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MG DAU

Ly thuyét diém bat dong trong cac khong gian métric da thuc su 16
cuon st quan tam nghién cttu ctia nhiéu nha toan hoc trong va ngoai nude
trong hang chuc nam qua. Dicu dé khong chi vi Iy thuyét diém bat dong
dong vai tro quan trong trong toan hoc ma con vi nhiing tng dung cta
né trong 1y thuyét bat dang thic bién phan, 1y thuyét t6i wu, 1y thuyét
xap xi, cac mo hinh toan hoc va 1y thuyét kinh té. Nhiéu nha toan hoc
tén tudi nhu Brower E., Banach S., Bauschke H. H., Moudafi A., Xu H.
K., Schauder J., Browder F. E., Ky Fan K., Kirk W. A., Nguyén Buong,
Pham Ky Anh, Lé Diing Muu, v.v ... da md rong cac két qua ve bai toan
diém bat dong ctia anh xa co trong khéng gian hitu han chiéu cho bai toan
diém bat dong ctia &nh xa lién tuc Lipschitz, anh xa gia co, anh xa khong
gian, v.v ... trong khong gian Hilbert, khong gian Banach. Nhiing két
qua md rong nay khong chi dé cap dén sy ton tai diém bat dong ma con
deé cap dén van dé xap xi diem bat dong ciia mot anh xa. Gan day nhing
nghién citu vé bai toan tim diém bat dong ciia 16p cac anh xa khong gian
da tré thanh mot trong nhitng hudéng nghién citu hét sic so6i dong clia giai
tich phi tuyén. Mot sé phuong phap xap xi diém bat dong kinh dién phai
ké dén la phuong phéap lap Krasnosel’skii [20], phuong phap lap Mann
22], phuong phéap ldp Halpern [16], phuong phap lap Ishikawa [17], v.v
.... Mot s6 nha nghién cttu trong nudc cling c¢6 nhitng cong trinh tha vi
ve tim diém bat dong ciia anh xa khong gian va nita nhém khong gian
trong khong gian Hilbert va khong gian Banach (xem [3] - [5], [36] - [43],
V.V L)

Cho C 1a mot tap con 1oi dong khéc rong ciia khong gian Hilbert thuc
H, T :C — C lamot anh xa khong gian. Nam 2003, Nakajo K. va
Takahashi W. [27] d&a dé xuat mot cai bién ctia phuong phap lap Mann
dya trén phuong phap lai ghép trong qui hoach toan hoc (duge de xuat
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lan dau tién vao nam 2000 bdi Solodov M. V., Svaiter B. F. [32]) ¢ dang

[ zp € C la mot phan tit bat ky,

Yn = Qpxy + (1 — )T (),
{ Com{zeC lyn—all < w2} 01)
Qn={z€C: (x, — 2,20 —x,) >0},

| Tnr1 = Po,ng, (20), 1 >0.

Ho da ching minh duge rang néu day {a,} C [0,a] véi a € [0,1) thi
day {z,} xac dinh béi (0.1) hoi tu manh ve ug = Ppr)(20) khi n — oo,
trong do ug = Pp(r)() la hinh chiéu cia xo trén tap diém bat dong
F(T) cua anh xa khong gian 7.

Nam 2000 Moudafi A. [26] dé xuat phuong phap xap xi gan két

xo € C la mot phan tit bat ki,

A, 0.2
L T(xn)+1+>\nf(:cn), n >0, (0.2)

va

xo € C la mot phan ti bat ki,
1 A (0.3)
T(xn) + ——f(xn), > 0,
) 4 ),

Tn41 =

tim diem bat dong ctia anh xa khong gian T, trong d6 f : C' — C la mot
anh xa co véi he s6 co @ € [0,1) va {\,} 1a mot day s6 duong. Ong da
chiing minh rang:

1) Néu A\, — 0 khi n — oo thi day ldp (0.2) hoi tu manh vé nghiém duy
nhat ctia bat dang thitc bién phan

¥ € F(T) saocho (I — f)(x%), 2" —x) <0, VeeF(T). (04

. S 1 1
2) Neu lim A, =0, > A\, = +oo va lim - —

n—0o0 n—=1 n—0oo >\n+1 >\n

(0.3) hoi tu manh vé nghiém duy nhat ctia bat dang thiic bién phan (0.4).

— 0, thi day lap
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Nam 2007, Alber Y. I. [2] da dé xuat phuong phap dang dudng doc lai
ghep

xwﬁﬂ%GWﬁM%—T@M) n >0, (0.5)

va ching minh rang néu day {u,}, u, > 0, duge chon sao cho p, — 0
khi n — oo va day {x,} bi chan, thi moi diém tu yéu cta day {z,} déu
thuoc tap diem bat dong cta 7.

MG rong cho bai toan tim diem bat déng chung clia nita nhém anh xa
khong gian {T'(t) : t > 0}, nam 2003, Nakajo K. va Takahashi W. [27]
da deé xuat phuong phap

2

xo € C la mot phén ti bat ki,

Un = 0Ty + fo $)xnds,

d Ci=fze . i ||xn A}, 0.5)
={zeC:{(x, —x09,2— 1) >0},

L In+1 = PCann(ﬂUO), n > 0,

trong d6 {a,} C [0,a] véi a € [0,1) va ¢, = +oo. Vi mot s6 dieu kien
thich hop cho day {«,} va {t,}, day {z,} xéc dinh bdi (0.6) hoi tu manh
t61 ug = Pr(xg), 6 day F = M=o F(T'(t)) duge gia thiét 1a khéac rong.

Nam 2008, Takahashi W. va cac cong sy [35] dé xuat mot dang don
gian ctia (0.6) nhu sau

(20 € H, C1 =C, 21 = Pr,(x),

= o, Ty, + (1 — )T (xy,),
) (1= )T, () 0
Cop1={2 € Cp : lyn — 2|| < 20 — 2]|},

L LTn+1 = PCnJrl( ) n 2 0.

Ho da chi ra trong [35] rang néu 0 < o, < a < 1,0 < A\, < 00 Vi
moi n > 1 va A\, — oo, thi day {x,} xac dinh bdéi (0.7) hoi tu manh t6i
uyg = Pr(xp).

Ciing trong thoi diém do6, Saejung S. [29] da xét qué trinh lap tuong
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tr ma khong can dung dén tich phan Bochner

( Ty € H, Cl = C, xr1 = Pcl(xo),

n:anxn+1_anTtnxna
) v (1 - @)T(t) 0s)
Coy1 ={2 € Oy lyn — 2[| < lzn — 2|},

L Ln+1 = PCn+1 (.73()), n >0,

trong d6 0 < a, < a < 1, liminft¢, = 0, limsupt, > 0 va

n—o0 n—oo

T}Lrgo(tn+1 —t,) = 0. Khi do day {z,,} xac dinh bdi (O.SThOi tu manh t6i
diém bat dong chung ug = Pr(z0) clia nita nhom anh xa khong gian.

Néu C' = H thi C,, va Q,, hoic C,4q trong (0.1), (0.6)-(0.8) 1a cac
nita khong gian. Do vay, hinh chiéu cta ¢ trén C,, N @Q,, hoiac C,,41 trong
cac phuong phap d6 duge xac dinh bang cong thtic hién trong [32]. Trong
truong hop C' la mot tap con thuc su cua H thi C, va @, hoac C,q
trong cac phuong phap nay khong la cac ntta khong gian, nén viéc tinh
toan hinh chiéu trén dé gap nhiéu kho khan. Nguyén Buong da dua ra v
tudng thuc hién chiéu lén cac nita khong gian thay vi chiéu lén cac tap
161, dong trong nhiing phuong phap lai ghép trudc day la mot nét maéi va
sang tao (xem [10] - [12]). Dya trén § tudng nay chiung toi de xuat ky
thuat thay thé cac tap 1oi, dong C, va @,, bang cac nita khong gian.

Mot s6 nghién ctiu cai bién ciia cac phuong phap lap néu trén mac du
thu duge sy hoi tu manh, nhung cac dieéu kién dat lén tham sé con chat
ché. Ching to6i sé cai tién nham giam nhe dieu kien dat lén cac tham so
ctia day lap. Cu thé:
1. Nghién citu va dé xuat mot cai bién ctia phuong phap xap xi gan két,
phuong phap dang duong déc lai ghép thu hep tim diem bat dong cla
anh xa khong gian.
2. Nghién citu su két hop gitta phuong phéap lap Mann - Halpern dé tim
diém bat dong ciia anh xa khong gian trén mot tap 1oi, déng, khac rong
va tim diém bat dong chung ciia hai 4nh xa khong gian trén hai tap 10i,

dong, c¢6 giao khac rong trong khong gian Hilbert H. Dong thoi dua ra
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mot s6 vi du s6 minh hoa cho cac phuong phap dé xuat.

3. Nghien citu su két hop gitta phuong phap lap Mann - Halpern dé tim
di¢ém bat dong chung ctia ntta nhom khong gian trén mot tap 1oi, déng,
khac rong va tim diém bat dong chung ctia hai nita nhom khong gian trén
hai tap 101, déng, c6 giao khac rong trong khong gian Hilbert H. Cudi
cung 1a mot s6 vi du s6 minh hoa cho cac phuong phap de xuat.

Luan an dugdc cau tric nhu sau. Ngoai phan md dau, két luan chung
va de xuat, luan an chia lam ba chuong
Chuong 1: Mot s6 kién thic chuan bi.

Chuong 2: Phuong phap xap xi tim diém bat dong clia anh xa khong
gian.
Chuong 3: Phuong phéap xap xi tim diém bat dong ciia nita nhém khong
gian.

O Chuong 1, ching toi gidi thieu vé anh xa khong gian va nita nhom
anh xa khong gian ciing mot sé phuong phap lap tim diém bat dong cla
loai anh xa nay.

Trong Chuong 2, ching toi trinh bay cac két qua nghién cttu mdi clia
minh vé xap xi diém bat dong clia anh xa khong gian va diem bat dong
chung ctia hai anh xa khong gian. M6 dau 1a két qua cai bién ctia phuong
phap xap xi gan két va phuong phap dang duong doc lai ghép thu hep
tim diém bat dong ciia anh xa khong gian trong khong gian Hilbert. Sau
do, ching toi de xuat va chiing minh sy hoi tu manh ctia hai phuong phap
lap méi trén co sé két hop phuong phap lap Mann - Halpern xap xi diém
bat dong ciia anh xa khong gian va diem bat dong chung ctia hai anh xa
khong gian trén hai tap trong khong gian Hilbert. Phan cudi ciia chuong
la mot s6 két qua s6 minh hoa cho cac phuong phap dé xuat.

Chuong 3, trén co sé phuong phap lap Mann - Halpern va phuong phap
dang duong déc lai ghép ching t6i dé xuat phuong phéap lap méi tim diem
bat dong ctia mot ntta nhém khong gian, va tim diém bat dong chung ciia

hai nita nhém khong gian trén hai tap trong khong gian Hilbert. Phan
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cudi cliia chuong 1a mot so két qua s6 minh hoa cho cac phuong phap deé
xuat.

Hién nay, 1y thuyét diém bat dong van dang phat trién hét sic manh
mé va c6 nhiéu ting dung trong thuc té. Ching toi hy vong rang luan an
nay sé gop phan lam phong pht thém trong viéc xay duyng cac phuong
phap tim diém bat dong ciia anh xa khong gian va nita nhom khong gian
trong khong gian Hilbert va 1y thuyét diem bat dong néi chung.

Cac két qua ciia luan 4n duge tac gid cong bo bai bao trén cac tap chi
quoc té (1), (2), (3), (4). Céc két qua nay duge béo céo tai:

- Seminar cua bo mon Giai tich, khoa Toan, truong Dai hoc Su pham
- Dai hoc Thai Nguyeén.

- Seminar ctia Vien Cong nghé Thong tin - Vién Han lam Khoa hoc va
Cong nghé Viet Nam.

- Hoi thao "Mot s6 hudéng nghién cttu mdi trong Toan hoc giai tich va
tng dung", truong Dai hoc Hong Diie, 24-5-2012.

- Hoi thao Quoc gia lan thi XV "Mot s6 van dé chon loc ctia Cong
nghé thong tin va Truyen thong", Vien Cong nghé Thong tin, 3-12-2012.

- Hoi thao "Bai toan can bang va diém bat dong: Ly thuyét va thuat
toan", Vién nghién citu cao cap ve toan, 25-8-2014.

- Hoi thao Quoc gia lan thi XVII "Mot s6 van dé chon loc ciia Cong
nghé thong tin va Truyen thong", truong Dai hoc Tay Nguyén, Buon Ma
Thuot - Dak Lak, 30-10-2014.



Chuong 1
Mot sb kién thitc chuan bi

Trong chuong nay chung toi dé cap dén cac van dé sau. Trong
muc 1.1 chiing téi trinh bay mot so6 phuong phép tim diém bat dong cho
anh xa khong gian. Tiép theo trong muc 1.2 dé cap dén mot s6 phuong
phap tim diém bat dong ctia ntta nhém khong gian. Muc cudi trong chuong
nay ching toi trinh bay mot s6 bo dé bo tro quan trong, thusng xuyen sit
dung dén trong viéc ching minh cac két qua nghién ciu dat duge 6 cac

chuong sau cua luan an.

1.1. Mot sd khai niém, phuong phap cd ban tim diém béat

dong cua anh xa khoéng gian

1.1.1. Moét s6 khai niém va tinh chat co ban vé khéng gian
Hilbert

Trong luan an ching toi luon gid thiét rang H 1a khong gian Hilbert
thic véi tich vo huéng duge ky hiéu (.,.) va chuan duge xac dinh bdi
||| = +/{x,x) v6i moi x € H.

Trong muc nay ching toi dé cap dén mot so6 van dé co ban ve hoi tu manh,

hoi tu yéu, tap loi, tap déng, tap compact, vv ...

Dinh nghia 1.1 Cho H la khong gian Hilbert. Day {z,} dugc goi la
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hoi tu manh t6i phan tit x € H, ky hiéu x,, — x, néu ||z, — z|| — 0 khi

n — oQ.

Dinh nghia 1.2 Day {z,,} trong khong gian Hilbert H dugc goi la hoi
tu yéu t6i phan tt x € H, ky hiéu z,, — x, néu (x,,y) — (z,y) khi
n — 0o vl moi y € H.

Cha y 1.1 a) Trong khong gian Hilbert H, hoi tu manh kéo theo hoi tu
yéu, nhung diéu ngugc lai khong dung.

b) Moi khong gian Hilbert déu c6 tinh chat Kadec-Klee, ttic 1a néu day
{z,} trong khong gian Hilbert H thoa man cac dieu kién

|zn|| = ||| v& 2, — 2, thi x, — 2 khi n — oo.

Dinh nghia 1.3 Cho C' la tap con cta khong gian Hilbert H. Khi do
C duge goi la

(a) tap 16i néu Az + (1 — \)y € C véi moi z,y € C vamoi A € [0, 1];

(b) tap dong néu moi day {z,} C C théa man x, — x khi n — oo,
ta déu c6 z € C:;

(¢) tap dong yéu néu moi day {z, } C C théa man z,, — x khin — oo,
ta déu co xz € O

(d) tap compact néu moi day {x,} C C déu ¢6 mot day con hoi tu ve
mot phan tit thuoc C'

(e) tap compact tuong doi néu moi day {x,} C C' déu c6 mot day con
hoi tu;

(f) tap compact yéu néu moi day {z,} C C déu c¢6 mot day con hoi
tu yéu vé mot phan ti thuoc C:

(g) tap compact tuong doi yéu néu moi day {z,} C C déu ¢6 mot day

con hoi tu yéu.

Nhan xét 1.1 (a) Moi tap compact déu la tap compact tuong doi,
nhung diéu ngugce lai khong dung.
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(b) Moi tap dong yéu deu la tap dong, nhung diéu nguge lai khong
ding.

Ménh dé 1.1 (xem [23]) Cho H la mot khong gian Hilbert. Khi do,
vdi moi x,y € H va moi A € [0,1] ta deu c6

()l +yl* + [l — ylI* = 2(ll=[1* + Iy [I*);

(b) lz = yl* = llzl* = llyllI* = 2{z — y. y);

() 1Az + (L= Nyll* = Allz[* + (1 = Myl = AL = M|z = yl*.

