nghiem xap xi z;, tai bude lap
thit k& v6i nghieém chinh xac p, = (0,0,0,0,1,...,1,0,0) € F C R cia
bai toan (2.56).

2.4.2. Minh hoa sé6 cho phuong phap (2.9)

Phuong phap lap an (2.9) duge viét lai dudi dang phuong trinh ma
tran A¥zF = V¥, trong d6 A*, 2%, va b¥ 1an lugt 1a cdc ma tran xac dinh
tuong tu nhu (2.58) véi cac phan tit Iy, 9}, va ¥, o, duge cho béi nhu sau:
Vg = i — 29— L+ (1 =) cos(aty), 9, = v — 2y e — 1+ (1 =) cos(Bty)
va o = —(1 — ) sin(aty), o), = —(1 — ;) sin(Btx). Trong tinh toan thi
nghiém, chon o = /5, 3 = /7 va cac day tham s6 t, = (1 + k)72, v, =
(14 k)72 va A\, = (1+ k)73, Két qua tinh toan tren MATLAB dugc
thé hien trong bang duéi day:

k | err = ||z% — p,|| | Thoi gian (giay)
1 2.346 0.487
2 2.0501 0.517
3 1.6169 0.518
10 0.34745 0.518
20 0.11891 0.518
50 0.028598 0.546
100 0.0098004 0.595

Béng 2.2: Bang tinh toan thit nghiém cho day lap (2.9)
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2.4.3. Minh hoa sé6 cho phuong phap (2.10)
Phuong phéap lap an (2.10) duge bicu dién dusi dang phuong trinh ma

tran A¥z*F = 0¥, trong d6 A, 2%, va b* 1an lugt 1a céc ma tran sau:

Y o O 0 0 0 0 0
—or VU 0 0 0 0 0 0

0 0 Y o 0 0 0 0

0 0 —or Vg 0 0 0 0
AF=10 0 0 0 -2x 0 0 0

0 0 0 0 0 oo =2 0 0

o 0 0 0 0 .. 0 9 o

0 0 0 0 0 .. 0 -o v

T
k
B — ((Elf7 xé, ey lljlfo) )
B —2\g[sin(aty) 4 cos(aty) — 1] —2Ak[1 — cos(aty) + sin(aty)]
aty ’ aty ’
—2\g[sin(aty) 4 cos(aty) — 1] —2Ak[1 — cos(aty) + sin(aty)]
oty ’ oty ’
—2Xg[sin(aty) + cos(aty) — 1] —2Ax[1 — cos(aty) + sin(atp)]\ ©
—2Xky . oo, =2, , )
aty, oty
(3 dA 2 h,\ ? / N / ~ . ?,¢ _ (1—2)\k))Sln(atk)
ay cac phan tu vy, ¥}, va oy, o), dude xac dinh boi v, = —1+ e ,

r (1-2Xg)) sin(Btr) _ _ (A=2Xp)[cos(atr)—1] 1 (1—2Xg)[cos(Bty)—1]
= —1+ in va o) = v , O = i .

Trong tinh toan thit nghiem, chon o = 7/5,8 = 7/7 va cac day sb
te = (1+k)% v A\, = (1+ k)73 Bang dudi day thé hien két qua tinh
toan cho phuong phép lap (2.10).

k | err = ||a* — p,|| | Thoi gian (giay)
1 0.54985 0.494

2 0.040575 0.526

3 0.012548 0.526

10 | 7.3717 x 107° 0.533

20 | 3.2335 x 1076 0.578

50 | 2.5457 x 1078 0.595
100 | 1.2376 x 107° 0.601

Bang 2.3: Bang tinh toan thit nghiém cho day lap (2.10)
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method (2.8)
= = =method (2.9)

-8
10 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

Hinh 2.1: So sénh sai s6 tuyéet doi ctia phuong phéap (2.8) va (2.9)

method (2.8)
0 = = = method (2.10)] |

~ —‘
Tl "
Ve
u LI ')
VAN v
= v ~ , 4 I
107} : I v "W ;\'5,. :‘,\,'u"mf
'

I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

Hinh 2.2: So sénh sai s6 tuyét ddi ctia phuong phap (2.8) va (2.10)

2.4.4. Minh hoa sé6 cho phuong phap (2.32) va (2.33)

V6i xap xi ban dau o = (5,5,...,5)T € R chon a = 7/5,8 = 7/7
vacac day s6 t, = (n+1)%, v, = (n+ 172 va A\, = (n+1)"Y3. Két qua
tinh toan tréen MATLAB cho hai phuong phap duge cho trong cac bang
duéi day.

n | err = ||a" —p,|| | Thoi gian (gidy)
1 40.669 0.49
2 6.2061 0.529
3 3.6527 0.542
10 1.3108 0.563
20 0.30432 0.563
50 0.093269 0.65
100 0.044659 0.81

Bang 2.4: Bang tinh toan thit nghiém cho day lap (2.32)
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implicit iteration (2.8)
" - = = explicit iteration (2.32)

10_ L L L L L L L
0 20 40 60 80 100 120 140 160 180 200

Hinh 2.3: So sénh sai s6 tuyét doi ctia phuong phap (2.8) va (2.32)

n | err = |ja" —p,|| | Thoi gian (gidy)
1 14.629 0.47
2 3.6895 0.487
3 0.95011 0.497
10 0.10925 0.497
20 0.023722 0.543
50 0.0029437 0.545
100 0.00046374 0.555

Bang 2.5: Bang tinh toan thit nghiém cho day lap (2.33)

2.4.5. Minh hoa s6 cho phuong phap (2.46)
Chon xap xi ban dau z; = (5,5,...,5)T € R o = 7/5 va cac day s6
ty = (n+1)71V100 5 — (n+ )72 va A, = (n+1)7Y°. Céac két qua

tinh toan s6 tren MATLAB dugc thé hién trong bang dudi day.

n | err = ||z" — p,|| | Thoi gian (gidy)
1 40.669 0.523
2 6.2373 0.541
3 3.5513 0.544
10 1.2942 0.555
20 0.29666 0.558
50 0.11037 0.568
100 0.051335 0.57

Bang 2.6: Bang tinh toan thit nghiém cho day lap (2.46)
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explicit method with Bochner integral (2.32) ]
= = = explicit method without Bochner integral (2.46) ]
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Hinh 2.4: So sénh sai s6 tuyét ddi ctia phuong phap (2.32) va (2.46)

Nhan xét 2.3

(a) Cac két qua tinh toan s6 thu dugc trong cac bang trén cho thay cac
phuong phap lap an va lap hien da xét hoi tu kha tét vé nghiem clia bai
toan (2.56).

(b) Khi so sanh cac két qua tinh toan s6 nhan dugdc tit hai phuong phap
1ap hién (2.32) va (2.46) ¢6 cling cau tric, thi ta thay khi khong dung tich
phan Bochner, phuong phap (2.46) hoi tu cham hon so v6i phuong phap
(2.32). Tuy nhién ciing can néi thém rang nhiing so sanh nay chi dya trén

cac két qua thue nghiem.

