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Mé& dau

Ly thuyét diem bat dong trong cac khong gian métric da thuyc sy 16i cudn sy
quan tam nghién cttu ciia nhiéu nha toan hoc trong va ngoai nude trong hang
chuc nam qua. Diéu d6 khong chi vi 1y thuyét diem bat dong dong vai tro quan
trong trong toan hoc ma con vi nhing ting dung ctia né trong ly thuyét bat
dang thic bién phan, 1y thuyét toi uu, 1y thuyét xap xi, cac mo hinh toan hoc
va 1y thuyét kinh té. Nhicéu nha toan hoc tén tuoi nhu Brower E., Banach S.,
Bauschke H. H., Moudafi A., Xu H. K., Schauder J., Browder F. E., Ky Fan
K., Kirk W. A., Nguyén Buong, Pham Ky Anh, Lé Ding Muu, v.v ... da mo
rong cac két qua vé bai toan diém bat dong ciia anh xa co trong khong gian
httu han chicu cho bai toan diém bat dong clia anh xa lién tuc Lipschitz, anh
xa gia co, anh xa khong gian, v.v ... trong khong gian Hilbert, khong gian
Banach. Nhimg két qua mé rong nay khong chi dé cap dén su ton tai diém
bat dong ma con dé cap dén van dé xap xi diém bat dong ctia mot anh xa.
Gan day nhiing nghién ctu vé bai toan tim diém bat dong ctia 16p cac anh xa
khong gian da tré thanh mot trong nhiing huéng nghién ctiu hét stic soi dong
clia gidi tich phi tuyén. Mot s6 phuong phap xap xi diém bat dong kinh dién
phai ké dén 1a phuong phap lap Krasnosel’skii (1955), phuong phap lap Mann
(1953), phuong phap lip Halpern (1967), phuong phap lap Ishikawa (1974),
v.v .... Mot so6 nha nghién cttu trong nuéc ciing c6 nhing cong trinh thu vi
ve tim diém bat dong ctia anh xa khong gian va nita nhém khong gian trong
khong gian Hilbert va khong gian Banach nhu (Pham Ky Anh, Cao Van Chung
(2014) "Parallel Hybrid Methods for a Finite Family of Relatively Nonexpan-
sive Mappings", Numerical Functional Analysis and Optimization., 35, pp.
649-664; P.N. Anh (2012) "Strong convergence theorems for nonexpansive map-
pings and Ky Fan inequalities", J. Optim. Theory Appl., 154, pp. 303-320; P.N.
Anh, L.D. Muu (2014) "A hybrid subgradient algorithm for nonexpansive map-
pings and equilibrium problems", Optim. Lett., 8, pp. 727-738; Nguyen Thi Thu
Thuy: (2013) "A new hybrid method for variational inequality and fixed point
problems", Vietnam. J. Math., 41, pp. 353-366, (2014) "Hybrid Mann-Halpern
iteration methods for finding fixed points involving asymptotically nonexpan-
sive mappings and semigroups", Vietnam. J. Math., Volume 42, Issue 2, pp.
219-232, "An iterative method for equilibrium, variational inequality, and fixed
point problems for a nonexpansive semigroup in Hilbert spaces", Bull. Malays.
Math. Sci. Soc.,Volume 38, Issue 1, pp. 113-130, (2015) "A strongly strongly
convergent shrinking descent-like Halpern’s method for monotone variational
inequaliy and fixed point problems", Acta. Math. Vietnam., Volume 39, Issue
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3, pp. 379-391; Nguyen Thi Thu Thuy, Pham Thanh Hieu (2013) "Implicit It-
eration Methods for Variational Inequalities in Banach Spaces", Bull. Malays.
Math. Sci. Soc., (2) 36(4), pp. 917-926; Duong Viet Thong: (2011), "An im-
plicit iteration process for nonexpansive semigroups", Nonlinear Anal., 74, pp.
6116-6120, (2012) "The comparison of the convergence speed between picard,
Mann, Ishikawa and two-step iterations in Banach spaces", Acta. Math. Viet-
nam., Volume 37, Number 2, pp. 243-249, "Viscosity approximation method
for Lipschitzian pseudocontraction semigroups in Banach spaces", Vietnam. J.
Math., 40:4, pp. 515-525, v.v ... ).