Ménh dé 1.2 (xem [6]) Cho H la khong gian Hilbert thuc va C la
mot tap con cua H. Khi do, ta co cdc /{:hc“zng dinh sau:

(a) Néu C la tap loi, déng thy C la tap déng yéu;

(b) Néu C la tap bi chan thy C la tap compact tuong doi yéu.

Cho C la mot tap con khac rong, 101, déng ctua khong gian Hilbert
thuc H. Ta biét rang v6i moi @ € H, déu ton tai duy nhat mot phan ti
Po(z) € C théa man

|z — Po(z)|| = inf [lz —y].
yeC

Phan t1t Po(z) duge xac dinh nhu trén duge goi 1a hinh chiéu cta z lén
C va énh xa Po : H — C bién mdi phan tit & € H thanh Po(z) duge
goi 1a phép chiéu meétric tit H léen C. Dic trung ciia phép chiéu métric
dugc cho bdi ménh dé dudi day

Ménh dé 1.3 (xem [25]) Cho C la tap con loi, déng, khdc rong cia
khong gian Hilbert thuc H. Khi dé, dnh xa Po : H — C la phép chiéu
metric tu H lén C' khi va chi khi

(x — Po(z),y — Po(x)) <0 wvdi moi y € C.

Nhan xét 1.2 Ve phuong dién hinh hoc, v6i moi y € C, néu ta goi a
la goc tao bdi cac vée to x — Po(x) vay — Po(x), thi a > 7/2.
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1.1.2. Mot sé6 phuong phap co ban tim diém bat dong cta

anh xa khoéng gian

Cho C' la tap con loi, déng, khac rong trong khong gian Hilbert H
thue, T : C' — C'la mot anh xa khong gian tic la || Tz —Ty|| < ||z —y||,
v6i moi z,y € C. Phan tit x € C dudc goi 1a mot diem bat dong clia anh
xa T néu Tz = x, tap diem bat dong ctia T ky hieu la F(T).

Su ton tai diem bat dong clia anh xa khong gian trong khong gian
Hilbert duge cho bdi dinh 1y dudi day.

Dinh 1y 1.1 (xem [1]) Cho C' la tap con loi, déng, bi chan ciia khong
gian Hilbert H va T : C — C la mot anh za khong gian. Khi do, T

cé it nhat mot diém bt dong.

Nhan xét 1.3 T tinh 161 chat cia khong gian Hilbert H va tinh lien
tuc ctia anh xa khong gidn 7', ta thay néu tap diém bat dong F'(T) khac

rong thi né 1a tap 1oi va dong.

Van dé xap xi diém bat dong ciia 16p anh xa khong gian 1a dé tai mang
tinh thoi sy va thu hat sy quan tam nghién citu ctia nhiéu nha toan hoc
trong va ngoai nuée. Duéi day, ching toi dé cap dén mot so phuong phap
xap xi tim diém bat dong ctia anh xa khong gian.

Bai toan: Cho C la mot tap con 1oi, déng, khac rong ciia khong gian
Hilbert H, T : C' — (' la mot anh xa khong gian. Hay tim
eC: T(x*) =x"

Chu y 1.2 Néu T : C — C la anh xa co, thi day lap Picard xac dinh
bdi g € C va 2,41 = T(x,) hoi tu manh ve diem bat dong duy nhat clia
T. Tuy nhién diéu nay khong con ding déi véi 16p anh xa khong gian.
Phuong phap lap Mann

Nam 1953, Mann W. R. [22] da nghién ctiu va dé xuat phuong phap
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lap sau

(1.1)

xo € C la mot phan ti bat ki,
Tpi1 = Qpxy + (1 — ) T(x,), n >0,

6 day {a,} 1a mot day s6 thyc thoa man g = 1,0 < o, < 1, n > 1,

a, = oco. Day lap (1.1) dugce goi la day lap Mann. Mann W. R. da

n=0

o0
chiing minh rang, néu day {«,} duge chon thoa man > a,(1—ay,) = oo,
n=1

thi day {z,} xéc dinh bdi (1.1) sé hoi tu yéu téi mot diém bat dong ctia
anh xa T. Cha y rang néu H 13 khong gian Hilbert vo han chiéu thi day
lap (1.1) chi cho sy hoi tu yéu.
Phuong phap lap Halpern

Mot trong nhitng phuong phap lap co dién hiéu qua nhat tim diém bat
dong cua anh xa khong gian, dam bao sy hoi tu manh cua day lap, la

phuong phép lip do Halpern B. [16] dé xuat vao nam 1967:

{ zo € C la mot phan tit bat ki,

(1.2)
Tpi1 = apu+ (1 — )T (z,), n>0,

6 day u € C va {a,} C (0,1). Day lap (1.2) duge goi la day 1ap Halpern.
Ong da chiing minh sy hoi tu manh ctia day lap (1.2) vé diém bat dong
cia anh xa khong gian T véi dieu kien o, = n~%, « € (0,1). Vi cau tric
don gian, day lap Halpern da duoc st dung rong rai dé xap xi diem bat
dong ctia anh xa khong gian va cac 16p anh xa phi tuyén khac. Nam 1977,
Lions P. L. [21] da chitng minh sy hoi tu manh ctia day {z,} vé mot diém
bat dong ctia anh xa khong gian T trong khong gian Hilbert néu day so

{a, } thda man céc dieu kién sau

(C1) lim «, =0,

n—00
(C2) Z Qy, = 400,
n=1

|04n+1 - an|

2
O{TH—l

(C3) lim

n—oo

= 0.
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Tuy nhién, véi cac két qua ciia Halpern B., Lions P. L. thi day chinh tac
lai bi loai trit. Nam 1992, Wittmann R. [45] da md rong két

oy, =
n +

qué ctia Halpern B. va giai quyét duge van dé trén. Ong da chi ra ring

néu day s6 {ay,} thoa man cac dieu kien (C1), (C2) va diéu kién
o0

(C4) Y lant — au| < o0,

n=1
thi day lap {x,} xac dinh bdi (1.2) hoi tu manh vé mot diem bat dong
ctia anh xa khong gian 7.
Phuong phap lap Ishikawa
Nam 1974, Ishikawa S. [17] dua ra mot md rong cia day lap Mann

p

xo € C 1a mot phan ti bat ki,
\ Yn = BnTn + (1 - BR)T('In)a (1'3)
\xn—i—l = QpTp + (1 - an)T(yn)7 n > 07

trong d6 {a,} va {B,} 1a cac day sb thuc trong doan [0, 1] théa man
0<a,< Bn < 1; n > 17 lim Bn = O; Z O‘nﬂn — Q. Déy lép (13) gOi
n—o0

n=1
la day lap Ishikawa.
Chu y 1.3 Trong truong hop £, = 1 v6i moi n thi phuong phap lap
[shikawa (1.3) tré thanh phuong phéap lap Mann (1.1) va véi phuong phap
nay, nguoi ta cling chi thu duge sy hoi tu yéu ma khong hoi tu manh.

Nam 1996, Bauschke H. H. [7] d& mé rong két qua ctia Wittmann R.
cho bai toan xac dinh mot diém bat dong chung ctia mot ho hitu han céc
anh xa khong gian trong khong gian Hilbert.

Phuong phap liap xap xi gan két

Nam 2000, Moudafi A. [26] da dé xuat phuong phap xap xi gan két, dé

tim diém bat dong ciia anh xa khong gian 7" trong khong gian Hilbert.

Dinh 1y 1.2 (xem [26]) Cho C la tdp con loi, déng, khdc rong cia
khong gian Hilbert H, T la anh xza khong gian trén C' thoa man
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F(T) # 0, f la anh za co trén C vdi hé s6 a € [0,1), day {z,}
la day sinh boi: x1 € C' va

An
M () b T > 1 (1.5)

trong dé A\, C (0,1) théa man cdc dieu kién sau

(L1) lim A, =0;

n—00
(L2) > A, = o0y
n=1
: 1 1

Khi do day {z,} xdc dinh bdi (1.5) hoi tu manh toi p* € F(T), J day
p* = Ppr)f(p*). Ngodi ra néu day {\.} théa man diéu kien (L1) thi
day {x,} xdc dinh boi (1.4) hoi tu tdi p*.

Chi y 1.4 Khi f(z) = u v6i moi € C, thi phuong phap xap xi gan
két ctia Moudafi A. trd vé phuong phap lap ctia Halpern B..

Phuong phap dang dudng dbc lai ghép
Nam 2007, Alber Ya. I. [2] da dé xuat phuong phap dang duong doc
lai ghép cho bai toan tim diém bat dong ciia mot anh xa khong gian T

trén tap con 101, dong C' ¢ dang
Tnt1 = PC(xn - Mn[xn - T(xn)])7 n >0, (16)

va ching minh rang néu day {u,}, u, > 0 duge chon sao cho p, — 0
khi n — oo va day {x,} bi chan, thi:

(a) ton tai mot diem tu yéu o* € C cla day day {z,};

(b) moi diém tu yéu cta day {x,} thuoc tap cac diem bat dong F(T)
cua T

(¢) néu F(T) chi gom mot phan t tic 1a F(T) = {«*}, thi day {z,}

hoi tu yéu téi z*.
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1.2. Ntta nhém khéng gian vA mot sé6 phuong phap tim

diém bt dong chung ctia nita nhém khong gian

Trude hét trong muc nay ching toi gidi thieu khai niém nita nhom

khong gian trén khong gian Hilbert thyc H.

Dinh nghia 1.4 Cho T'(t) : C — C'la mot anh xa tu tap con 161, déng,
khac rong C' cia khong gian Hilbert H vao chinh né v6i moi t > 0. Ho
anh xa {T'(¢t) : t > 0}, dugc goi la nita nhém khong gian trén C' néu no
thda man céac dicéu kién sau:

(a) v6i méi ¢ > 0, anh xa T'(¢) la khong gian trén C;

(b) T(0)x = x v6i moi z € C;

(c) T(ty +to) = T(t1) o T'(tz) v6i moi t; > 0 va tg > 0;

(

d) v6i moi x € C, anh xa T'(.)x tit (0,00) vao C' lién tuc.

Vi du 1.1 Trén khong gian cac s6 thyc R, ho cac anh xa {T'(¢) : t > 0}
duge xac dinh béi T'(t)r = e 'z véi mdi x € R, 1a nita nhom khong gian
tren R.

Vidu 1.2 (xem [15]) Cho A : D(A) C H — H la mot toan ti don

diéu, tic la

(x —y, Ax — Ay) > 0 v6i moi z,y € D(A).

Néu A thoa man dieu kien hang D(A) C N,~oR(I +1rA), thi ho cac anh
xa {T'(t) : t > 0} xac dinh béi
T(t)x = lim (I +t/nA)™" (1.7)

n—0o0

la mot nita nhém khong gian trén D(A).

Dinh 1y duéi day khang dinh su ton tai diém bat dong chung ctia mot

ho cac anh xa khong gian.
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Dinh 1y 1.3 (xem [24]) Cho E la khong gian Banach loi déu, C' la
tap con khdc rong, 1oi, déng va bj chan cia E, {T(t)} la mot ho giao
hodn cac dnh za khong gian tw C vao C. Khi dé, ho {T(t)} c6 it nhat

mot diém bat dong chung trong C.

T Dinh 1y 1.3, ta thay néu {T'(¢) : ¢ > 0} 1a ntta nhém khong gian
trén tap con 1oi, dong, khac rong va bi chan C' ctia khong gian Hilbert H,
thi tit tinh chat T'(¢, + to) = T'(¢1) o T(t2) v6i moi t1 > 0 va to > 0 suy
ra {T(t)} 1a mot ho giao hoén cac dnh xa va do d6 ton tai it nhat mot
diem bat dong chung ctia ho {T'(t)}. Trong luan 4n, ta ky hiéu tap diém
bat dong chung ctia nita nhom khong gian {T'(¢t) : ¢ > 0} bdi F.

Nhan xét 1.4 Tu Nhan xét 1.3, suy ra F luon la tap 16i va dong.

Vi du 1.3 Xét ntta nhém khong gian {7°(¢) : ¢ > 0} trong Vi du 1.1,
ta thay tap diém bat dong chung ctia ho nay la F = {0}.

Dya trén thuat toan cta Solodov M. V., Svaiter B. F. [32], két hop vdi
phuong phap dang dudng doc lai ghép ctia Albert Y. 1. [2] va khac phuc
duge nhuoe diém trong két qua ctia Nakajo K., Takahashi W. cling nhu
mot s6 két qua khac. Nam 2010 Nguyén Buong [11] da nghién ctiu phuong
phap lap méi nhu sau:

(

xo € H 1a mot phan ti bat ky,

Yn = T — pin|Tn — T Po(x,)),

tn € (a,b], 0 <a<b<1, néeN,
Hy={z€ H:|lyn — 2[| < [|lwn — 2|},
W,={z€ H :{r,—z,1x0— x,) >0},

(1.8)

| Tnt1 = Py ~w,(x0), n >0,

trong d6 T), dugc xac dinh béi T,x = T(t,)x véi moi x € C. Nguyén
Buong chi ra sy hoi tu manh ctia phuong phéap lap (1.8) bdi dinh 1y sau.
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Dinh 1y 1.4 (xem [11]) Cho C la tdp con loi, déng, khdc rong ciia
mot khong gian Hilbert thuc H va cho {T'(t) : t > 0} la nda nhém
khong gian trén C vdi F = MysoF (T(t)) # 0. Khi dé néu liminft, =

n—oo

0; limsupt, > 0; lm (f,+1 — t,) = 0, thi day lgp {x,} zdc dinh bdi
n—oo

n—o0

(1.8) hoi tu manh tdi zg = Pr(xo), khi n — oo.

Chi y 1.5 Néu trong (1.8) ta stt dung phuong phap lap Mann thay vi
phuong phap dang duong doc lai ghép ctia Albert Y. 1., thi

Yn = QpZTy + (1 - Oén)TnPC(xn)
nhu (0.7) va (0.8), ta c¢6
Yp = Tp — Ty, + apTy + (1 - Ofn)TnPC(In)
= Tn — ,un(xn - TnPC(xn))a pn =1 — ay.

Nam 2010, Nguyén Buong dua ra két qua mdi tot hon cac két qua cia
Nakajo K., Takahashi W. va Saejung S. béi dinh Iy duéi day.

Dinh 1y 1.5 (xem [11]) Cho C la tdp con loi, déng, khdc rong ciia
mot khong gian Hilbert thuc H va cho {T'(t) : t > 0} la nda nhom
khong gian trén C vdi F = Ni>oF (T(t)) # 0. Cho {z,} la day dugc
xac dinh bdi

.

xo € H la mot phan ti bat ky,

Yn = 0y + (1 — a) T, Po(y),

a, € (a,b], 0 <a<b<l,

Hy={z€ H: |z =yl < |z = anll},
W,={z€ H:{z—x,,x0—x,) >0},

(1.9)

| Tnt1 = Py, aw,(z0), n>0.

Néu liminft, = 0; limsupt, > 0; lim (t,,1 — t,) = 0, thi day ldp
n—oo

n—=00 n—00

{x,} zdc dinh bdi (1.9) hoi tu manh tdi zg = Pr(xg), khi n — oo.
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Dua trén phép lap ctia Ishikawa S. véi mot chit thay doi va thuat toan
cua Solodov M. V., Svaiter B. F. [32], nam 2011, Nguyén Buong [13] da
dé xuat phuong phap lip mdi nhu sau

,

xo € H 1a mot phan tit bat ky,

x, = Po(z),

2y = apxt + (1 — ) Thal,

 Yn = Bty + (1 = B) Tz, (1.10)
Hy=A{z € H :|lyp — 2[| < [lzn — 2|},

W,=4{2¢€ H:{(x,— z,x90— x,) >0},

| Tnt1 = Py ~w, (x0), n >0,

trong do6 {a,} va {B,} 1a hai day trong [0, 1], {¢,} 1a day cic s6 thuc

duong thoa man cac dicu kién sau

liminft, = 0; limsupt, > 0; lim (t,41 —t,) =0; (1.11)
n—00 N—00 n—00
hoac
lim ¢, = oc; (1.12)
n—o0

va T}, duge dinh nghia bai
Toy = T(tn)y; (1.13)

hoac

1 [t
Thy = t_/ T(s)yds, Yy € C. (1.14)
n Jo

S hoi tu manh ciia phuong phép (1.10), (1.11), (1.13) va (1.10), (1.12),
(1.14) cho bdi cac dinh ly sau.