KET LUAN CHUONG 2

Trong Chuong 2, ching to6i da duwa ra ba phuong phap lip an va hai
phuong phap lap hién dya trén phuong phap lai ghép dusng déc nhat dé
tim nghiém clia bat dang thitc bién phan trén tap rang buoc la tap diem
bat dong ciia ntta nhém khong gian trong khong gian Banach 161 déu va
c6 chuan kha vi Gateaux déu. Su hoi tu manh ctia phuong phap da duge
chiing minh duya trén nguyén 1y 4nh xa co Banach va cac tinh chat lién tuc
déu manh-yéu* ctia anh xa déi ngdu chuan tic j cting mot s6 dieu kien dat
len cac day tham s6 ctia phuong phap. Ching t6i cling c6 mot s6 nhan xét

va so sanh cac két qua clia ching t6i véi mot s6 két qua c6 lien quan cia



68
cac tac gia khac. Cac phuong phap lip an c¢6 uwu diem la cac diéu kien dit
lén day lap kha nhe va hoéi tu kha nhanh. Mot kho khan ciia phuong phap
lap an 1a tai mdi bude lip ta déu phai giai phuong trinh dé tim nghiém.
Viéc dwa ra cac phuong phap lap hién dya trén tu tuéng ctia phuong phap
lip an nham khic phuc nhude diém nay ctia phuong phéap lip an. Can
no6i them rang viéc ching minh syt hoi tu manh ciia cac phuong phap lap
hien da dé xuat lai can dén vai tro clia cac phuong phap lip an da xét. 0
cudi chuong, ching t6i dua ra vi du s6 mang tinh chat minh hoa cho cac

phuong phap da xay dung.
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Chuong 3
Phuong phap hiéu chinh giai bat
dang thidc bién phan trong khéng

gian Banach

Trong chuong nay, ching t6i nghién ctu xay dung cac phuong phap
hiéu chinh cho bai todn (1.19) khi tap chadp nhan dugc la tap diém bat
dong chung ctia nita nhém khong gian. Noi dung ctia chuong dudge trinh
bay trong 4 muc. Trong Muc 3.1 va Muc 3.2, danh cho viéc dé xuat phuong
phap hiéu chinh dang Browder-Tikhonov v& phuong phéap hiéu chinh diém
gan ké quan tinh cho bai toan (1.19). Trong Muc 3.3, ta két hgp phuong
phap hiéu chinh trong Muc 3.1 vé6i ki thuat lip hién dé xay dung phuong
phap hiéu chinh lip cho bat dang thitc bién phan trén tap diém bat dong
ctia ntta nhém khong gian trong khong gian Banach ¢-tron déu. Vi du s6
mang tinh chat minh hoa cho cdc phuong phap da thiét lap dudc dua ra
trong Muc 3.4. Cac két qua ciia chuong nay dudc viét trén co sd céc bai
bao (1), (4) va (5) trong Danh muc céc cong trinh da cong bo lien quan

dén luan an.
3.1. Phuong phap hiéu chinh Browder—Tikhonov

Nhitng nghién citu vé phuong phéap hiéu chinh trong khong gian Banach
xuat phat tit nhieu quan diém Toan hoc khac nhau: mot mét, ton tai nhiéu
ting dung trong thuc hanh ma viéc st dung mo hinh toan hoc thiét lap
trong khong gian Hilbert, chdng han nhu phuong trinh toan ti trong khong
gian L?[a,b], khong con thyc té va thich hgp. Nhiing ing dung nay doi héi

mot mo hinh toan hoc tong quat hon xét trong cac khong gian Banach



70

LP[a, b], khong gian Sobolev, hoac khong gian cac ham lién tuc; méit khac,
nhitng cong cu toan hoc va cac ki thuat dién hinh ctia khong gian Banach
c6 theé gitp ching ta vust qua nhitng han ché clia nhitng bai toan thiét lap
trong khong gian Hilbert. Thuc té cho thay rang cac khong gian Banach
cho phép chiing ta thiét 1ap cac mo hinh cho cac tng dung cu thé trong
mot mai trudng tong quat hon so véi khi chi xét mo hinh dé trong khong
gian Hilbert. Chang han, khi ngudi ta xét dén nhitng bai toan tng dung
nhu nhiéu xa tia X, bai toan xac dinh tham s6 clia phuong trinh dao ham
rieng, hay cac bai toan ngugce trong tai chinh (xem [66]).

Ta biét ring bat dang thiic bién phan trong khong gian Banach noi
chung 1a moét bai toan dat khong chinh. Do vay cac phuong phap hiéu
chinh bat dang thic bién phan trong khong gian Banach ciing 14 mot chi
dé nghien cttu can dugc quan tam.

Xét bat dang thic bién phan (1.15) khi F': E — F la j-don diéu manh
va lién tuc Lipschitz va tap rang buoc C' := NX,Fix(7;), nam 2012, si
dung V-énh xa, Buong va Phuong [24] d&a dua ra phuong trinh hiéu chinh
dang Browder-Tikhonov cho bai todn (1.15) nhu sau:

(I = Vp)a, + e Fa, =0, (3.1)

trong d6 anh xa V,, dugce xac dinh béi (2.29)—(2.30). Sau do, tac gia Thuy
(2015) [75] da cai tién két qua trong [25] cho bai toan tuong tu bang cach
st dung S-anh xa thay cho V-anh xa nhu sau:

n

Sy = Z(ai/sn)Ti, Sp = Z%’, (3.2)
i=1 i=1

v6i oy théa man (2.30). C6 thé thay S-anh xa trong [75] c¢6 cau tric don

gian hon V-anh xa.

M6 rong két qua ctia Buong va Phuong (2012) va Thuy (2015) ttt C' :=
N2, Fix(T;) len C' := F = Nge>oFix(T'(s)), ta xay dung phuong phap hiéu
chinh dang Browder-Tikhonov cho bat dang thitc bién phan VI*(F,F)
trong khong gian Banach 16i déu c6 chuan kha vi Gateaux déu nhu sau.
Phuong phap 3.1. Phuong trinh hiéu chinh cho bat dang thic bién phan
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(1.19) duoc cho bdi

Ayxn +epFr, =0, n>0 (3.3)

trong do A, =1 —T,, va T, dugc xdac dinh boi
I
Thx = t_/ T(s)xds Vx € F, (3.4)
n Jo

va {t,}, {en} la cac day tham so duong théa man t, — oo va g, — 0 khi
n — 00.
Sau day 1a dinh 1y vé su ton tai duy nhat va hoi tu manh clia nghiem

hiéu chinh trong phuong trinh (3.3).

Dinh 1y 3.1 Cho E la khong gian Banach 16i déu cé chudn kha vi Gateaus
déu. Cho F : E — E la anh za n-j-don diéu manh va L-lién tuc Lipschitz
vdi m and L la cdac tham so duong. Cho {T'(s): s >0} : E — E la nia
nhom khong gian trén E sao cho F = Ng>o Fix(T'(s)) # 0. Khi dg,

(i) Vdi méit, > 0 vae, > 0, phuong trinh hiéu chinh (3.3) c¢é duy nhat
nghiém x,,.