Cho C'1a mot tap con 161, déng, khac rong ciia khong gian Hilbert thye H,
T :C — C la mot anh xa khong gian. Nam 2003, Nakajo K. va Takahashi W.
da deé xuat mot cai tién ctia phuong phap lap Mann dua trén phuong phéap lai
ghép trong qui hoach toan hoc (duge dé xuat lan dau tién vao nam 2000 béi
Solodov M. V. va Svaiter V. F.) ¢ dang

(20 € C la mot phan tit bt ky,

Yn = QpTp + (1 - an)T(xn);

1= {20 =2l < aw— Il (0.1)
Qn=1{z€C: (x,—2z,20—x,) >0},

| Tnt1 = Pe,nq, (20), n >0,

trong d6 {a,} C [0,a] véi a € [0,1). Ho da ching minh dugc rang néu day
{a,} bi chan trén bdi 1 thi day lap {z,} xdc dinh bdi (0.1) hoi tu manh ve
Prery(z) khi n — oo, trong d6 Pp(p)(o) la hinh chiéu cta zg trén tap diém
bat dong F(T') clia anh xa khong gian T

Nam 2000 Moudafi A dé xuat phuong phap xap xi gan két

xo € C' la mot phan ti bat ki,

1 A (0.2)
n — T n n)s Z )
b wl GO s wCOIEL
va
xo € C la mot phan tit bat ki,
In—l—l—l_'_)\n Ln 1‘|‘>\n Lp), N =2 U,

tim diém bat dong clia anh xa khong gian T, trong d6 f : C — C' la mot anh
xa co vii hé s6 co @ € [0,1) va A, la mot day s6 duong. Ong da chiing minh
rang:

1) Néu A\, — 0 khi n — oo thi day lap (0.2) hoi tu manh vé nghiém duy nhét



ctia bat dang thic bién phan
z* € F(T) saocho (I — f)(z%),2" —x) <0, VzeF(T). (0.4)
1 1

n+1 )\n
hoi tu manh vé nghiéem duy nhat ctia bat dang thitc bién phan (0.4).

Nam 2007, Alber Y. I. da dé xuat phuong phap dang duong doc lai ghép
Tni1 = Po(x, — pple, — T(z)]), n >0, (0.5)

2) Néu lim A, =0, Z Ap = +oo va lim = 0, thi day lap (0.2)
n—oo

n—=1 n—o0

va chiing minh rang néu day {u,}, pn > 0 duge chon sao cho p, — 0 khi
n — oo va day {z,} bi chan, thi moi diem tu yéu ctia day {z,} déu thuoc tap
diém bat dong ctia T
M6 rong cho bai toan tim diém bat dong chung ciia nita nhém anh xa khong

gian {T(t) : t > 0}, nam 2003, Nakajo K. va Takahashi W. da deé xuat phuong
phap
rxo € C'la mot phan tit bat ki,

Yp = Ty + (1 — O‘”)i fot" T(s)x,ds,
1 Cn=1{2€C:|lyn — 2| < |lzn — =}, (0.6)
={z€C:{(x, —x0,2 — xy) > 0},

( Lntl = PCann(xO)7 n =0,

trong d6 a,, € [0,a] v6i a € [0,1) va t, — +oo. Vi mot so dieu kién thich
hop cho day {a,} va {t,}, day {z,} xéc dinh béi (06) hoi tu manh t6i Pr(zo),
6 day F = Ni>oF(T'(t)) duge gia thiét 1a khac rong.
Nam 2008, Takahashi W. va cac cong su dé xuat mot dang don gian cia
(0.6) nhu sau
x() eH Ci=0C, 1 = Pcl(ajo)
= QpTy + 1_04n Tn Tn),
. (1 - 0Ty, o
Cnp1 ={z € Cut llyn — 2| < [lan — 2|},
| Tn1 = Fo,,, (20), n2>0.

Ho da chi rarang néu 0 < o, < a < 1,0 < A\, < oo v6i moi n > 1 va
Ap — 00, thi day {x,} xac dinh béi (0.7) hoi tu manh t6i ug = Pr ().

Méi day Nguyén Buong da dua ra v tudng thay thé cac tap 1oi, dong C,, va
@), bang cac nita khong gian. Trén co s6 ¥ tuéng do, trong luan an nay ching
toi dé xuat mot so cai bién clia mot sé cac phuong phap néi trén tim diem bat
dong ctia anh xa khong gian va ntta nhom anh xa khong gian trong khong gian
Hilbert.