Dinh 1y 1.6 (xem [13]) Cho C la tdp con loi, déng, khdc rong ciia
khong gian Hilbert thuc H va {T'(t) : t > 0} la nia nhom khong gian
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tren C vdi F = NMisoF(T(t)) # 0. Gid st {an,} va {B.} la cdc day so
trong [0,1] théa man o, — 1 va B, < 1 — 3, véi moi 5 € (0,1). Khi
do, cic day {x,},{zn} va {y,} xzdc dinh bdi (1.10), (1.11), (1.13) cung
hoi tu manh tdi ug = Pr(xg), khi n — oo.

Dinh 1y 1.7 (xem [13]) Gid st diéu kién trong Dinh ly 1.6 théa man.
Khi do, cdic day {x,},{zn} va {y,} zdc dinh boi (1.10), (1.12), (1.14)

cung hoi tu manh toi ug = Pr(xg), khi n — oo.

1.3. Mot sé bd dé bb trg

Dé thuan tién hon cho viéc trinh bay cac két qua & cac chuong sau clia

luan an, ching toi gidi thieu mot s6 bo de sau.

B6 dé 1.1 (xem [49)]) Gid s T la dnh wa khong gian trén tap con 104,
dong, khac rong C cia khong gian Hilbert H. Khi dé I — T la nia
dong trén C, nghia la néu day {z,} C C hoi tu yéu tdi x € C va day
{(I = T)x,} hoi tu manh toiy thi (I —T)x =y.

B6 dé 1.2 (xem [31]) Cho C la mot tap con loi va dong ciia khong
gian Hilbert H va cho T : C'— H la mot anh xa khong gian tu C' vao
H. Néu F(T) # 0, thh F(T) = F(PcT).

B6 dé 1.3 (xem [48]) Cho F la mot dnh xa L-Lipschitz lien tuc va n-

don diéu manh trén khong gian Hilbert H. Khi dé, véi p € (0,2n/L?),
A€ (0,1), thi ta luon co

1T = Tyl < (1 = A)]le — g,

trong d6 7 =1 — /1 —pu(2n — pl?) € (0,1) va Tz = (I — A\uF)z

vt mot x € H.

B6 dé 1.4 (xem [46]) Cho déay {x,} va {z,} la cdc day bi chan trong
khong gian Hilbert H sao cho

In+1 = (1 - Bn)xn + 6713717 n>1,
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trong do {B,} C [0, 1], théa man

0 < liminf 8, < limsup 3, < 1.

n—00 n—00

Néu lim sup(||zns1 — 2ol — | Tne1 — 2al]) <0, tht lim ||z, — z,|| = 0.
N—300 n—oo

B6 dé 1.5 (xem [46]) Cho {a,} la ddy s6 thuc khong am théa man

dieu kién
ani1 < (1 = by)ay + bucyp, véi moi n > 1.

trong dé {b,},{c.} la cdc day so thuc duong théa man
<1> bn 6 [07 1]7 Z b’I”L = OO;
n=1

(ii) limsup ¢, < 0.

n—o0

Khi dé lim a, = 0.

n—0o0
Két luan

Trong chuong nay ching toi trinh bay nhiing kién thiic co ban nhat
phuc vu cho viéc trinh bay cac két qua nghién ctiu trong cac chuong sau
clia luan an. Dua trén thuat toan ctia Solodov M. V. va Svaiter B. F., két
hop véi phuong phap dang duong doc lai ghép ciia Albert Y. I. va khac
phuc duge nhuge diém trong két qua clia Nakajo K., Takahashi W. ciing
nhu cac tac gia khac, nam 2010, Nguyen Buong da nghién citu phuong
phap lap mdi (1.8), (1.9). Dya trén phép lap ctia Ishikawa S. v6i mot chit
thay doi va thuat toan Solodov va Svaiter, nam 2011, Nguyén Buong da dé
xuat phuong phap lap mdi (1.10), (1.11), (1.13), (1.14). Trong céc chuong
tiép theo ctia luan 4n ching toi sé cai tién mot s6 phuong phap lap ma
van thu duge su hoi tu manh cia day lap vé diem bat dong nhung uu
diem hon la diéu kién dat lén cac tham so6 rat rong rai, dong thoi ching
toi cling dé xuat mot s6 phuong phéap lap méi dé tim diém bat dong, diém

bat dong chung clia 4nh xa khong gian va nita nhom khong gian.
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Chuong 2

Phuong phap xap xi tim diém bat

dong cua anh xa khong gian

Nam 2000, Moudafi A. dé xuat phuong phap xap xi gan két (0.2), (0.3),
day {z,} hoi tu manh vé nghiém duy nhat ciia bat dang thitc bién phan.
Nam 2003, dé thu duge si hoi tu manh ctia (1.1) Nakajo K. v Takahashi
W. da dé xuat mot cai tién ctia phuong phap lip Mann duya trén phuong
phap lai ghép trong qui hoach toan hoc. Nam 2007, Alber Y. I. da de xuat
phuong phap dang duong doc lai ghép (0.5) thi moi diém tu yéu ciia day
{z,} déu thuoc tap diem bat dong ctia T .

Néu C = H thi C, va Q,, 1a cac nita khong gian. Trong truong hop C'
la mot tap con thuce su cua H thi C, va @), trong cac phuong phap nay
khong 1a cac nita khong gian, nén viéc tinh toan hinh chiéu trén do gap
nhiéu khé khan.

Trén co sé v tudng thay thé cac tap 1oi, dong C,, @, bang cac nia
khong gian, trong chuong nay va chuong sau ching toi dé xuat mot so cai
bién clia cac phuong phap néu trén tim diem bat dong ctia anh xa khong
gian trong khong gian Hilbert.

Chuong nay gom 5 muc. Muc 2.1 va muc 2.2 lan lugt trinh bay phuong
phap xap xi gan két cai bien va phuong phap lap Mann - Halpern cai bién

cho bai toan xac dinh diem bat dong ctia mot anh xa khong gian. Muc 2.3
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danh cho viéc trinh bay phuong phap dang duong doc lai ghép thu hep
dé tim diém bat dong ciia mot anh xa khong gian. Muc 2.4 dua trén tu
tudng ciia Nguyén Buong ching toi dé xuat nghién citu phuong phap lap
tim diem bat dong chung cho hai anh xa khong gian trén hai tap. Muc
2.5 gidi thieu vi du so don gian nham minh hoa thém cho céac két qua 1y
thuyét thu duge. Céc két quéa chuong nay duge 1ay tir cac bai bao (1), (2),

(3), (4) trong danh muc cac cong trinh da cong bo lien quan dén luan an.

2.1. Phuong phap xap xi gan két cai bién

Van dé mé rong va dua ra nhiing cai tién clia phuong phap xap xi gan
két da thu hat sy quan tam nghién citu ciia nhiéu nha toan hoc, cac két
qua noi bat vé noi dung nay c6 thé tham khao trong cac tai lieu [14], [18],
[33], [34], [47].

Sau day ching toi de xuat mot cai bién clia phuong phap xap xi gan
két (0.2), (0.3) cho bai toan tim diém bat dong clia anh xa khong gian
T :C — C tu tap con loi va déng C trong khong gian Hilbert H vao
chinh né va goi 1a phuong phap xap xi gan két cai bién dya trén mot anh
xa co f.

Chung toi dua trén phuong phap lap Krasnosel’skii-Mann (xem [20],
22]) tim diém bat dong ctia anh xa khong gian.

Trude hét, tuong ting véi phuong phap lap (0.2), ching toi dé xuat
phuong phéap lap an cai bien dudi day

xy, =T"x,, T": =171y, va T" =131, ne€(0,1), (2.1)
vol T duge xac dinh bdi

Ty = (1= Apt)T + Aaf,

(2.2)
7" = (1 = Bu)I + BT,

trong d6 f laanh xacovéihésocoa € [0,1), u € (0,2(1 — @) /(1 + @)?)
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va cac tham so {A\,} < (0,1),{8.} C («, ), v6i moi n € (0,1),
a, f € (0,1) thoa man dieu kien A, — 0 khi n — 0.
Su hoi tu manh clia day lap xdc dinh béi (2.1), (2.2) vé diem bat dong
ctia T thé hien qua dinh 1y sau.

Dinh 1y 2.1 Cho C la tdp con loi, déng, khdc rong cia khong gian
Hilbert thuc H va f : C — C la dnh za co vdi hé s6 co & € 0,1).
Cho T la dnh za khong gian trén C' sao cho F(T) # (. Cho
pe (0,21 —a)/(1+a&)?). Khi dé day {x,} zdc dinh bdi (2.1), (2.2)
hoi tu manh tdi phan ti p* € F(T), dong thoi p* la nghiém duy nhat
ctia bat dang thic bién phan

(I = f)p),p" —p) <0, Vpe F(T).

Chitng minh. Trude hét, ta xét truong hop T" := T7"Ty'. Ro rang T" la
anh xa khong gian tréen C' va Ty = I — \yuD, 6 day D = I — f. Theo
(2.2) va Bo dé 1.3 ta co:

[Tz = T"y|| = T T5'e = T3y
= [|(1 = Bn)T5'z + BuTo'x — [(1 = ) To'y + Bu Tyl
= [[(1 = Bu)(To' = T5'y) + Bu(Tg'x — Tg'y) |
= [[T5'z = To'yll < (1 = A7)l = yl], Y,y € C,

trong d6, 7 duge xac dinh trong Bo dé 1.3v6in =1—a,L = 1+a. Suy
ra, 7" la anh xa co trén C. Theo nguyén 1y anh xa co Banach, ton tai
duy nhat z,, € C sao cho x, = T"z,,, véi moi n € (0,1).

Ta chi ra day {x,} bi chan. That vay, vi T{" la dnh xa khong gian va
T{'p = p, nén véi p € F(T) ta co:

[zn = pll = [T" 20 = pl| = | T7T5" w0 — T1'pll
< | T5'wn = pll = 1520 = TP — AapD(p)|
< (1= 2n7) [lzn = pll + Anpl D ()|
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Suy ra
| = pll < £ D)

Vay day {z,} bi chin va do d6 cac day {D(x,)},{yn} cing bi chan,
trong do y, = T§'x,. Hon nita, tur (2.1), (2.2) ta co:

Tn = (1= Bn)yn + BuTYn, (2.3)
va
|z — plI* = (L = Ba)yn + BaTyn — bl
< lyn = plI> = || (I = XupD) z, — pl|?
= |z — plI> = 22 (D(xn), T — p) + Xo || D(20) ||,

An
2
Tiép theo, ta ching minh ||z, — Tz, — 0 khi n — 0. Vi
[y — 2n || = Anptl| D(z)]| = 0 khi n — 0 do A, — 0 v day {D(z,)} bi
chan, nén deé chira ||z, — Tx,|| — 0 ta chi can ching minh ||y, — Ty, || —

0 khi n — 0.

(1 — @)z — pl* + (D), 2 — p) < 22| D) || (2.4)

Gia stt {ny} C (0,1) la mot day bat ki thoa man ny — 0, khi k& — oo,
ky hicu A\, = A\, Tk i= Tppy Yk := Yn, = (1 — Aept) xp + Appof (21). Ta
sé ching minh ||y — Tyx|| — 0. Gia st {z;} 1a day con cua day {x;} va
{x1,} la day con ciia day {z;} sao cho:

limsup ||yx — Tyi|| = llgglo 1 — Tyl

k—oo

limsup [lz; — p|| = lim [|z, — p].
l—00 J—00

T (2.3) va Ménh dé 1.1 ta nhan duge
|z, — pII* = [1(1 = Br,) (r, — ) + Br,(Tyr, — p)II

< llye, = plI* = (1 = AgypuD)ar, — plI*
< llzr, = plI* + 27k, D (i)l e, — pll-
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Suy ra
lim [lzg; —pll = lim [y, —pl,
J—00 J]—00
Vi Ap, — 0 vaday {D(zk,)}, {yk,} bi chan. Theo Menh dé 1.1

lzw, = plI? = (1= Bi,) [lww, — pI|” + Be I 7w, — pII?
— B, (1 = By, — Ty, |I°
< (1 = Br)llyr, — pII* + Br, llyw, — plI°
— B, (1 = B, Mlwe, — T, |1?
= llyk, =PI = Br, (1 = Br)llur, — T, |-

Két hop vdi gia thiét ta nhan duge:
- L N L A L
a(l = B)llye, = Tyi,lI* < llye; — plI* = llzw, — plI*
Dicu nay ciing véi (2.5) suy ra
. 2 e
lim [y, — Ty, [|” = 0.
J—0

Vay ||yn — Tyn|| — 0 khi n — 0.

(2.5)

Gia st {x1} 1a mot day con ctia day {x,} hoi tu yéu t6i p khi k — oo.
Khi do, tit ||z, — Tazg|| = 0va Bo dé 1.1, suy ra p € F(T) va tir (2.4) ta

co:

(D(p), p—p) >0, Vpe F(T).

(2.6)

Vip, p e F(T) va F(T) 1a tap 161 va dong, nén bang cach thay p bdi

np + (1 —n)p trong bat dang thiic trén, 16i chia ca hai vé cho n, sau d6

cho n — 0 ta thu dugc:

(D(p),p—p) >0, Vp € F(T).

(2.7)

Két hop cac bat dang thiic (2.6) va (2.7), suy ra p* = p la nghiém duy

nhat ctia bat dang thitc bién phan

(I = f)p"),p"—p) <0, Vpe F(T),



25

va do d6 day {z,} hoi tu manh veé p*.

Truong hop T" := T§T1" dude ching minh tuong tu. Ta c6 1" cling la
dnh xa co va do do ton tai duy nhat x,, n € (0,1) sao cho x,, = T} Tz,
va {z,} bi chan. Dat y, = T{'x,. Khi do day {D(y,)} va {y,} cing bi
chan. Hon nita, (2.3), (2.4) tuong tng duge thay thé bdi

Ip = (] - AnMD> Yn,
- Al
(1= @) lyn — plI> + (D), yn — p) < ; 1D (y) |1

Tur bat dang thitc trén, tinh bi chan ctia {D(y,)} va A, — 0, suy ra

|zn — ynl] — 0 khi n — 0. Tiép theo, ta chimg minh ||z, — Tx,| — 0,
khi n — 0. Gia st {ng} C (0,1) la mot day bat ki thoa man ngy — 0,
khi k& — oo va dat zy := x,,. Ta sé chiung minh ||z — Txi|| — 0. Gia
st {x7} la day con ctia day {x3}, {zy, } la day con cia day {z;} sao cho:

limsup ||z — Txgl| = lim ||a; — Tz,
k—00 l—00

limsup [|z; — p|| = lim [lz), — p||.
=00 J—00

Thuyc hién ching minh tuong tu truong hop 17" := T1"1 ta nhan dugc
diéu phai chiing minh. O
Tiép theo ching toi dua vao hai céi tién méi cua (0.3) phuong phéap
lap hién cai bién ¢ dang
r
x1 € C la mot phan tir bat ky,
Yn=(1— )‘n:u>$n + An,uf(xn)a (2.8)

KInJrl = (1 - 772)5511 + Ty, n =1,

trong do, cac tham s6 {\,} C (0,1), {7} C (o, B), véi o, 8 € (0,1) va
(xl € C la mot phan t1t bat ky,

Yn = (1 = Bn)an + 120, (2.9)
| o1 = (1= )2 + l(1 = Anp)yn + Anpef (yn)];

trong do {B,} C («, B).