(i1) Néu cdc day tham so t, va e, dugc chon sao cho

lim ¢, =400 wa lim g, =0,
n—oo n—oo

thi day {x,} hoi tu manh dén p, € F théa man bat dang thic bién phan
(1.19).
(131) Hon nia, ta cé6 danh gid sau:

Em — En tr, — tal \ M
Hxn—xmns(’g—'m‘gt ’) - (3.5)

d day M la mot tham s6 duong, T, T, la cac nghiém hiéu chinh cia (3.3)

vdi cdc day tham so tuong Uing t,, €, V8 ty, Em.
Chiing minh.
(7) Ta c¢6

1 [ 1 [t
T2~ Tl = | - / T(s)rds — / T (s)yds|
n J0 n Jo
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1

tn
t / (T(s)r — T(s)y)ds
A
<o [l = ylds = 1z = o,
n J0

v6i moi z,y € F, suy ra T, la anh xa khong gian trén E. Khi d6 ta co
A, =1—"1T, la anh xa j-don diéu. Do vay,
1(An + enF)z — (An + en )yl < [[Anz — Ayl + enl|Fz — Fy||
<|[(I =To)z — (I = Tyl + enLlllz — yl|
<[z —y) = (Thx = Toy)l| + enLllz — y||
< (2+enl)llz —yll,

<(An+5n ) ( nté&n )y,j(ﬂc—y)>

= (Apr — Ay, j(x —y)) +en(Fr — Fy, j(x — y))
> ¢ nl\x - yH2

Suy ra A, + €, F, v6i mdi ¢, > 0, 1a (2 + ¢, L)-lién tuc Lipschitz va e,n-
j-don diéu manh trén E. Do d6, phuong trinh hiéu chinh (3.3) ¢6 nghiém
duy nhat z,,, v6i mdi €, > 0 (xem [17]).

(#7) Tiép theo ta ching minh rang {z,} 1a day bi chan. That vay, v6i bat
kKipe F,taco Ayp= I —T,)p=p—Tup =0, vado do, tit (3.3) dan dén

(Antn — Anp, j(zn — p)) + en(Fp, j(zn —p)) = 0.
Két hop diéu nay véi tinh j-don diéu cia A, va g, > 0, ta thu dugc
(Fay, j(z, —p)) <O0.
Suy ra

20 = pl|* < (Fp,j(p — )/, (3.6)

vi F' 1a n-j-don diéu manh. Do do, ||z, — p|| < ||Fp||/n. Diéu nay ching t6
{z,} 1a day bi chan. Do T,, cing la anh xa khong gian nén {7,z,} cing la
day bi chan va tir tinh gia co chat ctia F' ta suy ra duge tinh bi chan cua
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day {Fz,}. Khong mat tinh tong quat, ta gia sit cac day nay bi chan béi
hing s6 duong M; v6i moi n > 1.
Vi ||Anz,|| = enl|Fa,|| < .My va e, — 0 khi n — oo, nén ta c6
| Ap2,]| = 0 khi n — oo. Gidi han nay duge viét lai dudi dang nhu sau:

Ty — —/ s)rpds||=

Tiép theo, ta chi ra rang ||z, — T(t)z,|| — 0 khi n — oo, véi t > 0 bat ky.
That vay, dé thay

(0~ ol < |01, - 70) ([ ) T(s)ads |

(L [ romas) L [
1L / $)nds — 2,
. / )tnds
+ HT(t) (E /0 T(s):z:nds>—% /0 " P(s)ands|.

Khi dé, st dung Bo dé 1.4 va (3.7), ta thu dugc

nlg]élo 0. (3.7)

lim ||z, — T(t)z,|| = 0. (3.8)
n—oo

Bay gig, v6i gidi han Banach p, ta xét anh xa ¢ : F — R dudc xac dinh
nhu sau

p(x) = pllzn —2|* Vz € E.

RO rang, ¢(z) 1a ham 16i va lien tuc. Dat

C*={ue€ FE:pu)=inf p(x)},

el
Vi F la khong gian Banach phan xa nén C* 1a tap khéac rong. Hon nwta, do
tinh 101 va lien tuc clia ¢ nén tap C* 1a tap con 16i dong ctia E. Do T(t)

la anh xa khong gian va (3.8), véi moi u € C*, ta ¢

P(T(t)u) = pllzn = T@ul® < p(lon = Tzl + 1T ()20 — T(t)ul])”
< pllzn — ull* = o(w).
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Suy ra, T(t)u € C*, va do d6 T'(t)C* C C*, tic 1a C* 1a tap bat bién dudi
tac dong ctia anh xa T'(t). Gia st lay mot diém bat ky p € F. Vi moi tap
con 16i déng khac réng ctia khong gian Banach 16i chat va phan xa F 1a

tap Chebyshev nén ton tai duy nhat mot diém p € C* sao cho

— 7| = inf ||p— z]|.
lp =Pl = inf [lp—z|

Mit khac, p=T(t)p dop € F, T(t)p € C* va T(t) 1a anh xa khong gian,
nén ta co

lp =T @)pll = 1T()p —T)pl < llp -5l
va do d6 T'(t)p = p v6i moi t > 0, do tinh duy nhat ctia p € C*. Do vay,
p € FNC*. Theo Bb dé 1.3, p 1a cuc tiéu clia ham ¢(u) trén E, khi va chi
khi

plu =D, j(r, —p)) <0 Vue L. (3.9)
bat u = (I — F)(p) trong (3.9), ta thu dugc
p(ED, j(p— xa)) < 0. (3.10)
Tt (3.6) va (3.10) ta suy ra
0 < pllz, = pII* < p(Fp, (P — xn)) <O0.
Do d6, p||x, — p||* = 0. Theo tinh chat clia gidi han Banach ta c6
0 < liminf 2, — 7 < palla, — 71> = 0.

Suy ra, ton tai mot day con {x,,} clia {z,} hoi tu manh vé p khi i — oo,
Mot 1an ntta, sit dung (3.6) va tinh lien tuc déu manh-yéu* ctia anh xa doi

ngau chuan tic j trén moi tap con bi chan cta F, ta thu dugc
(Fp,j(p—p) <0 VpeF, (3.11)

Do p va p déu thuoc tap con 16i dong F cua E, nén thay p trong (3.11)
béi sp + (1 — s)p véi s € (0,1), va st dung tinh chat

j(s@—p) =sj(p—p), s>0,
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ta co
(F(sp+(1—s)p),j(p—sp—(1—3s)p)) <0.

Chia ca hai vé ctia bat ding thiic cudi cho s va cho s — 0, ta dudc
(Fp,jp—p) <0 VpeF.

Diéu nay chiing t6 p 1a nghiém ctia bat dang thitc bién phan (1.19). Tinh
duy nhét cta p, trong (1.19) bao dam ring p = p.. Vay ca day {x,} hoi
tu manh dén p, khi n — oo.
(idd) Tt (3.3), ta co

Az, + e Fx, =0,

Apxy +epFa, =0.

Khi do,
<An$n - Anxm>j(xn - mm)> + <Anxm - Amxma ](xn - xm)>
+en(Foy — Frp, j(x, — xm)) + (60 — en)(Fom, j(x, — 1)) = 0.