Chuong 1

Mot s6 kién thitc chuan bi

1.1. Mot sé phuong phap cd ban tim diém bat dong ctia anh
xa khong gian

1.1.1. Mot s6 khai niém va tinh chat co ban vé khong gian
Hilbert

Dinh nghia 1.1 Cho H la mot khong gian Hilbert. Day {z,,} dugc goi 1a hoi
tu manh t6i phan tit x € H, ky hiéu x,, — z, néu ||z, — z|| = 0 khi n — 0.

Pinh nghia 1.2 Day {x,} trong khong gian Hilbert H dugc goi 1a hoi tu yéu
t6i phan tit x € H, ky hiéu z,, — z, néu (x,,y) — (x,y) khi n — oo véi moi
y € H.

1.1.2. Mot sé6 phuong phap cd ban tim diém bat dong ctia anh
xa khong gian

Bai toan: Cho C' la mot tap con 161, dong, khic rong ctiia khong gian Hilbert
H, T :C — C la mot anh xa khong gian. Hay tim * € C': T(z*) = z*.
Phuong phap lap Mann

Nam 1953, Mann W. R. da nghién ctiu va dé xuat phuong phéap lap sau

(1.1)

xo € C la mot phan tit bat ki,
Tyl = Ty + (1 — a)Tx,, n >0,
6 day {an} 1a mot day so thuc thoa man ap = 1, 0 < «a, < 1, n > 1,
> a, = oo. Day lap (1.1) duge goi la day lap Mann. Mann W. R. da chimg
n=0
0
minh réng, néu day {a,} dugc chon théa man > a,(1 — a,) = oo, thi day

n=1

{x,} x4c dinh bdi (1.1) sé hoi tu yéu t6i mot diém bat dong ctia anh xa T



Phuong phap lap Halpern

Mot trong nhitng phuong phap lap co dién hieu qua nhat tim diém bat dong
ctia anh xa khong gian, dam bao sy hoi tu manh ctia day lap, la phuong phap
lip do Halpern B. dé xuat vao nam 1967

1\ ~ h/\ 2 A k\
{xOEC a mot phan tu bat ki, (12)

Tpr1 =+ (1 —ap)Tx,, n>0

6 day u € C' va {a,} € (0,1). Day lap (1.2) duge goi 1a day lap Halpern. Ong
da chiing minh sy hoi tu manh ctia day lap (1.2) vé diem bat dong ctia anh xa
khong gian T véi dieu kien o, =n™%, « € (0, 1).
Phuong phap lap Ishikawa

Dugc dé xuat bdi Ishikawa S. vao nam 1974. V6i phuong phap lap nay thi
day lap {z,} dugc xac dinh béi

x1 € C,

Yn = ann + (1 - Bn)T(ajn)a <13>
Tpi1 =y + (1 — )T (yn), n >0,

trong d6 {a,} va {B,} 1a cac day sO thuc trong doan [0,1] thoa man
0<a, <B, <1Ln2>1limysfy =0, ) B, = oo. Déy lap (1.3)

n=1

goi la day lap Ishikawa.
Phuong phap lap xap xi gan két

Nam 2000, Moudafi A. "Viscosity approximation methods for fixed-point
problems", J. Math. Anal. Appl., 241, pp. 46-55. da dé xuat phuong phap xap
xi gan két, dé tim diém bat dong ciia anh xa khong gian 7' trong khong gian
Hilbert.
Dinh 1y 1.2 Cho C la tap con loi, déng, khdc rong cia khong gian Hilbert
H, T la anh za khong gian tréen C théa man F(T) # 0, f la anh za co
tréen C vdi hé s6 & € [0,1), day {x,} la day sinh bdi: v1 € C va

An
= . Te,, n>1, 1.4
T =, @) e T, (14)
An
n - n Tn, 21, 1
Tn+1 1+>\nf($)+—1+)\n Tp, N (1.5)

trong dé A\, C (0,1) théa man cdc diéu kién sau
(L1) lim A, =0;

n—oo

(L2) > A\, = 005
n=1



(L3) lim | — | = 0.

nooo | A+l An

Khi do day {x,} zdc dinh boi (1.5) hoi tu manh toi p* € F(T), ¢ day
p* = Ppe) f(p*). Ngoai ra néu day {\,} théa man dieu kién (L1) thi day
{z,} zdc dinh bdi (1.4) hoi tu toi p*.
Phuong phap dang dudng déc lai ghép

Nam 2007, Alber Ya. I. da dé xuat phuong phap dang duong doc lai ghép
cho bai toan tim diem bat dong ctia mot anh xa khong gian T trén tap con 1oi,
dong C' 6 dang

Tpi1 = Po(r, — pulr, — Txy)), n >0, (1.6)

va chiing minh rang néu day {u,}, pn, > 0 duge chon sao cho p, — 0 khi
n — oo va day {z,} bi chan, thi:

(a) ton tai mot diem tu yéu ctia {x,};

(b) moi diém tu yéu ctia {z,} déu thuoc F(T);

(¢) néu F(T) = {x*}, thi {z,,} hoi tu yéu ve z*.