7\
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Dinh 1y 2.2 Cho C la mot tap con loi, déng, khdc rong trong khong
gian Hilbert thuc H, f : C — C la anh xa co vdi hé so co & € [0,1),
T la dnh za khong gian trén C sao cho F(T) # 0. Gid si
p e (0,2(1 —a)/(1 + ~) ), {\n} C (0,1) théa man cac dieu kién
(L1) hm An =0, (L2) Z Ap =00 (xzem Dinh ly 1.1) va {v,} C (o, B)
vdi o, € (0,1). Khi do day {x,} xdc dinh boi (2.8) hoi tu manh tdi
phan ti duy nhat p* € F(T), dong thoi p* la nghiém duy nhat cia bat
dang thic bién phan
(L= )P, p"—p) <0, Vp € F(T).

Tuong tu, néu {B,} C (a, B) théa man diéu kién |Bni1 — Bul — 0 khi

n — oo, thi day {x,} xdc dinh bdi (2.9) hoi tu manh vé p*.

Chatng minh. Gia st p* 1a nghiem duy nhat ctia bat dang thiic bién phan
(I =)@, p"—p) <0, Vpe F(T), (2.10)

hay p* = Py f(p*)-

Trude hét, xét phuong phéap lap (2.8). Ta ching minh day {z,} bi
chan. That vay, tu (2.8) véi p € F(T) van > 1 ta co
[@ns1 —pll = | (1 = v0) @ + % Tyn — Pl

< (1 =y )llzn = pll + Yullyn — pll

(L = vu)llzn = pll +ll(I = Aup D)z, — p|
(1 =y )llzn = pll + 3l(1 = A7) |20 — pll + Xap | D(P)]]
(1 =Tl = Pl + 3 A0 | D)

IA

Dt M, = max{||z; — p||, §||D(p)|]}. Khi d6 ||z1 — p|| < M,. Vay néu
|zn — p|| < M, thi

||5Cn+1 - pH < (1 - ’Yn)‘nT)Mp + VAT My = M.

Dicu nay ching t6 day {x,} bi chan va do d6 cac day {D(z,)}, {y.} va
day {Ty,} cung bi chan.
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Ta gia thiet max{||D(x)|, lyall, |Tyall} < My, v6i My 1a hang s6
duong.

Dat z, = Ty,. T (2.8) ta c6 xy11 = (1 — V) Tp + Ynzn VA

||zn+1 — Zn” S ||yn—|—1 - yn”
= [[({ = Mgt D) i1 — (I — AppeD) ||
< ||33n+1 - mn” + O‘n—kl + An)ﬂMl'

Vi A\, — 0, nén

lim sSup ||Zn+1 - Zn” - ||xn+1 - xn” < 0.
n—00

Theo Bo dé 1.4, ||, — z,]] = 0 khi n — oo va do d6 ||y, — x,|| — 0, vi
Nyn—2n|| < NopuMy va X, — 0. Suy ra ||yn—Ty,|| — O, ||xn—Tx,| — 0.
Tiép theo ta chiing minh
limsup (D(p*),p" — zn) < 0. (2.11)
n—oo
That vay, gid st {,, } 1a day con ctia day {,} hoi tu yéu téi p sao cho

lim sup (D(p"), p*

n—oo
Khi do, tit ||z, — Tixy,|| = 0 va Bo dé 1.1, suy ra p € F(T'). Do do, tir
(2.10), ta suy ra (2.11).

- $n> = ]lirgo <D(p*)ap* - xnj> .

Cudi ciing ta c6 danh gia

1 (1 =) 0 + 3Ty — p*|I?

< (1 =)@ — P11 + llyn — P71

= (1 = ) ll2n — P*|I° + Wl (I — AupD)n, — p*|>

= (1 —ya) [0 — p*[|°
+ 3l (I = XpD) (@ — p*) = A D (%) ||?

< (=)l = P11 + {1 = A7) 20 — P71
— 22X, (D(p*), 2 — p* — AupD ()}

< (1 = A7)z — p*|1?

2 2012
+ VAT [7M (D(p*), p* — an) + An%HD(P*)

|21 = 7|

M.
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Ap dung Bb dé 1.5 v6i ap, = ||zn — p*||, by = YaAaT va

Cn = — (D(p )7p - CUn> + )\nTHD(p ) My,

|Tn — ynll = 0, Ay — 0 va (2.11) ta thu dugce ||z, — p*|| — 0.
Su hoi tu manh cia phuong phap (2.9) duge ching minh tuong t.
Trge hét, ta c6 max{| D), Il [T2all} < My
Dat z, = (I — A\ypuD) yp, ta co
1zn41 = 2Znll = (| (I = AnsaptD) g — (I = ApeD) |
< [yn+1 = yull + My (A1 + An)
= [|(1 = Bur1)ns1 + BuraTrp — [(1 = Ba)wn + BT,
+ Mi(Ant1 + An)p
< [zns1 — 2l + 2M1 [Busr — Bal + My (Angr + An) .

Vi A, = 0va |Bhe1 — Ba] — 0, nén

limsup || zp11 — 2n|| = |21 — 20| < 0.
n—o0

Theo Bo dé 1.4 ||z, — 2, || — 0khin — oo, hay ||z, — (I — A\upD) y|| —
0.
Tir danh gid ||z, — ynll < llzn — (I = AapD)yull + AoppMy va Ay — 0
suy ra ||z, — yn|| — 0.

Tiép theo, ta chira ||z, — Tz,|| — 0. Gid st {z;} la day con cla day
{@n}, {2, } 1a day con cta day {z;} sao cho

limsup ||z, — Tx,|| = lim [|z; — Tz,
n—00 =00

i sup |2, — pl| = lim |12, — ]
[—o00 J—0

Tu danh gia
|20, = pll < ll@n; — 20, + (L = Ayt D)yn; — pl|
< lzn; = 2o, [l + (1 = A7) lyn; — 2l + A, 1| D(D) |
< Nan, = 2, | 4 lyn, — 2ll + X, 1l D(0) |
< N, = 2n, || + |20, — pIl + A, | D (D),
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suy Ta
i o, — pll = lim 1, — oIl 212
j—00 j—00

Theo Ménh de 1.1

yn, = DI = (1 = B0, = plI* + Bu, | T, — plI?
~ (1= Buy) By llwn; — T, |I?
< (1= Boy)lwn, — pII° + Bu,llzn, — pII”
— (1= B;) B, llwn, — T, ||
= ||n, — 2> = (1 = Bn,) Bu,ll#n; — Tan,|>.

Két hop véi gia thiét, ta nhan duge

o (1= B) l|@n, = T, |I* < llwn, — 2 = llym, — 2lI*

Dieu nay cting véi (2.12) kéo theo ||z, — Tz, || — 0 khi j — co. Qua
trinh chitng minh tiép theo duge thuc hién tuong tir nhu chiing minh ciia
truong hgp phuong phap (2.8). Dinh Iy duge chiing minh. O

2.2. Phuong phap lap Mann - Halpern cai bién

Gan day Nguyén Buong (xem [10], [11] va [12]) da thay cac tap 10i,
dong C, va @), trong phuong phap lai ghép trong qui hoach toan hoc,
duoc deé xuat lan dau tién bdi cac tac gid Solodov M. V., Svaiter B. F.
trong tai liéu [32], bang cac nia khong gian. Mot cach tuong tu, ching
toi dua vao mot s6 phuong phap liap méi trén co s6 phuong phap lap
Mann-Halpern dé tim diém bat dong ctia anh xa khong gian trong khong
gian Hilbert thue H. Cu thé hon ching toi da dé xuat phuong phap lap
méi dudi day.

)
xo € H 1a mot phan tit bat ky,

2n = anPo(z,) + (1 — o) PeT Po(x,), (2.13)
\yn - 6715[;0 + (1 — BH)PCTZTM

7\
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p

Hy={2€ H: |lyp — z[]> < ||lza — 2|
+Bn(llzoll* + 2{an — 0, 2))},
W,={z€ H :{r,—z 10— ) >0},

7\

| Tnt+1 = Py, w,(z0), n>0.

Ta c6 dinh 1y sau.

Dinh 1y 2.3 Cho C la tdp con loi, déng, khdc rong cia khong gian
Hilbert thuec H va T : C — H la dnh xa khong gian vdi F(T) # 0. Gia
stt {an} va {B,} la cac day so trong [0,1] sao cho o, — 1 va 3, — 0.
Khi do, day {x,},{yn} va {z,} xdc dinh bdi (2.13) hoi tu manh toi
ug = Ppr)(x0), khin — oo.

Chiing minh. Trudc hét, cha ¥ rang
lyn = 201* <l = 201 + Balllwoll® + 2z — 20, 2)),

tuong duong voi

1
<(1 - Bn)xn + 5711’0 — Yn, Z> < <$n — Yn, xn> — §||yn - xn”z + 7”370“2

Vi vay, H, la nta khong gian. R6 rang F(T1) = F(T1Pc) == {p €
H : T1Po(p) = p} v6i moi anh xa T} tit C vao C. Theo Bo dé 1.2,
F(PT) = F(T) va do d6 F(T) = F(PoTPe). Do do, tir tinh 16 cita
|.]|> va tinh khong gidn ctia P, v6i bat ki p € F(T), tic la
p = PcTPa(p) ta thu duge:

|zn = plI* = llon Pe(@n) — p + (1 = an) PoT Po(x,)|)?
= |low(Pe(zn) — Po(p))
+ (1 — a,)[PcTPo(x,) — PoTPe(p)]|®
< ayl|z, — pl|

+ (1= o) || Po(xn) — Po(p)|?
< ||an — p*
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Bing lap luan tuong tu va Bo dé 1.1 véix = 29 — p va y = x,, — D, ta
thu duge:

lyn — pII” = || Bazo + (1 = Ba) PeT 2, — pl|?
< Buallzo — plI> + (1 = Bu)llPeT 20 — PoTpl?
< Bullwo — plI” + (1 = Bu)llzn — pII
< Bullwo — plI* + (1 = Bu)llz — plI?
= |Jan = plI*> + Bulllzo — plI* = 20 — pII?)
= [|an = plI” + Bulllzoll” + 2{xn — 20, ).

+
+
(
(
Do d6, p € H,, v6i moi n > 0. Diéu do ¢6 nghia la F(T) C H,, v6i moi
n > 0.

Tiép theo, ta chi ra F(T) C H, N W,, véi mdi n > 0 bang qui nap.
Véin =0, taco Wy = H dodo F(T) C HynWy. Gia st z; da biét va

F(T) Cc H;NW; v6i i > 0. Ton tai duy nhat phan tt x;11 € H; N W;

sao cho ;11 = Py,nw, (o). Do d6, theo Ménh dé 1.3 ta co:

(Tig1 — 20, p — Tiy1) > 0,

véi moi p € H;NW;. Vi F(T) C H;NW; nén F(T) C W;y1. Vay, ta ¢
F(T) C Hiy1 N Wiy,

Hon ntta vi F(T) 1a tap con 1oi, dong, khac rong cia H nén ton
tai duy nhat phan ti wy € F(T) sao cho ug = Pp)(x). Tir

Tp+1 = Pg aw, (20), ta nhan duge
201 = 2ol < [|z — o],
véi moi z € H, "N W,,. Viug € F(T) C W,, nén
201 = zol| < [lug — xoll, n = 0. (2.14)

Dieu nay kéo theo day {x,} bi chan. Do d6, cac day { PoT Po(xn)}, {20}
va {T'z,} cung bi chan.
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Tiép theo, ta chi ra
nll_)IIolo |Tns1 — xn]| = 0. (2.15)

Tu dinh nghia cia W, va Meénh de 1.3, suy ra z, = Py (x9). Do

Tni1 € H, NW,,, nén ta co:
||:En+1 - IOH > Hxn - 370”7 n > 0.

Do d6 {||x,—xol|} 1a khong giam, bi chan. Vay, ton tai lim ||z, —x¢| = c.
n—oo
Mat khac, do z,41 € Wy, nén (x,, — xg, Tpe1 — x,) > 0. T do, suy ra

|z = znal® = llzn — 20 = (@s1 — o) I

= [0 — xoll> — 2(xn — 20, Tnr1 — o) + |01 — zo)?

< Hxn+1 - 330”2 - ”mn - IOH27 Vn > 0.

Do vay (2.15) dugc suy ra tit bat dang thic trén va lim ||z, — 29| = c.

n—0o0

Bé6i vi o, — 1 va céac day {z,,}, { PcT Po(x,)} bi chan, ti (2.13) ta ¢
Tim |2 — Pl = lim (1= )| Po(an) — PeT Po(ay)| = 0
(2.16)

Mat khac, vi x,,.1 € H, nén

lyn = znrall® < llwn — 2 + Balllzoll + 2z — 20, ar1))-
Do do, tit (2.15) va tinh bi chan ctia day {z,}, 8, — 0 v bat dang thic

trén ta nhan ducgce

lim ||y, — 41| = 0. (2.17)

n—0o0
Diéu nay cting véi (2.15) kéo theo
Tim |y, — x| = 0. (2.18)

Ta ¢ PoTz, = yp — Bu(xn — PoTz,) + Bun(xn — 20), nén

||33n - PCTZnH < ||513n - yn” + Bonn — PCTZnH + 5nH33n - 330”-
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Tit (2.14) va bat dang thtic trén, suy ra

1

Do B, = 0 (B, <1-73, B€(0,1)), (2.18) va bat dang thiic trén, ta
thu duge

Hxn - PCTZn” <

lim ||z, — PcTz,| = 0. (2.19)
n—oo
Ta lai ¢c6 PoT'z, = PoPoTz, va do do:

lzn = PeTzul| < |20 = Po(zn)|| + [[Po(@n) — PoPo(T2)||
< lzn = Felzn)|| + [|zn — PeT20]-

Vi vay tir (2.16), (2.19) va bat dang thiic trén, suy ra

lim ||z, — PcTz,| = 0. (2.20)

n—oo
Vi day {x,} bi chan nén ton tai mot day con {x,, } cta {x,} hoi tu yéu
t6i mot phan tit p € H khi j — oo. Tir (2.19), (2.20), ta ¢6 {2,,} hoi tu
yeu t6i p va do {z,} € C nén p € C. Theo Bo dé 1.1 va (2.20), suy ra
pe€ F(P:T)=F(T).

T (2.14) va tinh nita lien tuc dudi yéu ctia chuan ta co

2o — uol| < ||lzo — p|

< liminf ||zg — 2, ||
j—o0

< hm sup ||£L‘0 - anH

J]—00
< [[zo — wol-
Do vay, ta nhan duge lim ||zg — 2y, || = [|20 — uo|| = ||zo — pl|. Dieu nay
j—0o0

cung véi cha y 1.1, kéo theo xp, — p = ug. Do tinh duy nhat ctia hinh
chiéu ug = Pp(r)(@0), nén ta 6 x, — up. Tl (2.18), (2.19), (2.20), ta
thu duge y, — ug va z, — ug. Dinh 1y duge chiing minh. O

Ta c6 cac hé qua sau.
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Hé qua 2.1 Cho C la tap con loi, déng, khdc mong cia khong gian
Hilbert thue H va T : C — H la dnh za khong gian vdi F(T) # 0.
Gid st {3,} la day so trong [0,1] théa man B, — 0. Khi dé, day {x,}
va {yn}, zdc dinh bdi

y

xo € H la mot phan ti bat ky,

Yn = Bnzo + (1 — Bn) PcT Po(xy),

\ Hy={2 € H:|lyn — 2)* < [z — 2> + Bulllzol” + 2(2n — 20, 2)) },
W,={z€ H:{(x,—zx0—x,) >0},

| Tnt1 = Py, cw,(z0), n >0,
hoi tu manh tdi ug = Pr(ry(70), khin — oo.

Chitng minh. Diat o, = 1 trong dinh 1y 2.3 ta dugc dieu phai chiing
minh. O

Hé qua 2.2 Cho C la tap con loi, déng, khdc rong cia khong gian
Hilbert thue H va T : C — H la dnh za khong gian vdi F(T) # 0.
Gid st {ay,} la mot day so trong [0,1] théa man o, — 1. Khi dé, day
{z,} va {yn}, xdc dinh boi

;

xo € H la mot phan ti bat ky,

Yn = PoT(a,Po(x,) + (1 — o) PeT Po(xy)),
Hy={z€ H: [lyp — 2[| <l — 2|},
Wy,={z¢€ H:{(r,—z,x0—x,) >0},

7\

| T+l = P, cw,(20), n >0,
hoi tu manh tdi ug = Ppry(v0), khin — oo.