Do tinh j-don diéu ctia A,, va tinh n-j-don diéu manh cua F', ta c6

Em — € 1
n

n

Ta danh gia || Az, — Anxy,|| nhu sau:

HAmxm - Anxm” = HTnxm - mem”
1 tn
= ||— T(s xms——/ S)Tmds
tn Jo
1 1
= (———)/ T(s xmds——/ S)rmds
tn tm 0
1 1 ty, —t t
B R A VA el 15 Y AP L el 1

St dung bat dang thiic cudi vao (3.12), ta thu duge danh gia (3.5). Dinh
Iy duge chitng minh.
O
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Chi y 3.1 Danh gia (3.5) trong Dinh Iy 3.1 dugc dimg dé chitng minh
cic két qua ctia Dinh 1y 3.2 va Dinh 1y 3.5. Ngoai ra, khi cac tham s6
tn,tm VA €p, &y duge chon thich hgp thi vé phai ctia (3.5) sé hoi tu ve 0
khi n,m — oo, chang han khi m = n + 1 va t,, ¢, thda man cac dicu kien

() va (iv) ctia Dinh ly 3.2 dugc phét bicu ngay sau day.
3.2. Phuong phap hiéu chinh diém gin ké quan tinh

Khi dung phuong phap hiéu chinh Browder—Tikhonov, mot bai toan
thuong duge xét cung v6i viéc xay dung thuat toan la bai toan chon tham
s6 hiéu chinh, vi khi tham s6 hiéu chinh &,, — 0,n — oo thi tinh dat chinh
clia bai toan cang giam va bai todn hiéu chinh cé thé tré nen kho giai
hon. Phuong phép diém gan ké quan tinh cho ta mot ki thuat hiéu chinh
khac giap tranh duge kho khan nay ciia phuong phap hiéu chinh Browder—
Tikhonov. Phuong phap diém gan ké quan tinh duge Alvarez (2000) [5] dé
xuat cho bai toan t6i wu 10i trong khong gian Hilbert H. Sau d6, Attouch
va Alvarez (2001) [6] ding phuong phap nay dé xét bai todn tim khong
diém cho mot toan tit don diéu cuc dai A trong H dudi dang:

0€ cnAzpni1 + 2ni1 — 20 — Yn(2n — 2n-1), 20,21 € H.

Khi 7, = 0, phuong phap diém gan ké quan tinh tré thanh phuong phap
diém gan ké do Rockafellar [59] nghién cttu nam 1976 cho bai toan xAc
dinh khong diém clia toan tit don diéu cuc dai A.

Tuy nhién, phuong phap diém gan ké va phuong phap diém gan ké
quan tinh chi cho hoi tu yéu. Nam 2008, dya trén cac két qua da cé cla
minh, Buong (2008) [19] d& nghién cttu két hgp phuong phap hi¢u chinh
v6i phuong phap diém gan ké quan tinh cho bai toan tim khong diém
chung ctta mot ho hitu han cac toan tit don diéu cuc dai A, = 9f; véi
Of; 1a dudi vi phan ciia cac phiém ham 16i chinh thudng ntta lien tuc duéi
fi, 1=1,2,..., N trong khong gian Hilbert H. Phuong phap ctia Buong
(2008) [19] dugc thiét lap dudi dang

N
Cn, (Z Q%A?znﬂ + ozﬁbvﬂan) +2p41 — 2n D Yn(2Zn — 2n-1), (3.13)
i=1
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trong d6 z9,21 € H, {cu}, {an}, {1} 1a céc day s6 thyc khong am va A?
14 cac toan t1t don diéu cyc dai xap xi toan tit dudi vi phan 0f; theo nghia
H(AM2, 0f(x)) < hpg(||z]), v6i g 1a mot ham giéi noi khong am. Sy két
hop nay da cho mot két qua rat tha vi 1a sy hoi tu manh ctia phuong phap
(3.13).

Duya vao phuong phap hiéu chinh (3.3), ching toi két hgp hiéu chinh
v6i phuong phap diém gan ké quan tinh dé thiét lap phuong phap hiéu

chinh diém gan ké quan tinh nhu sau.

Phuong phap 3.2. Xudt phdt ti hai diem 2y, 21 € E bat ky, ta zdy dung
day {zn} zdc dinh bdi phuong trinh dudi day:

Cn(An + 5nF) (ZnJrl) + Znt1 — 2 = Vn(zn - anl)a (314)

d day {c,} va {7y} la cdc day tham sé duong.
St hoi tu manh ctia phuong phap (3.14) duge phat biéu va chitng minh
trong Dinh 1y sau day.

Dinh ly 3.2 Gid st E, F, va F théa man lan lugt cic dieu kién tuong tu
nhu trong Dinh Iy 3.1. Gid si cdc day tham s6 c,, €, t, va 7y, dudc chon

sao cho
o<m<c, <M, 0<7y,<7; 1>¢e,\ 0, t, = oc;

(11) Z b, = +00, b, = ncxen/(1 4 nepey);
n=1

(iid) lim b, |20 — 2nall = 0;
- t —t
(i) lim S gy el
n—00 1554 n—00 8ntn+1

Khi do, day lap {z,} duoc zdc dinh bdi (3.14) hoi tu manh vé diem p, € F
la nghiém cia bat dang thitc bién phan (1.19) khi n — +oo.

Chitng minh. Ta viét lai (3.3) va (3.14) duéi dang sau:

UnApxty + (1 —&,)Fx, =0
VnAnZn—f—l + (1 - fn)FZn—ﬁ—l + fn(zn—i-l - Zn) - fnf}/n(zn - Zn—l)a
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trong do

Vp = Cubny &n = 1/(1+ caen).
Khi do6 ta thu dugc déng thic sau:
Vn(Anzny1 — Ann, j(Zng1 — Tn))

+(1 = &) {Fzni1 — Fan, j(zn41 — 20))

+nlznt1 = 20, J(2n41 — @n)) = Ean((2n — 20-1), 5 (2ns1 — @),
hay;,

Vil Anzny1 — Ann, j(Zng1 — Tn))

+ (1 = &) (Fzni1 — Fag, j(z041 — @0))

+ &nl2na1 — T, J(Zna1 — 7))

=820 — Tn, J (2011 — Tn)) + Eavn{(Zn — 20-1), J (2011 — Tn))-

(3.15)

Stt dung tinh chat j-don diéu manh ctia A, tinh chat n-j-don diéu manh
clia anh xa F, v tinh chéat ctia anh xa déi ngau chuan tic j, ta co:
(Anzni1 — Anp, j(2n11 — 20)) >0,
(Fzpir = g, j(zae1 = 20)) 2 1ll 2001 — 2],
(Zns1 = Ty (201 — Ta)) = [lzas1 — 20l

Stt dung ba danh gié trén cho (3.15), ta thu dugc:

(1 = &) + &alllznr — anQ

< anZn - xn””znﬂ - xn” + fn”YnHZn - anlH Hzn+1 - xn”

hay
z —z,ll < Zn — Tpll + Zn — Zn—1ll.
Hon nita, do =t = e < 1 vA tir (3.5) dan dén
Hzn—i-l — xn—l—lH S Hzn—i—l - xn” + ”xn—i-l - an
< ezl H
——||”n — Tn n|lfn — fn—
1+ ncue, K !
4+ (571 — Entl + 2|tn — tn—&—l‘) Ml
En 5ntn+1 n

< (1 - Cn)”zn - an + CaTin,s
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trong do

En — &Epa1 2tn_tnl Ml
Cn = by; Cnnn:'YnHZn_Zn—lH"i‘< = + | = ‘) . .