Chitng minh. Trong dinh 1y 2.3, chon 3, = 0, ta nhan dugce dicu phai
chting minh. O
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2.3. Phuong phap dang dudng déc lai ghép thu hep cho anh

xa khong gian

Trong Muc nay, ching to6i gi6i thiéu mot phuong phap lap méi trén co
s phuong phap lai ghép trong qui hoach toan hoc va phuong phap dang
duong doc lai ghép dé tim diém bat dong ciia anh xa khong gian trong
khong gian Hilbert thye H. Cu the, day lap {x,} duge xac dinh nhu sau:

,

ro € H = H,

n =Ty — pn(l —TEF Ln,
)Y fin c) (2.91)

Hy,1 = {Z € H,: Hyn - Z” < ||37n - ZH}v

| Tnt1 = Py, . (x9), n>0.
Ta c6 dinh 1y dudi day.

Dinh 1y 2.4 Cho C la tap con 101, déng ciia khong gian Hilbert thuc
H va cho T la dnh za khong gian trén C sao cho F(T) # (). Gid st
{pn} la mot day trong (a,1) vdi a € (0,1). Khi do day {z,} va {y.},
zac dinh bdi (2.21), cung hoi tu manh tdi uy = Ppr)(z0), khi n — oo.

Chitng minh. Trude hét, cha y rang ||y, — 2| < ||z, — z]|| tuong duong
VOl
1 2
<yn — Tp, Tn — Z> < _§Hyn - an .
Nhu vay, H, la mot nita khong gian. Ta chi ra F(T) C H,, v6i moi n > 0.
Ro rang F(T) = F(TP¢) :={p € H : TPo(p) = p} v6i mdi anh xa T
tit C' vao C. Do vay, véi moi p € F(T) ta co:
|y — pll = [[(1 = pn)zn + pnT Po(x,) — pl|
= [[(1 = pn)(xr, — p) + pn(T Poxn, — T Fep)|
< (1 = p)ll@n = pll + pinllzn — pl|
= [lzn —pll
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Do d6, p € H, v6i moi n > 0. Diéu nay ching t6 F(T) C H, v6i moi
n > 0.

Vi F(T) la tap con 161, déng, khac rong clia H, nén ton tai duy nhat
phan tit ug € F(T) sao cho ug = Pp(r)(xo). Tit 2py1 = Pp, ., (z0), suy

ra
121 = woll < [z = ol

véi moi z € Hy,yq. Dac biét, vi ug € F(T) C H, 41, nén

|Tnt1 — xo|| < ||ug — xof|, Yn > 0. (2.22)
Bay gio, ta chi ra
lim ||z 4m — xs|| =0, (2.23)
n—o0

véi moi s6 nguyén m > 0. That vay, tu dinh nghia ctia H,.1, ta c6
Hn+1 g Hn va

|2 — 2ol < [[Tnt1 — o], Yn = 0.

Suy ra ton tai lim ||z, — x| = ¢ Tiép theo, tt Menh dé 1.1,

n—oo
Tnem € Hy, va x, = Py (x), ta nhan duge

<$n — X0y LTntm — $n> Z 0.

Do do:

|2 nm = 2all® = 1@nsm = 20l* = lzn — 20l* — 2(z0 — 20, Tam — )
< [[@nim — @ol* = llzn — @ol|*.

Danh gia trén cung véi 1}1_{1(’)10 |z — ol = ¢, suy ra (2.23). Vay, {z,} la

day Cauchy. Gia st x,, — p € H. Mat khac, tir (2.23) va bat dang thiic
1
|ty — T Pox,|| = —Hyn — an
Hn

< o (lyn = zwsml |4 |zm = @a]])

o |-

S _Hxn—i—m — In

Y

S|
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ta nhan duogc
lim ||z, — T Pex,| = 0.
n—oo

Suy ra p = TPo(p), hay p € F(T). Tt (2.22) va Ménh dé 1.1 ta suy ra
p = ug. Sy hoi tu manh cta day {y,} vé ug duge suy ra ti

lim ||y, — x,|| = lim p,||z, — TPoxy,| =0,
n—0o0 n—0o0
va T, — ug. Dinh 1y duge ching minh. O

2.4. Diém bt dong chung cho hai 4nh xa khéng gian trén
hai tap

Chung t6i dua vao phuong phap lap méi trén co s6 phuong phap lai
ghép trong qui hoach toan hoc, phuong phap lap Mann - Halpern dé tim
mot diem bat dong ctia hai anh xa khong gian trén hai tap trong khong
gian Hilbert thuc H.

Gia su C1, Cs, 1a hai tap con 161, dong trong H va Ty : C1 — Cf,
Ty : Cy — (5 la anh xa khong gian. Ta xét bai toan: Tim

peF = F(Tl) N F(Tg), (224)

gia thiét rang F' khong rong.
Mot s6 truong hop déc biét cta (2.24) nhu sau:
(i) Néu Ty = Ty = I anh xa dong nhat trong H, (2.24) thi bai toan
trd thanh bai toan 1a tap chap nhan duge 101 da nghién cttu trong [8];
(ii) Néu C = Cy = C, thi bai todn (2.24) da dugc nghién citu trong
[19].
Dé gidi quyét bai toan (2.24) ching toi dé xuat phuong phéap lap méi
nhu sau:

xo € H 1a mot phan tit bat ky, (2.95)

Zp = Tp — Mn(xn — T1PC'1 (xn))7
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p

Yn = Bnzo + (1 = Bn) 2P, (2n),
Hy={z€ H:|lyn— 2> < [|zn — 2|
+Ba(llzoll* + 2{zn — 0, 2))},
W,=4{2¢€ H:{(x,— 2,19 — z,) >0},

7\

| Tni1 = Pr,ow, (o), n=0.

Ta c6 dinh Iy sau.

Dinh 1y 2.5 Cho Cy va Cy la hai tap con loi, déng, khdc rong ciia
khong gian Hilbert thuc H wva Ty,T la hai anh xa khong gian trén
C1 va Cy, sao cho F := F(Ty) N F(Ty) # 0. Gia s@ {u,} va {6,} la
cic day so trong [0,1] sao cho u, € (a,b) vdi a,b € (0,1) va B, — 0.
Khi do, day {x,},{zn} va {yn}, zdc dinh bdi (2.25) hoi tu manh toi
uy = Pr(xg), khin — oo.

Chaing minh. Trude hét, cha v rang
lyn — 201* < Ml — 201 + Balllwoll® + 2z — 20, 2)),

tuong duong véi
(1= Bp)n + Bao — Yny 2) < Ty — Yn, Tn) —

Vi vay, H, la mot nia khong gian. Ta luon co

1 n
2 ol

Sl — 2l +

F(T)=F(TFc) :={p€ H :TPc(p) = p},
v6i moi anh xa T tit C vao C. Vivay F = F(TV)NF(Ty) 6 day Ty = T; Pe,,
va T;,1 = 1,2, 1a hai anh xa khong gian tréen H. T (2.25) va Ménh de
1.1, v6i moi p € F', ta co:
Iz = plI* = (1 = pn) (20 — p) + pn (L1220 — p)|I?
= (1= p)llzn = plI* + pol | Trns — pl|?
— (1 = pn) |z = Ty ||? (2.26)
< (1= )| — Pl + gl — plI?
— (1= pn) |0 — Ty ||?
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= [0 = I = (1= )l s — Than|* < [l — p||*.
Béang lap luan tuong ty, dong thoi két hop véi tinh 16i ctia chuan ||.[|?, ta
nhan dudgce:
lyn = plI* = l|Bnz0 + (1 = Bu)Toz0 — plI®
< Ballzo = plI> + (1 = B) | Tozn — Top|?
< Ballzo — plI* + (1 = Ba)llzn — pI?
< Ballzo — plI* + (1 = Bu)llzn — plI*
= ||lzn = plI* + Bu(llzo — pII* — |20 — pII*)
= [lzn = plI* + Balllzoll* + 2(zs — w0, ).
Do d6, p € H,, v6i moi n > 0. Diéu d6 ¢6 nghia la F(T) C H,, v6i moi
n > 0.

Tiép theo, ta chira F(T) C H,NW, v6i m6i n > 0 bang qui nap. Véi
n=0,taco Wy=H vadods F(T) C HynW,. Gia st x; da biét va
F(T) Cc H;NW; v6ii > 0. Ton tai duy nhat mot phan ti 2,1 € H;NW;
sao cho x;11 = Pg,nw, (o). Theo Ménh dé 1.3 ta c6

(Tit1 — @0, p — i) 2 0,
voi moi p € H;NW;. Vi F(T) € H;NW; nén F(T) C W;41. Vay
F(T) C Hiz1 N Wi

Vi F(T) 1a mot tap con 161, dong, khac rong ctia H nén ton tai duy nhat
phan tit ug € F(T) sao cho ug = Ppry(20). Tt 2ps1 = P, aw, (20), suy
ra

v — a0l < 1z — ol
voi moi z € H, N W,,. Dac biét, vi ug € F(T) C W, nén
[@nt1 = zol| < fluo — xoll, n = 0. (2.27)
Dicu nay kéo theo day {z,} bi chan.
Ta chi ra

nll_)IIolo |Tns1 — xn]| = 0. (2.28)
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T dinh nghia cia W, va tit Ménh dé 1.3 suy ra z, = Py, (o). Vi
Tpi1 € H, N W, nén

Hxn+1 - $0H > ”xn - xOH? n 2 0.

Do d6 {||x, — wol|} 1a khong giam va bi chan. Suy ra, ton tai gidi han

lim ||z, — zo|| = ¢. T 2,41 € W, suy ra
n—oo

<In — X0, Tnt+1 — $n> Z 07
va

lzn = T lI* = ll2n — @0 — (@41 — 20)|1”

— [l — o2 = 2020 — 20, 2ns1 — 70} + [Fuss — o]

< @ng1 — zo® = |wn — @0, ¥n > 0.

Do vay (2.28) dugc suy ra tit bat dang thic trén va lim ||z, — xo|| = c.

n—oo

Mat khac, vi z,,.1 € H,, nén

g = @nsall* < Nz — @asall® + Balllwoll + 2(z0 — @0, 20s1)).

Tir (2.28), tinh bi chan cta day {z,}, 8, — 0 va tit bat dang thiic tren,

suy ra
lim ||y, — xn41]|| = 0. (2.29)
n—o0
Dieu nay cung véi (2.28) kéo theo
lim ||y, — x| = 0. (2.30)
n—oo
Ta co TQZn = UYn — Bn(xn - TQZH) -+ ﬁn(xn - 370) va
Hxn - T2Zn” < ”xn — yn” + 5n||$n - T2Zn|| + ﬁn”xn - CL’OH

Tir (2.27) va bat dang thiic trén, suy ra

[z = Tozn|| < ([0 = yall + Bulluo = ol])-

1
1_611



41

Do B, = 0 (B, <1—Bvéi B e (0,1)), (2.30) va bat dang thiic trén, ta
nhan duge

lim ||z, — Thz,|| = 0. (2.31)

n—oo
Tiép theo, ta sé chi ra ||z, — Tix,|| = 0 va ||z, — Tox,|| — 0, khi
n — oo. That vay, ti tinh bi chin cia day {x,}, véi bat ky p € F va
day con {T1x,, — @, } cita {Tyz, — x,}, ton tai diy con {2, } C{zp}
sao cho

lim Hﬂfn] —p|| = lim sup ||x,, — p|| = a.
—00 k—o00

Tir (2.31), (2.26) va danh gid
|, = DIl < M20n; = Toza, || + ([ T2zn, — |
< @n, = Tazn,|| + l|lzn, — 2l
< |@n, = Tazn, || + llzn, — pll.
ta nhan duogc
fim |1z, — p| = lim |}z, — ]l = o 2.3
j—00 j—o0
T (2.26) va gia thiét u,, suy ra
a(1 =) Tz, = || < [z, = pll = |20, — DI,

dicu nay két hop véi (2.32), suy ra ||Tiz,, — @] — 0 va do do
| T, — x,|| = 0, khi n — oo. Hon nita, ta 6 cac danh gia
1 Tozy, — x|l < | Town — Tozal| + [ Tozn — 24|

. (2.33)
< ”xn - ZnH + ||T2Zn - xn”a

lim ||z, — 2p|| = Hm || Thx, — 2] = 0. (2.34)
n—oo n—00

Tu (2.31), (2.33), (2.34) va |Tiz, — x| — 0, ta nhan duogc
| Tz, — x| — 0. Vi diy {z,} bi chan, nén ton tai day con {z,}
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ctia {w,} hoi tu yéu dén phan tit p € H khi i — oco. Do d6, theo Bo dé
L1 va | Tve, — |, | Town — 2] — 0, taco p € F.
T (2.27) va tinh nita lien tuc dudi yéu ctia chuan ta suy ra
lz0 = uoll < llzo — p

< liminf ||zg — 2,,||
j—00

< lim sup ||zg — xn]||

j—00
< [[zo — wol-
Do vay, ta nhan duge lim ||zg — ;|| = |lzvo — wol| = ||zo — p||. Tu
j—o0

chi y 1.1, suy ra x,, — p = ug. Do tinh duy nhat ctia hinh chicu
uy = Ppry(z0), nén ta co x, — ug. T (2.30) va (2.34), ta thu dugc
Yn — Uy VA 2z, — Ug, tuong tng. Dinh 1y duge ching minh. O

Ta c6 cac hé qua sau.

Hé qua 2.3 Cho Cy, Cy, la hai tap con 103, déng, khdc rong ctia khong
gian Hilbert thuc H va Ty : C7 — C,T5 : Cy — Cy la hai anh za khong
gian véi F(Ty) N F(Ty) # 0. Gid st {u,} la day so trong [0,1] thda
man 0 < a < p, < b< 1. Khi do, day {x,} va {y,}, xdc dinh bdi

)
xo € H la mot phan ti bat ky,

Yn = TZPCQ(xn - ,un(xn - TlpCl(xn)))a
Hy,={z€ H : |lyn — 2| < || — 2]|},
W,={z¢€H:{(r,— z,x90— 1, >0},

7\

\xn—i—l — PHnﬂWn(x0)7 n 2 Oa

hoi tu manh tdi ug = Ppry(v0), khin — oo.

Chitng manh. Trong dinh 1y 2.5, chon 8, = 0 ta dudc diéu phai ching
minh. O

Hé qua 2.4 Cho C,Cy, la hai tap con 01, déng, khdc rong cia khong
gian Hilbert thuc H va C := C1NCy £ 0 . Gid st {pn} {6n} la hai



43

day so trong [0,1] théa man 3, — 0. Khi dé, day {z,} va {y,}, zdc
dinh bdi

(

xo € H la mot phan ti bat ky,

Zn = Ty — (20 — Foy(Tn)),

Yn = Bnwo + (1 = Bn) Py (2n),

Hy={z € H:|ly, — 2|* < lxn — 2|1 + Bulllzoll* + 2z — 20, 2))},
W,=4{2¢€ H:{(xv,—z,x0—x,) >0},

| Tnt1 = Pr,ow, (20), 1 2>0,
hoi tu manh tdi ug = Po(xg), khi n — oo.

Chiing minh. Trong dinh 1y 2.5, chon T} = T, = I ta nhan dugc dicu
phai chiing minh. O

2.5. Vi du tinh toan minh hoa

Duéi day, ta sé xét mot s6 vi du don gian nham minh hoa cho céac
phuong phéap lap duge gidi thiéu ¢ trén.
Trong toan bo luan an, cac chuong trinh thuce nghiem déu duge viét bang
ngon ngit MATLAB 704 va da thit nghiém chay trén may tinh HP Compaq
510, Core(TM) 2 Duo CPU. T5870 2.0 GHz., Ram 2GB.

Vi du 2.1 Xét anh xa T tit khong gian Ls[0, 1] vao chinh n6 duge xéc
dinh nhu sau:

(T(x))(u) = 3/0 usx(s)ds + 3u — 2, (2.35)

voi moi x € L]0, 1]. Khi d6, véi moi x,y € L]0, 1] ta co:

o) - 1) =3( [ K / us(a(s) - y(s))ds)

1/2
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< 3( / o / s / als) - y<s>>2ds)du) N

< [lz —yl.
Suy ra 1" la mot anh xa khong gian.
Xét anh xa f tit Lo[0, 1] vao chinh né duge xac dinh béi

(f(x))(u) = %a:(u), vii moi x € Ls[0, 1]. (2.36)

N —

Khi ay f 1a 4nh xa co véi hé s6 co o =

Dé thay bai toan bat dang thitc bién phan: Tim p* € F(T') sao cho

("= f),p—p") >0, ¥pe F(T), (2.37)

c6 nghiem duy nhat 1a p* = 3u — 2.

Ching toi, thuc hién thit nghiém s6 cho bai toan tim diém bat dong
ctia anh xa khong gian 7' bdi phuong phap lap an (2.1), (2.2). Tu (2.1)
ta xac dinh duge

T" =TTy = Ti[(1 = Ap)I + Mf]
Aepl Apl (2.38)
=(1-=8)1 - %)I + 6T((1 - %)])
Vi thé phuong trinh T'z(u) = z(u) tuong duong véi

(1—58)(1— %)x(u) + ﬁt(3/0 (1— %)usx(s)ds + 3u — 2) = z(u).

Hay ta c6

At At [
(1= (1= )= e =340 - ) [Cwsras

= 5¢(3u — 2).

Dé tim nghiém, ta xap xi tich phan trong (2.39) theo cong thitc hinh
thang bang cach chia doan [0, 1] thanh M doan con bang nhau véi do dai
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I . ' I
h = i bdi cac diem chia u; = ﬁ, (2 =0, M). Khi d6 phuong trinh
xap xi cua (2.39) 1a
Atpt At
1—(1-— 1———)I —36,(1 ——)B|X
(-(-m0-r-ssa- ey

= B,(3u” —(2,2,...,2))

trong do B = (b;;) la ma tran vuong ¢ M + 1 xac dinh bdi

(h )
%uiuo neu 7 = 0,
bij = o Uit néu j = M,
\ hu;u; trong cac truong hop khac,

va I 1a ma tran don vi ciing cap véi B.

X = (z(w), z(w),...,x(un))’ vaul = (ug, uq, ..., unr).

2
Chon By =B =10"% pn= = A = A = 107* v& tinh ma tran

A=(-0-p0-E)r-3s0 - L)

va tinh vé phai g = B(3ul — (2,2, ...,2)T). Khi d6 tit (2.40) ta tinh dugc
nghiem xap xi X = A~1g. V6i nghiém chinh xac p* = 3u — 2.

Két qua tinh toan ¢ bude lap thit 20 duge thé hién trong bang sau
Bang 2.1

Cac nit chia u; Nghiem xx X (u;) Nghiém cx p*(u;)

up = 0.00000000000000 | —1.666694444908047 | —2.00000000000000

up = 0.05000000000000 | —1.540906200737406 | —1.85000000000000

ug = 0.10000000000000 | —1.415117956566764 | —1.70000000000000

uz = 0.15000000000000 | —1.289329712396123 | —1.55000000000000

uy = 0.20000000000000 | —1.163541468225481 | —1.40000000000000

us = 0.25000000000000 | —1.037753224054840 | —1.25000000000000




ug = 0.30000000000000
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—0.911964979884199

—1.10000000000000

uy = 0.35000000000000

—0.786176735713558

—0.95000000000000

ug = 0.40000000000000

—0.660388491542917

—0.80000000000000

ug = 0.45000000000000

—0.534600247372275

—0.65000000000000

u1p = 0.50000000000000

—0.408812003201634

—0.50000000000000

u11 = 0.55000000000000

—0.283023759030993

—0.35000000000000

u12 = 0.60000000000000

—0.157235514860352

—0.20000000000000

u13 = 0.65000000000000

—0.031447270689710

—0.05000000000000

u14 = 0.70000000000000

0.094340973480931

0.10000000000000

u15 = 0.75000000000000

0.220129217651572

0.25000000000000

u16 = 0.80000000000000

0.345917461822214

0.40000000000000

uy7 = 0.85000000000000

0.471705705992855

0.55000000000000

u1g = 0.90000000000000

0.597493950163497

0.70000000000000

u19 = 0.95000000000000

0.723282194334137

0.85000000000000

ugp = 1.00000000000000

0.849070438504779

1.00000000000000

Tiép theo, ching toi ciing thuyc hién thit nghiém s6 cho phuong phap

lap hién (2.8). Trong truong hop nay ta co

AT A
yr = (1 — Agp)zy, + kg E ——-—%ﬁ)xk
Ak f !
5 V(3 [ wuswi(s)ds + 3u —2).
0

Tyr(u) = (1 — —

Ciing lam tuong tu nhu trén, ta co6 phuong trinh xap xi 1a

TV = (1 = ) BBX; + 1) = (Tunun). Tyu(an) - Tonln),

,2), Xk = (xk(uo),xk(ul), ,xk(uM))
(2.8)

6 day p = 3(ug, ug, ..., upr)— (2,2, ...
2 1
Chon p = g,’Yk: =5 A = A Vk > 1 va ap dung cong thtc lap

doi v6i xap x1 nay ta dugc

A
Xpi1 = (1 - vk)Xk + ”Yk:(l — %)(33)@: +p).
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Két qua tinh toan ¢ budc lap thit 20 duge thé hién trong bang sau

Bang 2.2

Cac nut chia wu;

Nghiem xx X (u;)

Nghiém cx p*(u;)

up = 0.0000000000000

—1.999998092651367

—2.0000000000000

up = 0.0500000000000

—1.848447062448525

—1.8500000000000

ug = 0.1000000000000

—1.696896032245682

—1.7000000000000

uz = 0.15000000000000

—1.545345002042839

—1.55000000000000

uyq = 0.20000000000000

—1.393793971839996

—1.40000000000000

us = 0.25000000000000

—1.242242941637154

—1.25000000000000

ug = 0.30000000000000

—1.090691911434311

—1.10000000000000

uy = 0.35000000000000

—0.939140881231469

—0.95000000000000

ug = 0.40000000000000

—0.787589851028625

—0.80000000000000

ug = 0.45000000000000

—0.636038820825783

—0.65000000000000

u1p = 0.50000000000000

—0.484487790622940

—0.50000000000000

up; = 0.55000000000000

—0.332936760420098

—0.35000000000000

u12 = 0.60000000000000

—0.181385730217255

—0.20000000000000

u13 = 0.65000000000000

—0.029834700014412

—0.05000000000000

u14 = 0.70000000000000

0.121716330188430

0.10000000000000

u15 = 0.75000000000000

0.273267360391273

0.25000000000000

u16 = 0.80000000000000

0.424818390594116

0.40000000000000

uy7 = 0.85000000000000

0.576369420796958

0.55000000000000

u1g = 0.90000000000000

0.727920450999801

0.70000000000000

u19 = 0.95000000000000

0.879471481202644

0.85000000000000

ugp = 1.00000000000000

1.031022511405487

1.00000000000000

Cling v6i bai toan da xét 6 trén, xét phuong phéap lap hién (2.9). Ta c¢6

yr = (1 — Bp)xx + BrTxp nén bang phuong phép tuong tu ta c6 phuong

trinh xap xi 1a

Yi = (1= By) Xy + B(3BX) + p),




trong do

Vi = (yr(uo), yr(u), ..

va p = 3(ug, U, ..., Ups) —

Chon p = ,@c—%

s yk(uar))
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. 2).

T X, = (xp(up), xp(u), ...,

i (unr))”

)\k = T v6i moi k > 1, ap dung cong thic

lap (2.9) cho xap x1 nay ta duge

Xpr1 =

(1 — i) Xk + i (

2

A
L e

)Yi.

Két qua tinh toan ¢ bude lap thit 50 duge trinh bay trong bang dudi

Bang 2.3

Cac nut chia wu;

Nghiem xx X (u;)

Nghiém cx p*(u;)

up = 0.0000000000000

—1.982945017736413

—2.0000000000000

up = 0.0500000000000

—1.832285258509282

—1.8500000000000

ug = 0.1000000000000

—1.681625499282151

—1.7000000000000

us = 0.15000000000000

—1.530965740055019

—1.55000000000000

ug = 0.20000000000000

—1.380305980827888

—1.40000000000000

us = 0.25000000000000

—1.229646221600757

—1.25000000000000

ug = 0.30000000000000

—1.078986462373626

—1.10000000000000

uy = 0.35000000000000

—0.928326703146494

—0.95000000000000

ug = 0.40000000000000

—0.777666943919363

—0.80000000000000

ug = 0.45000000000000

—0.627007184692231

—0.65000000000000

u1p = 0.50000000000000

—0.476347425465100

—0.50000000000000

up; = 0.55000000000000

—0.325687666237969

—0.35000000000000

u12 = 0.60000000000000

—0.175027907010838

—0.20000000000000

u13 = 0.65000000000000

—0.024368147783706

—0.05000000000000

u14 = 0.70000000000000

0.126291611443425

0.10000000000000

u15 = 0.75000000000000

0.276951370670556

0.25000000000000

u1e = 0.80000000000000

0.427611129897688

0.40000000000000

uy7 = 0.85000000000000

0.578270889124819

0.55000000000000
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u1g = 0.90000000000000 | 0.728930648351950 | 0.70000000000000

u1g9 = 0.95000000000000 | 0.879590407579081 | 0.85000000000000

ugp = 1.00000000000000 | 0.849070438504779 | 1.00000000000000

Vi du 2.2 Trong khong gian R?, xét hai hinh tron S; va Sy lan luct
duce cho bai
Sit (x—2)2+ (y—2)?

Sa: (x—4)+(y—2)°

IA

1

)

IA

4.

Xét bai toan tim mot phan tit *, sao cho z* € S = S; N 9.

Goi Ty va T5 lan luot 1a cac phép chiéu métric tit R? len S; va Sy va dat
T + T

7= %2 R ds, T 1a mot anh xa khong gian va F(T) = S. Nhu

2
vay, bai toan trén duge dua vé bai toan tim mot diem bat dong ciia anh

xa khong gian T'.

Hinh 2.1

Ta co

S1 6 tam I1 = (2,2) va ban kinh r = 1.
Sy ¢6 tam Iy = (4,2) va ban kinh ry = 2.
Tinh Tx,, = (Thz, + Tox,)/2, b6i

T néu d(x,, I) < ry,
Tlxn — rl(:cn —]1)

cu d(x,, 1) >
1 HCEn—Il||2 neu (xTH 1) Tl?



50

T néu d(x,, Ir) < ro,

Thx, = Tg(l’n — ]2)
e cu d L) >

2 H.’,Un . I2||2 neu (xTH 2) T27

va ta co
Hy={z € H: ||x, — 2| + Balllwoll® + 2(zn — 20, 2)) > [lyn — 2[I°}
={ze€ H: 208, — D, + 2y, — 26,70, 2)
> |[yal * = |zal* = Ballzal*}-
W,=4{z¢€ H:{xv,— z,x0—1x,) >0}
={z€H: (vy,x0—xn) > (2,00 — Tp)}
N SN 1 1
Lap lai qua trinh trén va chon oy, = 1 — ——, 8, = —, xg = (— O),
n—+1 n
tinh Tp+l1l = PHann (330)
Két qua tinh toan ¢ bude lap thtt 1000 trinh bay trong bang sau
Bang 2.4

Nghiém Nghiém xx x,, | Nghiém xx v, Nghiém xx z,
z! i R R - B % %

2.2500000 | 1.0317541 | 2.2332447 | 1.0319233 | 2.2396581 | 1.0343974 | 2.2332510 | 1.03192782

Vi du 2.3 Trong khong gian R?, xét hai tap hop C; va Cs lan lugt dugc
cho badi

Ci={(z,y) eR?: 0< z, y <1},

Co={(z,y) €ER?: 30 —2y>—1, o +4y > 2, 22 +y < 4}.
Goi Ty va Ty lan lugt 1a cac phép chiéu métric tit R? len C) va Cy. Khi
do, Ty, Ty 1a cac anh xa khong gian va F(11) = Cp, F(Ty) = Cs. Bai
toan tim mot phan ti 2* € C; N Cy dude dua vé bai toan tim mot diém
bat dong chung ciia hai anh xa khong gian 77 va 7.
Viéc tinh toan cac sieu phang H,,, W, va hinh chié¢u tuong tng clia zg

tréen H,, W, dugc lam tuong tu nhu vi du 2.2.
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1 1
ChQH Ty = (Oa 0)7 Bn =5 MUn= 5; tinh Lp4+1 = PHnﬂWn(xO)-
n

Két qua tinh toan ¢ budce lip thit 5000 duge trinh bay trong bang sau
Bang 2.5

Nghiém Tn Yn Zn,

.”L’l 1’2 CUl 5132 /y}z y?z Zl 22

n n n n

0.1176470 | 0.4705882 | 0.1153171 | 0.4612687 | 0.1176235 | 0.4704941 | 0.1153169 | 0.4612678

Vi du 2.4 Xét bai toan tim mot diéem chung cta hai duong tron dugdc
deé cap trong vi du 2.2, véi day lap {z,} dugce xac dinh bdi (2.21). Theo
phuong phap nay, ta co

Hyy = {2z € Hy - |Jzn = 2| 2 [lyn = 2|1}

1

1 )
Dat P =y, —x,, M = §(Hyn||2 — ||x,||?). Khi d6, tap H, 1 duge viét
lai 6 dang sau
Hyy={2z€H,:(P,z) >M}.
Dat
Wo=H, W,={2z€ H:(P,z) >M}, n>1.
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Khi do,
Hyo1 = WonWi..NW,, n>0.

9 1
0)7 :un -

Chon zy = (—

— va tinh
47

2

Lp+1 = PHn+1 ('TO) — PWUOWL..ﬂWn(xO)'

Nhu vay, dé xac dinh Py, ., (20), ta c6 thé sit dung phuong phap chiéu

xoay vong dang
uk+1 = PWk modn(uk>7 uo - xO’ k Z 07

hoac st dung phuong phap lap duéi day
_ Z?:l PWz(uk)

Uk+1 = n

, Up = Xy, k > 0. (2.41)

O day chiing toi sit dung phuong phap lap (2.41) dé xap xi Pg,,,(z0).
Két qua tinh toan ¢ bude lap thit 200 duge trinh bay bang sau
Bang 2.6

Nghiém

Iy

Yn

ZL'l

$2

X

1
n

X

2
n

Y

y2

2.2500000000

1.0317541634

2.2499871121

1.0317755681

2.2500564711

1.0317684570

Nhan xét 2.1 Qua cac két qua so ¢ trén, ta nhan thay néu s6 buée lap

cang 16n thi nghiém xap xi cang gan nghiém chinh xéc.

Két luan

Chuong nay, ching toi dua ra cai bién méi cho cac phuong phap lap
clia Moudafi A. va da thu dudc cac dinh 1y vé sy hoi tu manh cia céc
phuong phap lap (2.1), (2.2), (2.8), (2.9) véi cac diéu kién nhe hon so véi
két qua trude dé "Dinh 1y 2.1, Dinh 1y 2.2". Tiép theo, ching toi nghién
citu két hgp phuong phap lap Mann - Halpern va phuong phap lai ghép

trong qui hoach toan hoc, cho bai toan tim diém bat dong ctia mot anh



93

xa hay hai anh xa khong gian (2.13), (2.25) "Dinh 1y 2.3, Dinh 1y 2.5".
Cudi cung, ching toi thu duge syt hoi tu manh ctia phuong phap dang
duong doc lai ghép (2.21) "Dinh 1y 2.4". Mot diém noi bat ¢ cac két qua
thu duge trong cac "Dinh Iy 2.3, Dinh 1y 2.4" va "Dinh Iy 2.5" la cac tap
C,, va Q,, dugc thay bang cac nita khong gian. Muc cudi cling ctia chuong
nay, danh cho viéc trinh bay cac vi du s6 don gidan nham minh hoa cho

tinh ding dan cla cac két qua nghién citu dat dugc.
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Chuong 3

Phuong phap xap xi tim diém bat

dong cua nua nhém khong gian

MG rong cho bai toan tim diém bat dong clia nita nhém anh xa khong
gian {T'(t) : t > 0}, nam 2003, Nakajo K. va Takahashi W. da de xuat
phuong phéap (0.6), day {z,} hoi tu manh t6i uy = Pr(x). Nam 2008,
Saejung S. da xét qua trinh lip tuong ti ma khong can dung dén tich
phan Bochner. Khi d6 day {z,} xdc dinh bdi (0.8) hoi tu manh t6i diém
bat dong chung uy = Pr(zg) ctia ntta nhom anh xa khong gian.