En <grﬁn—i—l
Do (iii), ta c6 lim ||z, — 2n—1||/bn = 0.

n—oo
Mit khac, ti (i) va (iv) ta co

(8n ~Enel n+1|)
En 5n n+1
— <8n _ En‘H n+1|> 1 +nepen
En 571 n+1 ncngn
< En — 5n+1 n+1| 1 +n
B ex € tn+1 nm
Suy ra, limsup,,_,. 17, < 0. Ngoai ra, do (i7) ta
(0] [©¢}
D =D bu=
n=1 n=1
Vay, theo Bo dé 2.2 (v6i 6, = 0), ta suy ra
lim ||z, —x,| = 0. (3.16)

n—-+00

Theo (ii) trong Dinh 1y 3.1, day {z,} hoi tu manh vé diém p,, do vay ta
két luan duge day {z,} ciing hoi tu manh vé p, khi n — oo. Dinh 1y dugc
chiing minh.

]

Nhan xét 3.1
(a) Trong trusng hop {T'(s) : s > 0} la nita nhém khong gian trén mot tap
con 16i déng khac réng C' ctia E, chiing to6i xét phuong trinh hiéu chinh
sau:

(I —T,Qc)xy, +e,Fx, =0. (3.17)
Véi cac dieu kién tuong tir nhu trong Dinh 1y 3.1, chtng toi cling thu dugc

cac két qua tuong tu nhu (4), (¢¢) va (i4¢) ctia Dinh 1y 3.1.

Hé qua 3.1 Cho C la tap con loi déng khdc rong trong khong gian Banach
l0i deu va tron déu E va cho {T'(t) : t > 0} la nia nhém khong gian trén
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C sao cho F = NixoFix(T(t)) # 0. Cho F : E — E la dnh za n-j-don diéu
manh va L-lien tuc Lipschitz vdi n va L la cdc so thue duong co dinh. Khi
do ta co:

(i) Voi moit, >0 vae, >0, phuong trinh hiéu chinh (3.17) c6 nghiém
duy nhat x,,.

(i1) Néu cdc tham so t,, va e, dugc chon sao cholim,, ;o t, = lim, o &, =
0 thi day nghiém hiéu chinh {t,} hoi tu manh vé diém p, € F la nghiém
duy nhat ciia bat dang thic bién phan (1.19).

(i13) Hon nia, vdi x, va z,, lan gt la cac nghiém hiéu chinh ing vdi
cdc tham so t,,, €, VA tym, Em, ta cé dinh gid sau:

o — ] < (=l pltn — ) 2
n m — .
En Entm U

(b) Khi £ = H, ching t6i nghién ctu phuong phéap hiéu chinh Browder—
Tikhonov v phuong phap diém gan ké hiéu chinh cho bai toan tim diém
bat dong chung ctia nita nhém khong gian {T'(s) : s > 0} trén mot tap
con C' 1oi dong ctia khong gian Hilbert H ¢6 F = NgoFix(T(s)) # 0 ma
khong dung dén tich phan Bochner. Bai toan dude phat biéu dusi dang

nhu sau:

Tim diém p € F théa man: ||z. — p|| = mijg |z — vy, (3.18)
ye

trong do x, la mot diém thuoc H nhung khong thuoc F.

Diém p € F théa man (3.18) con duge goi la diém c6 z,-chuan nhé
nhat. Xuat phat tit ¥ tudng hiéu chinh bat dang thic bién phan trén tap
diém bat dong ctia nita nhém khong gidn dusi dang (3.3), chiing t6i xay
dyng phuong phéap hiéu chinh dé tim nghiém ctia bai toan (3.18) ma khong
dung dén tich phan Bochner T,z = i fot” T(s)xds dudi dang nhu sau: tim
phan tit z,, € H sao cho

AC(t))xn + en(ay — ) =0, AS(t,) =1 —T(t,)Pe, (3.19)

& day I 1a anh xa dong nhat trong H, Po 1a anh xa chiéu métric tit H len
tap con C' va {t,},{e,} 1a hai day thyc duong thda man mot sé dieu kien

xac dinh.
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Dinh 1y 3.3 Cho H la khong gian Hilbert, C la tdap con khdc rong loi
dong cia H, va {T(t): t > 0} la nia nhom khong gian trén C' théa man
F =y Fix(T(t)) # 0. Khi dé ta co:
(i) Véi maéi ep, t, > 0, phuong trinh (3.19) c¢é nghiém duy nhat x,,.

(i1) Néu e, va t, dugc chon sao cho

liminf¢, =0, limsupt, >0, lim (t,11 —¢,) =0 va lim ¢, =0,
n—oo n—o00 n—oo n—oo

thy lim x, = p, la nghiém duy nhat cia bai toan (3.18).

n—oo
Ngoai ra, ta c6 danh gia cho ||z, — x,,|| v6i 2, z,, 14 cdc nghiém hiéu chinh
v6i cac tham sb hieu chinh tuong tng €, va &, trong bo dé sau day. B6 dé
3.1 dugc diing dé chiing minh su hoi tu ctia phuong phap hiéu chinh diém
gan ké va phuong phap hiéu chinh lap cho nita nhém khong gidn ma ta sé
xét trong Dinh 1y 3.4 va Dinh 1y 3.6 (xem (4) trong Danh muc céc cong
trinh cong b dé biét them chi tiét).

B6 dé 3.1 Cho H, C, {T(t): t >0} va F dugc gid thiét nhu trong Dinh
lj 3.3. Cho xz,, va x,, la nghiém hiéu chinh cia phuong trinh (3.19) vdi cdc
tham s6 hiéu chinh tuong tng €, va €y,. Néu | T(t)xz—T(h)z| < |t—h|y(x)
vdi moi x € C, d day vy(x) la mot ham bi chan thi

len

—€ by —1
en =l g fn il

|Zn — T || <
En En

vdi moi €y, Em, tn, tm >0, y € F, va hang s6 duong ;.