Chuong nay gom 3 muc. Muc 3.1 dua ra dinh Iy hoi tu manh vé diem
bat dong chung ctia mot nia nhém khong gian, dua trén phuong phap
lap Mann - Halpern va phuong phap lai ghép trong qui hoach toan hoc.
Muc 3.2 dé cap dén mot s6 dinh 1y hoi tu manh cho bai toan tim diém bat
dong chung ctia hai nita nhom khong gian trén hai tap khac nhau. Muc
3.3 gidi thieu vi du s6 don gian nham minh hoa thém cho cac két qua 1y
thuyéet thu duge. Céc két qua chuong nay duge 1ay ti cée bai bao (1), (3),

(4) trong danh muc cac cong trinh da cong bo lien quan dén luan an.

3.1. Diém bit dong ctia mot nita nhém khéng gian

Gia st {T(t) : t > 0} la mot ntta nhom khong gian trén tap con khéc
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rong, 10i va dong C' ciia khong gian Hilbert thuc H voi F = Ny F(T(t)) #
0. Dé tim mot phan t p € F, dua trén cac phuong phap lap Mann -
Halpern va phuong phap lai ghép trong qui hoach toan hoc, chung toi dé
xuat mot phuong phap lap méi sau:

(

o € H 14 mot ph?m t bat ky,

2y = oznPC(:cn) fo s)Po(xy)ds,
Yn = Pnio + fO anS
VH,={:eH: ||yn e ||:cn ) 3)

‘|‘6n(||mOH2 —|—2<£Un _ZUO7Z>)}7
:{ZGH:<In_27$0_mn> ZO}’

| Tnt1 = Py, ow, (z9), n>0.

Ching t6i sé chi ra su hoi tu manh cta day {z,}, {y,} va {2,} xac dinh
béi (3.1) vé diem bat dong chung ctia nita nhém khong gian
{T(t) : t > 0} v6i mot s6 dieu kién thich hgp dit lén cdc tham s6
{an}, {Ba} va {t,}.

Truée hét, ta can bo de sau.

Bo dé 3.1 (xem [30]) Cho C la mot tap con loi, déng, bi chan khdc
rong cua khong gian Hilbert thuc H va {T(t) : t > 0} la nia nhom
khong gian trén C. Khi do, vdi moi h > 0 thi

1) (3 [ Tis) 1 [ o

Ta chiing minh dinh 1y sau.

lim sup sup =0.

t—oo yel

Dinh 1y 3.1 Cho C la tap con l0i, dong, khdc rong cia khong gian
Hilbert thuc H va {T(t) : t > 0} la nida nhom khong gian trén C' vdi
F =MoF(T(1)) # 0. Gid st {a,} va {B,} la cdc day so trong [0,1]
théa man o, — 1, B, — 0 va t, — +oo. Khi do, cic day {x,}, {z.}
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va {y,} xdc dinh bdi (3.1) cung hoi tu manh tdi ug = Pr(xg), khi
n — 0.

Ching minh. V6i moi p € F, ta ¢
p = Fo(p) = T(s)Po(p),

trong d6 s > 0. Do d6 tit (3.1) va tinh 16i ctia ||.||* ta nhan duge

120 = p|I* = ||on(Po(zn) — p)

1 2

+a-a)(+ [T Pets )

n

an(Fo(xn) — Fo(p))

1

T(s) Pean) — T<s>P0<p>|

< allzn = plI* + (1 = )| Pe(@n) — Po(p)|)”
< llza = pII>.

2
ds)

Bang lap luan tuong ty ciing nhan dugc

1 2

29
futao =)+ (1= 8 (1 [T (9205 )
I
< Bullan = plf + (1= )| = [Pz = T(s)plds
< Bulla = Bl + (1 = Bu)llen — p?
< Bulla = pl* + (1 = Bl — o

= [lzw = plI* + Bul
<l = plI* + Bal

\wn—mﬁz‘

2

2o — p|I” = ||z — p||*)
[20]|* + 2(z, — 70, D).

Suy ra, p € H,, véin > 0. Diéu do6 c6 nghia la F C H,, véi n > 0. Chiing
minh tuong ty nhu dinh 1y 2.3, ta nhan duge nhiing tinh chat sau:
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(i) F C H,N Wy,

|Zns1 — 20| < [|uo — xo||, w0 = Pr(x0),

v6i n > 0. Diéu nay kéo theo day {x,} bi chin va do do céac day

{ti /O tnT(s)PC(.rn)ds},{zn} v {% /0 tnT(s)zndS}

cling bi chan.
(1)
lim ||z,41 — 2, = 0.
—00
Tim ||z, — Po(@n)|| = 0.

lim ||yn — SCk+1H = 0.
n—oo

lim ||y, — x,|| = 0.

n—0o0
I
a:n——/ T(s)zpds||= lim
tn Jo

n—oo

lim
n—oo

I
Zn — —/ T(s)zpds
tn Jo

n

(3.2)

= 0.

(3.7)

Vi day {x,} bi chdn nén ton tai mot day con {x,, } cta {x,} hoi tu yéu

dén phan tit p € H khi j — oo. Tt (3.7), day con {z,,} ciing hoi tu yéu

téip e C.
Mat khéc do6i véi moi h > 0, ta co:

|T(h)zn —T(h) (% /Otn T(S)z”ds> H

n

IT(h)zn = zal| <

1

tn
+ —/ T(s)zpds — 2y
tn Jo

<2

I
—/ T(s)zpds — 2y
tn Jo

n

n HT(h) <% /0 ; T(s)znds)—% /O tnT(s)zndS .

+{[7(n) (% /0 "’ T(s)znds>—% /0 " () mds

(3.8)
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Dat Cyp ={z € C : ||z — w|| < 2||zo — upl|}. Do ug = Pr(xy) € C, nén
tur (3.1), (3.2) suy ra

oo = ol = ot Peten) ) + (1= an) [ [ 2 Potn)ds -]

n

= an[PC(iL’n) - PC’(UO)]

Do vay, Cp la tap con 101, déng, khac rong va bi chan. Dé thay
{T(t) : t > 0} la nita nhom khong gian tren Cy. Tt Bo dé 3.1 suy

ra
I 1 [
limHT(h) (—/ T(s)znds)——/ T(s)z,ds
n—00 tn Jo tn Jo

v6i moi b > 0 ¢6 dinh. Do do tir (3.7), (3.8) ta nhan dugc

=0,

lim ||T'(h)z, — 2| = 0,

n—00
v6i moi h > 0. Tt Bo dé 1.1 suy ra p € F(T'(h)) v6i moi h > 0. Diéu
nay co nghia la p € F. Tuong tit nhu ching minh ctia dinh 1y 2.3 va st
dung (3.2), (3.7), ching ta nhan duge day {z,}, {y.} va {z,} xac dinh
bdi (3.1) hoi tu manh t6i ug khi n — oo. Dinh Iy duge chiing minh. O

Ta c6 cac hé qua sau.

Hé qua 3.1 Cho C la tap con loi, déng, khdc rong cta khong gian
Hilbert thuc H va {T(t) : t > 0} la nida nhom khong gian trén C' vdi
F =N (T(t)) # 0. Gid st {B,} la mot day so trong [0,1] théa man
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Bn — 0. Khi do, cic day {x,} va {y,}, zdc dinh bdi

)
xo € H la mot phan ti bat ky,

Yn = Bnxo + (1 — Bn)i fot” T(s)Pc(xy,)ds,
 Ho = {2 € H: |lyn — 2|* < lJon — 2|” + Bulllzoll* + 2{wn — w0, 2)) },
W,={z€ H:{(x,—zm1x0—x,) >0},

[ Lntl = PHann(xo), n >0,
cung hoi tu manh toi ug = Pr(xg), khi n — oo,

Chitng minh. Trong dinh 1y 3.1, lay a,, = 1, ta nhan duge diéu phai
chiing minh. O

Hé qua 3.2 Cho C la tap con loi, déng, khdc rong ctia khong gian
Hilbert thuc H va {T(t) : t > 0} la nida nhom khong gian trén C' vdi
F = NisoF(T(t)) # 0. Gid st {a,} la day so trong [0,1] théa man
an, — 1. Khi do, cic day {x,} va {y,} xdc dinh boi

;

xo € H la mot phan t bat ky,

Yo = & J37 T(5) |enPol@,) + (1= an)i [37T(s) Polw,)ds| ds,

n

7\

Hy ={z € H: |lyn — z[| < [lon — 2]},
Wy={z€ H :{r,—zx0—x,) >0},

| T4l = Pr,cw,(20), n >0,
cung hoi tu manh toi ug = Pr(xg), khi n — oo.

Chitng minh. Trong dinh 1y 3.1, 1ay 3, = 0, ta nhan duge diéu phai ching
minh. O

Tiép theo ching toi dé cap dén mot cai tién ctia phuong phap dang
duong doc lai ghép cho bai toan tim mot phan tit p € F. Chinh xéac hon,
ching t6i xét phuong phap sau:
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(

ro € H= H,

Yn = T — pn(I — TpPo) (),

Hyp1 ={z € Hy : [lyn — 2|| < [lzn — 2[I},
| Tn+l = PHnH(i’fO), n =0

va
)

ro € H = H,

)Y fin (tn)Pc(zn)) (3.10)
Hyy={2¢€ Hy: |lyn — 2| < flwn — 2|},

| o1 = P, (x9), m>0.

Su hoi tu manh ctia phuong phap lap (3.9) duge cho béi dinh 1y dudi
day.

Dinh 1y 3.2 Cho C la tdp con loi, déng, khdc rong cia khong gian
Hilbert thuc H va {T(t) : t > 0} la nita nhom khong gian trén C' thoa
man F = MioF(T(t)) # 0. Gid st {u,} la day so trong (a,1] vdi
a € (0,1] va A\, — +oo. Khi do, cic day {z,} va {y,} zdc dinh bdi
(3.9), cung hoi tu manh tdi ug = Pr(xg), khin — oco.

Chiing minh. V6i moi p € F C C'| tut (3.9) va p = Pe(p) ta co:

iy — pll = H<1 ) (0 — ) + M(Ai /0 " T(s) P )ds —p) H

< (1= )l — pll

1

An
-wnEA(NWM%%T@R@WS

1 [
< (1= palllen =l + - |

xn—4ds=w%—pw

Vivay, p € H,. Do d6 F C H,, v6i moi n > 0. Tt chiing minh ctia dinh
Iy 2.4 ta thay day {x,} hoan toan xac dinh va hoi tu manh t6i phan ti



61

p e Hva
1 [
s — zoll < Jluo — 2oll, lim ||z, — _/ T(s) Pe(n)ds||= 0,
n—00 A Jo
(3.11)
trong do ug = Pr(xg).
Vi —/ s)Po(xy)ds € C,
va Po la anh xa khong gian, nén
1 [
‘ Po(xy,) — )\—/ T(s)Po(xy)ds
= ||Po(zn) Pc—/ s)Po(xy)ds
< — —/ s)Po(xy,)ds
Do vay, tur (3.11) ta nhan duge
1 [
lim || Po(z,) — —/ T(s)Pco(z,)ds||= 0. (3.12)
n—00 An 0

Diéu nay cung véi (3.11) va ,, — p kéo theo day {Pg(x,)} hoi tu vé p.
Do C' la tap dong, nén p € C.

Mat khac, véi moi h > 0 ta co:
| T'(h) Po(an) — Po(n)|

o o)

+ < (:cn)dS) —%n /OMT(S)PC(%)UZS
/e /0 T(s) Po(a,)ds — Po(a,)

An

(3.13)
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An
< 2| )\i/o T(s)Pe(xy)ds — Po(zy,)

n

+”nm(i[fT@vm%uﬁ—%[fTwﬁd%ws

n

Dat Cyp = {z € C: ||z — wl|| < 2||zo — uo||}-
Tu (3.11) va ug = Pr(xg) € C, suy ra

[P () = uoll = [[Po(xn) = Pe(uo)ll
< [Jzn — o
< [Jzn = wol[ 4 [0 — uoll

< 2|zg — |-

Vay, Cy 1a mot tap con 101, dong, khac rong va bi chan trong H. Dé thay
{T(t) : t > 0} la nita nhém khong gian tren Cy. Tt Bo dé 3.1, (3.13) va
Po(xy,) — p, tasuy ra p =T (h)p véi moi h > 0. Vay, p € F. Tu (3.11)
va p € F, tasuy ra p = ugy va vy, — ug khi n — oo. Dinh 1y dugc chiing
minh. O

Tiép theo, sy hoi tu manh ctia phuong phap lap (3.10) duge cho bdi
dinh 1y dudi day.

Dinh 1y 3.3 Cho C la tdp con loi, déng, khdc rong ciua khong gian
Hilbert thuc H va {T(t) : t > 0} la nida nhém khong gian trén C
sao cho F = Mo (T(t)) # 0. Gid s {u,} la day trong (a,1] vdi
a € (0,1] va {t,} la day so thuc duong théa man cic dieu kién
liminf¢, = 0, limsupt, > 0, va nli_{glo(tnﬂ —t,) = 0. Khi do, day

n—00 n—00

{z,} va {y,} zdc dinh boi (3.10), hoi tu manh téi vy = Pr(xg), khi

n — oQ.

Chiing mainh. Theo ching minh ctia dinh 1y 2.4 va dinh 1y 3.2 ta co:

s = 2ol < lluo = woll, Tl — Tt Pelaa)l| =0, (3.14)

lim || Pe(an) — T(ts)Pe(an)|| = 0, (3.15)

n—o0



63

va day {z,}, {Pc(x,)} hoi tu ve p € C.
Khong mat tinh tong quat, nhu trong [29],
Po(x,,) —T(t,,)Po(z,,
lim £, = lim 12¢@n) = T Pelen)ll _ oo o)

. J .
j—00 j—00 tn;

Bay gio ta chi ra p = T'(¢ )p véi moi t > 0 ¢6 dinh. Dé thay
[t—tn,

IPelan,) — TiH)pll < H (1) Pea)) — T((L+ Do) Pola,)

G R (S R )

t
t
(- )|
Do do6

| Pelen,) = T(0p] <

nj

+sup{[|T(s)p —pl : 0 < s <ty }.

Po(xy,) = T(ty,)Po(wy,)

yw%@w—m

T d6, két hop v6i (3.16) va tinh chat ctia nita nhom, ta nhan duge

lim || Po(a,,) — T(£)p|| = 0.

j—00
Vi vay, p € F. Do do, tit (3.14), ta ¢6 day {x,} hoi tu manh vé ug khi
n — oo. Sy hoi tu manh ctia day {y,} vé up duge suy ra tit (3.10), (3.14),
tn € (a, 1] va x, — ugp khi n — oo. Dinh Iy dugc ching minh. O

3.2. Diém bat dong ctia hai nita nhém khéng gian

Gia su Cp, Co hai tap con loi, déng trong H, {Ti(t) : t > 0},
{T5(t) : t > 0} la nita nhém khong gian tit Cy, Cy vao chinh n6. Van de
nghién cttu dat ra ¢ day la: Tim

q € Fir2:=F1NFy, (3.17)
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khi F; = Mo F (Ti(t)). (Fi1, Fa khong rong). Truong hop dac biét khi
C1 = Cy = C, van de (3.17) dugc giai quyet trong [44].
Chung toi dua vao phuong phap lap méi trén co sé phuong phap lap
Mann - Halpern dé tim diém bat dong chung ctia hai nita nhom khong

gian trong khong gian Hilbert thuc H.