Phuong phap thi hai duge thiét lap dya trén viec két hop phuong phap
diém gan ké do Rockafellar (1976) [59] dé xuat v6i phuong phap hic¢u chinh
(3.19) va dugdc goi la phuong phéap hiéu chinh diém gan ké. Phuong phap
nay da duge Ryazansteva (2002) [60] nghién citu dé gidi phuong trinh toan
t v6i toan tit don diéu cuc dai va m-j-don diéu. Y tudng dé xay dung
thuat toan thit hai ¢ day la thiét 1ap day lap {z,} cho bai toan (3.18) nhu
sau. T mot diem bat ki 29 € H, diy {2,} dudc xac dinh tit phuong trinh

sau day:
cn[AS (t) 21 + €n(Zng1 — T)] + Zng1 = 20, 1 >0, (3.20)

v6i {c, } 1a thue duong day bi chin.
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Dinh 1y 3.4 Cho H la khong gian Hilbert, C la tdap con khdc rong 101
dong cia H, va {T(t): t > 0} la nia nhom khong gian trén C' théa man
F = My>o Fix(T(t)) # 0. Gid st cac tham so c,, t, va &, dugc chon sao
cho
(1) 0 <m < ¢, <M,
(74) liminft, = 0, limsupt, > 0, nli_>nolo(tn+1 —t,) = 0;

n—o0 n—00

(ii1) e, < 1, Y j&n = +00, vdi T}Lnolo% = 1111—{1010% = 0;
va ||[T(t)x — T(h)x|| < |t — h|y(z) vdi moi x € C, & day v(x) la ham bj
chan. Khi do, day {z,} wdc dinh bdi (3.20) hoi tu manh dén diem p € F
thoa man bai todan (3.18), khin — +oo.
Chang t6i da thu duge sy hoi tu manh ctia cac phuong phap (3.19) va
(3.20) vé diém p 1a nghiém c6 x, chuan nhé nhat trong F.

Trong truong hgp C = H thi cac phuong phap (3.19) va (3.20) sé ¢6
dang nhu sau:

(I —=T(t,))xn + en(xy —x4) =0,
cnl(I —T(th))zne1 + en(Zne1 — )] + 241 = 20, n > 0.

3.3. Phuong phap hiéu chinh lap

Bang cach két hop phuong phap hiéu chinh véi phuong phap lap hién,
chiing toi dé xuét phuong phap hiéu chinh lip dé xap xi nghiem cho bat
dang thitc bién phan (1.19) bat dau tit mot diem bat ki wy; € E duéi dang

nhu sau:
Wpi1 = Wy, — BplAnw, + e Fwy], n>1, (3.21)
voi A, = I — T, va day {B,} théa man mot vai dicu kieén xac dinh.

Dinh 1y 3.5 Cho E la khong gian Banach 107 déu va q-tron déu vdi hang
s6 co dinh q: 1< q<2. Cho F va F théa man cdc dieu kién nhu Dinh ly
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3.1. Gia su

’571 — 8n—l—l‘ — 1 ‘tn - tn+1| —0

)

(4) 0 < By < Bo, € 0, lim

n—+00 &%ﬁn Nn—00 Bng%tn

0 5 nL )
(44) Zgnﬁn = 00, limsup Cqﬁg_lg
n=0

<1

Y

vdi Cy la hang so q-tron déu cia E. Khi dé, day lap {w,} dudc zdc dinh bdi
(3.21), hoi tu manh vé diém p,, théa mén bat dang thitc bién phan (1.19).
Chitng minh. Gié si z, 1a nghiém ctia (3.3) v6i mdi €, > 0. Khi do, ta
co

it — zwall < lms = 2all + 20 — 2l (3.22)

Theo B6 dé 1.1 va (3.3), ta c6

Hwn—l—l - anp = Hwn - ﬁn[Anwn + 5ann] - anq

= ||wp — xp — Bp|(I — T)w, — (I —Ty,)x,
+ en(Fwp — Fay)]|[*
< wn — 2al|* = qBu((I = To)wn — (I = Th)an
+ e[ Fwy, — Fay), jo(w, — x5))
+ CBH(I — Th)wy, — (I = Ty)xy + en[Fw, — Fay)|| 7.

Do tinh j-don diéu ctia I — T, va tinh n-j-don diéu manh cia F, ta thu

ducc
(I = Tp)wn — (I = T,) 2, jo(wn — xn))
=lwn = 2l = To)wn — (I = Tn)wn, j(wn — 24)) 20
va
(Fwn = Fag, jo(wn — &) 2 nljwn — @n[|".
Suy ra

lwnir = @l < Jlwn — 2al[7[1 = gBnenn + Co53(2 + €, L)1).
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Do do, ta c6
[wni1 =zl < |Jwn — 2ul[[1 = @Buenn + CuBL(2 + £, L)1/,

Do C,B4(2+e,L)? < Buepn va (1 4+1)° <1 —st v6i 0 < s <1, khi do

—1
s — 2all < [l — 2l (1 - sn/ann). (3.23)

Tir (3.22), (3.23) va (3.5), ta thu duge

q_

1
5nﬁn77) ||w77 T an

Hwn+1 - Jin+1“ < (1 -

L4 [\sn — epi1] + 2|t”+1t—_t”|]
hay
[wnr1 — 2| < (1= G)lwn — 2all + Cana
vl
Cn = ;1671571777 Cnlln = A ['8” — et + 2|t” _ t”“‘]
q En Enln

théa man cac diéu kién ctia Bb dé 2.2 (véi 6, = 0) do cac diéu kien (i) va
(#3). Ap dung B6 dé 2.2, ta thu duge lim ||w, — z,|| = 0. St dung két qua
n—oo

ctia Dinh 1y 3.1, ta ¢6 ||z, — p«|| — 0 khi n — co. Diéu nay dan dén
0 < flwn = pull < llwn = ol + 20 = pef] = 0 khi 7 — oo

T d6 suy ra w, — p. € F thdéa man (1.19) khi n — oco. Dinh ly dugc
chiing minh.
O

Nhan xét 3.2

(a) Céac tac gia Buong va Phuong trong [24] nam 2012 va Thuy trong [75]
nam 2015 ciing st dung phuong phap hiéu chinh lap véi cau tric tuong tu
nhu (3.21) dé tim nghiém xap xi cho bai toan (1.19), trong d6, Buong va
Phuong [24] stt dung V-adnh xa V,,, va Thuy [75] sit dung S-anh xa S,, thay
cho &nh xa T} trong (3.21) khi tap F = N2, Fix(7;) 1a tap diém bat dong

chung ctia mot ho vo han cac anh xa khong gian trong khong gian Banach
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10i déu va tron. Phuong phap hiéu chinh lip hién ching toi xét trong Dinh
ly 3.5 14 mot md rong cho cac két qua trén. Tuy nhién két qua ctia ching
toi can thém tinh tron déu ciia khong gian Banach E.

(b) Dya trén y tudng két hgp phuong phap hiéu chinh Browder-Tikhonov
v6i luge do lap hien dé thiét lap phuong phap hiéu chinh lip cho bai toan
tim diém bat dong chung ctia nita nhém khong gian phat biéu dudi dang
(3.18) trong khong gian Hilbert, ching t6i da xay dung va ching minh su
hoi tu manh cta day {z,} xac dinh bdi luge do lap sau day:

Wpa1 = Wy, — ﬁn[AC(tn)wn + ap(w, — )], n >0, wy € H, (3.24)

§ day {3,} 1a day thuc duong théa man mot s6 dieu kién xac dinh. Thuat
toan (3.24) dugc Bakushinsky [12] nghién citu dau tién va goi la phuong
phéap lap hiéu chinh bac khong.

Dinh 1y 3.6 Cho H, C, {T(t),t > 0}, va F dugc gia si nhu trong Dinh
Iy 8.3. Gid thiét cac dieu kién sau théa mdn:

|tn_tn+1‘

lon—anpa| _ _ \
Zh = 0, va

. < Qg 39 ) i — i
(Z) Bn — 4d+da,+4a2 vor mot n, nh_{{.lo o Bn nh—>nolo

Z,C;O:() Oénﬁn =400, a,—0;
(74) liminft, = 0, limsupt, >0, lim (¢,41 —t,) =0;
n—oo

n—00 Nn—00
(v37) ||T(t)x — T(h)xfg it — hly(x) vdi moi x € C, trong do v(z) la
ham bi chan.
Khi dé, day {w,} xzdc dinh bdi (3.24) hoi tu manh vé diém p € F théa
man (3.18), khi n — 4o0.

Néu C = H, thi phuong phap (3.24) trd thanh
Wyt = Wy — Bul(I = T(tn))wy + an(w, — x4)], n >0, wy € H.
Nhan xét 3.3

(a) Cacday e, = (1 +n)P, 0 <p<1/2, va B, = ye, vii
1
(Cp)Y (@1 (2 + gg)2/(a-1)
khi ¢ = 2 théa man cac diéu kién ctia Dinh 1y 3.1, Dinh 1y 3.3, Dinh 1y 3.5
va Dinh 1§ 3.6. Khi 1 < ¢g<2thieg, = (14+n)?véip< (¢g—1)/2q va

Bn = 705711/((171) ciing théa man cac diéu kién ctia Dinh 1y 3.1 va 3.5.

0<9 <
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(b) Cac day {e,} va {v,} dugc chon béie, = (14+n)™?, 0 <p<1/2va

|20 — 2n-1]]
1+ [[zn — zp—1]]

v6i 7 > 1 + p théa méan cac dicu kién ctia Dinh 1y 3.2 va Dinh 1y 3.4.

Vo= (1+n)""

3.4. Vi du s6 minh hoa

Trong muc nay, ching t6i st dung cédc phuong phap hiéu chinh (3.3),
(3.14) va (3.21) dé giai bat dang thiic bién phan (2.57) va cac phuong phap
hi¢u chinh (3.19), (3.20) va (3.24) dé tim diém bat dong clia nita nhém
khong gian da xét trong bai toan (2.56) ¢ Chuong 2.

3.4.1. Minh hoa s6 cho phuong phap (3.3)
Viét lai (3.3) dudi dang phuong trinh ma tran A"z = 0" v6i

Yy on O 0 0 0 0 0
—op Y, 0 0 0 0 0 0
0 0 ¥, o, 0 0 0 0
0 0 —o, v, 0 0 0 0
A" = 0 0 0 0 2e, 0 0 0
0 0 0 0 0O ... 2, 0 0
0o 0 0 0 0 .. 0 9 o
0 0 0 0 0 ... 0 —o o
T T
" = (aj’f, xh, ., :L%) , b= <2en,25n, .. .,25n) ;

trong d6 cac phan tu 9,9 va o,,0, ¢ trong ma tran A" dugc xac

dinh nhu saw: 9, = 1+ 2z, — ) g7 — ] 4 92, — W) i o, =

%,07’1 = COS(S% Chon o = 7/5,8 = w/7 va cac day tham s6
t, = (n+ 1% vd &, = (1+n)3. Ké qua tinh toan cho phuong phap

dugc thé hien trong bang sau day:

n | err = || — pi|| | Thai gian (gidy)
1 0.48898 0.436
2 0.1688 0.453
3 0.074254 0.468

10 0.0036751 0.483
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n | err = |j2" —p,|| | Thoi gian (gidy)
20 0.00052888 0.484
50 | 3.6931 x 107 0.486
100 | 4.7549 x 1076 0.501

Bang 3.1 Két qua tinh toan cho phuong phép (3.3)

3.4.2. Minh hoa sé cho phuong phap (3.14)

Phuong phap (3.14) dugc viét lai dudi dang phuong trinh ma tran

AMx™ =b", v6i n > 2 va cac ma tran A", x", va b" duge xac dinh bai

9 on O 0 0
—o, Yy, 0 0 0
0 0 Y, on 0
0 0 —o, Y, 0
A" = 0 0 0 0 2cpep+1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
T
" = (m?, x5, ..., x20)
bt = <20n5n + 2t 4y (!

0
0
0
0
0

2cnen + 1
0
0

T
—1 -1 —2
oo 2epEn + 2Ty F (2l — 27 )) ,

trong do cac phan ti 9,9, va 0,0/, § trong ma tran A" duge xac dinh

nhu sau: 9, = ¢, + 2¢c,e,, + 1 —

_ cplcos(at,)—1]

On = ot , O

n

Chon o = 7/5,8 = /7, cac xap xi ban dau zg = (1.2,1.2,...,1.2) €
R0 2y = (2.5,2.5,...,2.5) € R'% va cac day tham s6 t, = (n+1)%, &,
(14+2n)72 va ¢, = cos((1 +n)~?). Ké qua tinh toan

(1+ 20n)_1/2, Tn

at,

__ cpleos(Bt,)—1] -

ftn

e sin(aty,)

0 0
0 0
0 0
0 0
0 0
0 0
9 o)
o,

1

- x?_2), 2¢nen + l'g_l +Yn(zy™ —

= cp+2chE, + 1 —

thuc nghiém duge trinh bay trong bang dudi day:

n | err = ||z — p.|| | Thoi gian (giay)
1 3.5214 0.499
2 15.78 0.484

cnsin(ft,) s
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n | err = |j2" —p,|| | Thoi gian (gidy)
3 2.2426 0.483
10 7.6171 0.5
20 4.4511 0.503
50 1.4844 0.505
100 0.4291 0.53
200 0.1015 0.546
500 0.048154 0.93

Béng 3.2 Két qua tinh todn cho phuong phap (3.14)

3.4.3. Minh hoa s6 cho phuong phap (3.21)

Chon o = /5,3 = 7/7, xap xi ban dau 2y = (5,5,...,5) € R va cac
day tham s6 duge chon nhusaut, = (n+1)*, g, = (1 + 70n)"Y? va B, =
cos((1 +n)~2) . Két qua tinh todn cho phuong phap dudc thé hién trong

bang sau day:

n | err = |ja" —p,|| | Thoi gian (gidy)
1 40.669 0.406
2 29.991 0.407
3 24.875 0.422
10 11.677 0.426
20 6.0443 0.430
50 1.6829 0.48
100 0.40816 0.50
200 0.06807 0.54
500 0.025955 0.55

Bang 3.3 Két qua tinh toan cho phuong phéap (3.21)

Nhan xét 3.4 Cac két qua s6 nhan dugc trong cac Bang 3.1, Bang 3.2 va
Bang 3.3 cho thay céc phuong phap hiéu chinh Browder—Tikhonov (3.3)
(Bang 3.1), phuong phap diém gan ké quan tinh hiéu chinh (3.14) (Bang
3.2) va phuong phéap hi¢u chinh lip (3.21) (Bang 3.3) hoi tu kha tot ve
nghiém cua bai toén (2.56), trong d6, phuong phap hiéu chinh Browder—
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Browder-Tikhonov regularizationf
= = =iner. prox. point. regu. ]

-2
10 I I I I I I I !
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Hinh 3.1: So sénh sai s6 tuyét doi ctia phuong phap (3.3) va (3.14)

10"

Browder-Tikhonow regularizatiof
A = = =iterative regularization ]

I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

Hinh 3.2: So sénh sai s6 tuyét doi ctia phuong phap (3.3) va (3.21)

Tikhonov c¢6é téc do hoi tu nhanh hon hai phuong phap hiéu chinh con

lai.