Duya trén (3.17) ching t6i dua vao qua trinh lap méi nhu sau

(

xo € H 1a mot phan t1t bat ki,

2n = Tp — fin <xn — i fg” Tl(s)Pgl(xn)ds)

Yn = Bno + (1 - Bn)i f(;fn T2(S)PCQ(Zn)dS7

Hy={z € H: |lys— 2> < || — 2| (3.18)

+Bn(llzoll* + 2{an — 0, 2))},
W,={z€ H :{r,—z 10— 1) >0},

7\

| Tnt1 = Py ~w,(x0), n >0,

va chi ra sy hoi tu manh cua cac day {x,}, {y.} va {z,} xéc dinh béi
(3.18) dén diem q = uy € F .

Dinh 1y 3.4 Cho C, va Cy la hai tap con loi, déng va khdc rong ciia
khong gian Hilbert thuc H. Cho {T1(t) : t > 0} va {T5(¢t) : t > 0} la
hai nita nhém khong gian trén Cy va Co sao cho F = Fi N Fy # 0,
trong do F; = Mo F (Ti(t)),i = 1,2. Gia s {p,} va {B,} la cic day
trong [0,1] sao cho p, € (a,b) vdi a,b € (0,1), 8, = 0 va t, — 400,
Khi do, cac day {x,},{z.} va {y,} xdc dinh boi (3.18) cung hoi tu
manh tdi ug = Pr(xg), khin — oo.

Chiing minh. V6i moi p € F va s > 0 ta ¢
p=Pep="Ts)p, i =12

trong d6 Tj(s) = Tj(s)Pc,, do dé tir (3.18) va Menh dé 1.1 ta nhan dugc
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tn

oo =l = (1= e =)+ (1 CTi(s)rds )

_ H (= ) (n—p) + M(i /0 tn[ﬁ(s)xn — T1(3)p]ds)

tn

2

1 [ . -
= (1= )l — pl? + g - / Ty ()2 — Ti(s)pds

tn

1 [t ?
— (1 = pn) || — t_/ Ti(s)x,ds
0

n

2

1 [ -
< = I = (1= o)yt |0 — / Ty(5)2,ds

< llan — plI*.
(3.19)
Lap luan tuong tu va tit tinh 16i ctia chuan ||.||%, ta thay
1 [t . ’
I = 217 = | zo =)+ (1= 8 (- [ ls)ands =)
n Jo

2
< Bullzo _p”2 + (1= Bn)

l/On[fg(s)zn — Tz(s)p]ds

tn
L= Bu)llza —pl*
L= Bp)llan — plI*
lzo = plI* = 2w = pII)
o]l + 2{zn — @0, p))-

< Bullwo — pll* +
< Bullwo — plI* +
= |z = plI* + 5n
= |l = plI* + 5n
Do d6, p € H,, v6i n > 0. Dicu do ¢6 nghia la F C H,, véin > 0. Tuong

tu nhu chiing minh ctia dinh 1y 2.5 ta nhan dugc nhitng tinh chat sau:
(i) F C H,N Wy,

[#n41 = @ol| < [[uo — @ol|, uo = Pr(zo), (3.20)
v6i n > 0. Dieu nay kéo theo day {x,} bi chan.
(if)

h_)nolo |Tp1 — x| = 0. (3.21)
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Tim [y — e = 0. (322
7}1_{1010 Hyn - an = 0. (3'23)

Chu y
1 [t - 1 [t -
- Ty(8)znds = yn — B (xn — t_/ TQ(S)anS) +Bn(zn — x0)
n J0 n JO

ta co

1 [
Ty — —/ Ty(s)zpds
tn Jo

< ”3372 - yn”

1 [ -
Ty — —/ T5(s)znds
tn Jo

Tit (3.20) va bat dang thtic trén, suy ra

- — / T2 anS ﬁn

Do B, = 0 (B, <1— B véi B € (0,1)), (3.23) va bat dang thiic trén, ta

nhan duge
1 (-
Ty, — —/ Ts(s)zpds
tn Jo

Nhu trong chiing minh dinh 1y 2.5 bang cach st dung (3.24) ta co:

(wn—%u+@mw—xw)

7}1_{1@1@ = 0. (3.24)

lim — —/ s)rpds||=0, 1 =1,2, (3.25)
n—oo
va
nll_)IIolo |z — 2| = 0. (3.26)
Bai vi
1 [
—/ T;(s)xpds € C;, i = 1,2,
tn Jo
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= ||Pc,(xy) PC— / s)rpds

- — / s)xpds||,
do do tir (3.25) kéo theo

1 (™
Pe,(xy,) — t_/o T;(s)xpds

n

IA

lim
n—oo

=0, i=1,2 (3.27)

Vi day {z,} bi chdn nén ton tai mot day con {z,,} cta day {x,} hoi tu
yeu t6i mot phan tt ¢ € H khi j — oo. Tt (3.25), (3.27), ta nhan duge
uflj = Pc,(zn,) — q khi j — oo. C6 nghia la ¢ € Cy N Cy. Do vay, véi

moi h > 0, ta co:
) 1 [in )
i, - (- [ s
n J0

1 [t . 1 [t .
' ﬂ(h)(t— / n<s>u;ds)—; / T, (s)uds

1 [l . ,
+ —/ T:(s)u,ds — u,,
0

tn

1 [in . .
—/ T;(s)u,ds — ul,
tn Jo

1 [t . L[ -
+HT(h)(t— / n(s>u;ds)—t— | mispas|

(3.28)
Cho C(Z) = {Z eC;: HZ — uOH < 2||£L'0 — UOH} Bé6i vi ug = P}'(iL'o) e C;

nen

I TRyt — i < |

<2

lan, = woll = | Pe,(wn,) — Pe, (wo)ll < |2, — uoll < 2f|z0 — o]

Do vay, C¢ la mot tap con 10i, dong, khac rong, bi chan. Dé thay
{T(t) : t > 0} la nita nhom khong gidan tren C). Tu Bo dé 3.1, suy

ra
I : I :
Ti(h) (—/ T(s)u@ds)——/ T(s)u,ds||= 0,
tn Jo tn Jo

lim '
n—oo
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v6i moi b > 0 ¢ dinh, do d6 tir (3.27), (3.28) ta nhan dugc

lim [|T3(h)uy,, — up, || = 0,

Jj—00 J J
v6i moi h > 0. T B dé 1.1 suy ra g € F(T;(h)) véi moi b > 0. Diéu nay
c6 nghia la ¢ € F. Theo ching minh cta dinh 1y 2.5 va st dung (3.12),
(3.23), (3.26) ta nhan dugc day {x,}, {y,} va {z,} xac dinh béi (3.1) hoi
tu manh t6i ug khi n — oo. Dinh 1y dugc chiing minh. O

Ta co cac hé qua sau.

Hé qua 3.3 Cho C la tap con l0i, déng, khdc rong ctua khong gian
Hilbert thuc H va {T(t) : t > 0} la nida nhom khong gian trén C' vdi
F = NsoF(T(t)) # 0. Gid st {B,} la day so trong [0,1] théa man
Bn — 0. Khi do, cac day {x,} va {yn}, xdc dinh bdi

(

xo € H la mot phan ti bat ki,

Y = Buwo+ (L= Bu)E [y T(s)Po(xn)ds,

{ Ho={2 € H:lyn — 2)* < [z — 2|* + Bulllzol” + 2(2n — 20, 2)) },
W,={z2¢€H:(r,— z,x0— 2, >0},

| Tnp1 = Py, ow, (z0), n >0,
cung hoi tu manh toi ug = Pr(xg), khi n — oo.

Chitng minh. Trong dinh 1y 3.4, lay Ti(s) = [ véi moi s > 0,
Cy = H, Cy = C va Ty(s) = T(s), ta nhan duge dieu phai ching
minh. O

Hé qua 3.4 Cho C la tap con loi, déng, khdc rong cta khong gian
Hilbert thuc H va {T(t) : t > 0} la nida nhom khong gian trén C' vdi
F = Mo (T(t)) # 0. Gid st {a,} la day so trong [0,1] théa man
an, — 1. Khi do, cic day {x,} va {y,} xdc dinh boi
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r N Z
xo € H la mot phan ti bat ki,

= 76 (Peten) = e~ & 76 Poteas] s

(e H g2l < o =}
:{zEH:<l’n—Z,ﬂ3O_$n> 20}7

o\

| Tl = Py ~w,(x0), n >0,

cung hoi tu manh tdi ug = Pr(xg), khi n — oo.

Chitng minh. Trong dinh 1y 3.4, 1ay 8, =0,Co = H,C, = C,Ts(s) =1
va T1(s) = T'(s) v6i moi s > 0, ta nhan duge diéu phai chiing minh. O

3.3. Vi du tinh toan minh hoa

Vi du 3.1 Trong khong gian R2?, v6i mdi ¢t > 0, xét anh xa
T(t) : R? — R? duge xac dinh bdi

~ [cos(t) —sin(t)\ [x1
Tt)r = (sin(t) cos(t) ) <£I§’2> 7

v6i moi & = (21, 12) € R2,

Taco | T(t)x—T(t)y|| < |[z—yl|. Suy ra, T(t) la cac anh xa khong gian.
Ngoai ra, T'(0) = I va T(t +s) = T(t) o T(s), t,s > 0. Do do,
{T(t) : t > 0} 1a mot nita nhom khong gian trén R2,

Dé dang kiem tra duge F = Ny=oF(T(t)) = {(0,0)}.

Xét day lap (3.1) cho nita nhom khong gian trén C' = R. Trude hét ta
tinh tich phan fo t)xdt theo cong thitec Simpson nhu sau. Ta ¢o

tn . fon Cl(t)dt B a
/0 T(t)edt = ( o dt) _ (b)
trong do C1(t) = w1 cos(t) — xosin(t) va Co(t) = 1 sin(t) + x2 cos(t).

Chon zp = (-1,1), a,, = 1 — ETEE B = e t, = mm va tinh
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Tpi1 = P w, (z0), 6 day viec tinh cdc siéu phang H,, W, va hinh
chiéu clia x( trén cac siéu phang nay dude lam tuong tu nhu trong vi du
2.2.

Két qua tinh toan ¢ bude lap thit 500 duge trinh bay bang sau
Bang 3.1

Nghiém T Un Zn
1] .2 1 2 1 2 1 2
0 | 0 |-0.031259 | -0.031259 | -0.014563 | -0.014563 | -0.031230 | -0.031230

Ngoai ra, sy hoi tu cua cac day lap {z,}, {yn} va {z,} vé nghiem (0, 0)
con duge thé hién 16 nét hon qua hinh sau

1 1
0.5
0.5
w0 ~ 1y
“ 0
05 :
-1 : - 05 - -
i 200 400 BO0 0 2000 400 GO0
1
0.5
z 0O .P»mn_ﬁ_
05
-1 . :
0 200 400 GO0
Hinh 3.1

Tiép theo, ching toi ciing thuyc hién thit nghiém s6 cho bai toan trén
béi phuong phéap lap (3.9).

1 \ :
Gia tri T,,Po(z,) = - fot” T(t)x,dt duge tinh bang cong thitc Simpson

n
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giong nhu trén. Khi dé ta tinh duge y, = (1 — pn)zp + pnThPo(xy,) va

viec tinh H, 11, W, va Py, (2¢) dugc tinh tuong tu nhu trong vi du 2.4.

Chon xg = (—1,1), p, = 1 t, = nm.

Két qua tinh toan ¢ bude lap thit 50 duge trinh bay bang sau
Bang 3.2

Nghiém Ty Yn
1 2 1 2 1 2
0 0 —0.735 x 1073 | 0.445 x 1073 | 0.461 x 10~3 | —0.239 x 103

Két qua tinh toan sau 50 budc lip con duge thé hién 16 hon trong hinh
dudi day

1 0.5
05
0
|:| g
}{ _\_.lhh. I.I|II
/ 15
0.5 J -
L - - 1 - :
0 20 a0 B0 0 20 40 B0
Hinh 3.2

Vi du 3.2 Trong vi du nay, xét phuong phap lap (3.18) va giai bai toan
tim diém bat dong chung ctia hai ntta nhom khong gian {7},(¢)} véi ma

t) —si t
tran dugc cho bai: C?S(m ) —sin(m) ,m=1,2.
sin(mt) cos(mt)
1 1
Chon zo = (-1,1), w, = o B, = —, t, = nm va tinh
n

Tpi1 = Py o, (79), trong d6 viéc tinh cac sieu phang H,,, W, va hinh
chiéu ctia o trén cac sieu phang nay duge lam tuong tu nhu trong vi du
2.2.
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Két qua tinh toan ¢ bude lap thit 500 duge trinh bay bang sau

Bang 3.3
Nghiém T, YUn Zn
1] .2 1 2 1 2 1
x| x x, xs Yy (T 2
0 | 0 |-0.036923 | -0.037136 | -0.008730 | -0.008784 | -0.027451 | -0.027611

St hoi tu ctia phuong phéap lap vé diém bat dong chung ciia hai nita nhom

khong gian con dugc thé hien thong qua hinh dudi day

0.5
0.5

0.4

0 200 400 500 0 200 400

0.4

0.5

0 200 400 500
Hinh 3.3

BO0

Nhan xét 3.1 Qua cac bang két qua s6 ¢ trén ta co the thay rang néu

sO budce lap cang 16n thi nghiém xap xi cang gan nghiém chinh xac.

Két luan

Trong chuong nay, ching toi nghién citu két hop phuong phap lap

Mann - Halpern va phuong phap lai ghép trong qui hoach toan hoc, da
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cai bién cac phuong phap lap cua Nakajo K. va Takahashi W., chung toi
ciing dé xuat mot phuong phéap lap mdi (3.1) "Dinh 1y 3.1" va dya trén
cac két qua cia Seajung S., ching toi ciing dé xuat mot phuong phap lap
méi (3.9), (3.10) "Dinh ly 3.2, Dinh Iy 3.3", bang cach thay céc tap loi,
déng C,, va Q,, bang cac ntta khong gian, diéu nay giip ching ta cé theé
xac dinh z,, 41 dé dang hon. Ngoai ra, ching toi cling dé xuat mot phuong
phéap lap mdi (3.18), cho bai toan tim diém bat dong chung ctia hai nita
nhom khong gian "Dinh 1y 3.4". Cling giong nhu Chuong 2 ctia luan an,
muc cudi ciing cia chuong nay ching toi cting trinh bay mot vi du don

gian nham minh hoa thém cho cac két qua dat duoc.
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KET LUAN CHUNG VA DE XUAT

Luan an da dé cap dén cac van dé sau

1. Trong luan an ching toi cai tién phuong phap ctia Moudafi, nham
thu duge su hoi tu manh clia cac phuong phap lap an va lap hién véi cac
dieu kien "nhe hon" dat len cac tham s6. Nghién cttu sy két hop gitta
phuong phéap lap ctia Mann - Halpern va phuong phap lai ghép trong qui
hoach toan hoc dé tim diém bat dong ctia anh xa khong gian trén tap
16i, déng C hay diéem bat dong chung ciia hai anh xa khong gian trén hai
tap 1oi, déng, c6 giao khéc rong trong khong gian Hilbert thyc H. Chiing
minh st hoi tu manh ctia phuong phap dang duong doc lai ghép thu hep
ve diém bat dong ctia anh xa khong gian.

2. Nghién cttu su két hop gitta phuong phéap lap ctia Mann - Halpern
va phuong phap lai ghép trong qui hoach toan hoc dé tim diém bat dong
clia ntta nhom khong gian trén tap 16i, dong C' hay diém bat dong chung
clia hai nita nhém khong gian trén hai tap 101, dong, c¢é giao khac rong
trong khong gian Hilbert thiie H. Nghién cttu sy hoi tu manh ctia phuong
phap dang dusng doc lai ghép cho bai toan tim diem bat dong clia nia

nhom khong gian.
Nhitng van dé tiép tuc nghién ciitu

1. St dung cac két qua nhan duge trong luan an dé cac bai toan phic
tap hon;

2. M6 rong cac két qua trén lén khong gian Banach.
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