Tiép theo ching toi trinh bay vi du s6 minh hoa cho phuong phéap
hiéu chinh tim diém bat dong ctia nita nhém khong gian khong ding dén
tich phan Bochner dudi dang (3.19), (3.20) v& (3.24). Chon diém xz, =
(1,1,...,1)T € R khi d6 diém bat dong can tim ctia nita nhém khong
gian trong bai toan (2.56) ciing chinh 1a diém p, = (0,0,0,0,1,...,1,0,0)T
c R100.

3.4.4. Minh hoa sé6 cho phuong phap hiéu chinh (3.19)

Tuong ti, ta ciing biéu dién phuong phap hiéu chinh (3.19) dudi dang
phuong trinh ma tran tuyén tinh va giai phuong trinh dé véi cac tham sé
dugc chon nhusaw: a = 7/5, 8 = 7/7,t, = (n+1)"/20va e, = (1 4+n)73,
ta duge bang duéi day:
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n | err = |j2" —p,|| | Thoi gian (gidy)
1 0.52113 0.425
2 0.16463 0.426
3 0.070334 0.441
10 0.0034102 0.427
20 0.00049043 0.428
50 | 3.4256 x 107° 0.438
100 | 4.4119 x 1076 0.441

Béng 3.4 Két qua tinh todn cho phuong phap (3.19)

3.4.5. Minh hoa sé cho phuong phap (3.20)

Chon cac tham s6 nhu sau: a = /5, 8 = 7/7, t, = 3.175(1 +n) /35000,
en = (14+5n)7"Y3 va ¢, = cos((1 +n)~"%) va xdp xi ban dau =y =
(5,5,...,5) € R Khi do, két qua tinh toan dugc thé hién trong bang
duéi day:

n err = 2" — p.| | Thoi gian (giay)
1 40.669 0.436
2 30.115 0.436
3 30.644 0.452
10 12.408 0.452
20 5.0795 0.453
50 0.61028 0.453
100 0.19304 0.468
200 0.15327 0.484
500 0.11432 0.53
1000 0.091396 0.609
5000 0.054088 1.311
10000 0.04308 2.231

Béng 3.5 Két qua tinh todn cho phuong phap (3.20)
3.4.6. Minh hoa sé cho phuong phap hiéu chinh lip (3.24)
Chon cac tham s6 o = 7/5,8 = 7/7, t, = 3.175(1 4 n)~1/35000 o —
(1+5n)"13 va B, = (14+2n)~Y/1 ta thu dugc két qua tinh toan nhu trong

bang sau:
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n err = ||z — pi|| | Thoi gian (gidy)
1 40.669 0.39
2 22.98 0.39
3 17.002 0.421
10 5.6463 0.426
20 0.64552 0.429
50 0.23867 0.433
100 0.19252 0.441
200 0.15488 0.447
500 0.11577 0.468
1000 0.092704 0.749
5000 0.055051 11.076
10000 0.043911 42.042

Bang 3.6 Két qua tinh toidn cho phuong phéap (3.24)

Nhan xét 3.5 Qua cac két qua tinh toan sé trong cac Bang 3.4, 3.5 va
Béng 3.6, ta thay phuong phap hiéu chinh dang Browder-Tikhonov (3.19)
cho bai toan tim diém bat dong (3.18) c¢6 téc do hoi tu tdt hon phuong
phép hiéu chinh diém gan ké (3.20) va phuong phap hiéu chinh lap (3.24).

KET LUAN CHUONG 3

Trong chuong nay, ching to6i nghién cttu mot sé6 phuong phap hiéu
chinh dwra trén tu tuéng ctiia phuong phap hiéu chinh Browder—Tikhonov
va phuong phap hi¢u chinh diém gan ké quan tinh cho bai toan VI*(F, F).
Dong thoi, két hop phuong phap hiéu chinh Browder—Tikhonov da xét véi
phuong phap lap hién, ching to6i dé xuat phuong phap hiéu chinh lap dang
hién cho bat dang thic bién phan VI*(F,F) trong khong gian Banach
g-tron déu. Két qua thu duge clia ching toi 1& sy hoi tu manh ciia cac
phuong phap véi mot s6 dieu kién dat léen cac tham sé ctia day lip. Khi
E = H, khong gian Hilbert, khong dung tich phan Bochner, ching to6i
ciing thu duge ba phuong phap hiéu chinh cho bai toan diém bat dong
chung ctia nita nhom khong gian. Két qua s6 6 cudi chuong dude dua ra

nham minh hoa cho cac phuong phap da thiét lap.
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KET LUAN CHUNG VA DE NGHI
Luan an da dat dudc cac két qua sau:

(1) Nghién cttu xay dung cac phuong phap lap an va lip hién tuong ting
dua trén phuong phép lai ghép dang dusng déc cho bat ding thic bién
phan trén tap rang budc la tap diem bat dong chung ctia nita nhém khong
gian trong khong gian Banach F ma khong can dung dén tinh lién tuc yéu
theo day ctia anh xa d6i ngdu chuan tic j cta E. Két qua nay lam mé

rong 16p cac khong gian Banach ap dung cho thuat toan.

(2) Dua ra phuong phép hiéu chinh dang Browder—Tikhonov va phuong
phéap hiéu chinh diém gan ké quan tinh cho bat dang thitc bién phan j-don
diéu trong khong gian Banach 16i déu va tron dong thoi xay dung phuong
phap hiéu chinh lap dang hién cho bat déng thic bién phan trong khong
gian Banach g¢-tron déu.

(3) Thiét lap phuong phap hiéu chinh dé tim diém bat dong chung cia
ntta nhém khong gian trong khong gian Hilbert khong can dung dén tich
phan Bochner.

(4) Dua ra cac vi du s6 minh hoa cho cac phuong phap da dé xuat.

Chung t6i dé xuat mot sé6 huéng nghién citu tiép theo cho két

qua cua luan an nhu sau:

(1) Nghién citu nhim gidm nhe cac diéu kién dit lén ham F, chang han,
cac dieu kien don diéu hoac gia don dieu.

(2) Nghién citu cac tieu chuan ditng ctia cdc phuong phap lap da dé xuat
tit d6 c6 co sé dé so sanh tdc do hoi tu clia cac phuong phap lap da dé
xuat so véi cac két qua clia mot s6 tac gia khac.

(3) Nghién citu gidi bai toan bat dang thiic bién phan tach (bat ding thic

bién phan nhiéu bac).
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