1.2. Ntta nhém khéng gian va mot sé6 phuong phap tim diém
bat dong chung ctia nita nhém khoéng gian

Nguyen Buong (2010) "Strong convergence theorem for nonexpansive semi-
groups in Hilbert space", Nonlinear Anal., 72(12), pp. 4534-4540, dua ra két
qua méi tot hon cac két qua ctia Nakajo K., Takahashi W. va Saejung S. bdi
dinh 1y dudi day.

Dinh 1y 1.5 Cho C la tap con loi, déng, khdc rong cia mot khong gian
Hilbert thuec H va cho {T'(t) : t > 0} la nda nhom khong gian trén C vdi
F =0=oF(T(t) #0. Cho {x,} la day dugc zdc dinh bdi

(:1:'0 € H la mot phan ti bat ky,

Yn = 0y + (1 — an)Tn Po(zn),

ap € (a,b], 0<a<b<l,

Hy={z€ H:|z=yl <|z—al}
Wy,={z€ H:{(z—zp,x0— x,) >0},

| Tn1 = Py, ow,(z0), n>0.

Néu liminft, = 0; limsupt, > 0; lim (t,41 —t,) = 0, thi day lap {x,}
n—o0o

n—00 n—00

zac dinh bdi (1.9) hoi tu manh tdi zo = Pr(xg), khi n — 00.



Chuong 2

Phuong phap xap xi tim diém bat

dong cua anh xa khéng gian

2.1. Phuong phap xap xi gan két cai bién
Trude hét, tuong ting véi phuong phap lap (0.2), ching to1 dé xuat phuong
phap lap an dudi day
r, =T"x,, T :=T17Ty, va T" =117, n e (0,1), (2.1)
vol T duge xac dinh bdi
Ty = (1= M)+ Mupef,
TV = (1= Bu)I + BuT,

trong d6 f 1a dnh xa co véi he so & € [0,1), € (0,2(1 — @) /(1 + @)?) va cac
tham so6 {\,} < (0,1),{6,} < (a,pB), v6i moi n € (0,1),
a, 8 € (0,1) thoa man dieéu kien A, — 0 khi n — 0.

(2.2)

Dinh 1y 2.1 Cho C la tap con loi, déng, khdc rong cia khong gian Hilbert
thuc H va f : C — C la anh za co vdi hé s6 co a € [0,1). Cho T la dnh za
khong gian trén C' sao cho F(T) # 0. Cho p € (0,2(1 — &)/(1 + &)?). Khi
dé day {x,} zdc dinh bdi (2.1), (2.2) hoi tu manh tdi phan ti p* € F(T),
dong thoi p* la nghiém duy nhat cia bat dang thite bién phan

(L= f)p"),p"—p) <0, Vp e F(T).
Tiép theo chung toi dua vao hai cai tién mdi ctia phuong phap lgp hién (0.3)
4 dang
x1 € C la mot phan tit bat ky,
Yn = (1 = M)z + Anpif (2n), (2.8)
Top1 = (L= v)Tn + TYn, n2>1,
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trong do, cac tham s6 {\,} C (0,1), {1} C (o, B), v6i o, B € (0,1) va

x1 € C la mot phan ti bat ky,
Yn = (1 — Bn)xn + BnTxm (29)

trong do {Bn} C (e, B).

Dinh ly 2.2 Cho C la mot tap con loi, déng, khdc rong trong khong gian
Hilbert thue H, f : C — C la anh xa co vdi hé s6 co & € [0,1), T la dnh
za khong gian trén C sao cho F(T) # 0. Gida st p € (0,2(1 — &) /(1 +

a)?),{\,} € (0,1) théa man cdic diéu kien (L1) lim A\, =0, (L2) S\, =
n=1

n—0o0
oo (zem Dinh ly 1.2) va {v,} C (o, ) vdi o, B € (0,1). Khi do, day {z,}
zdc dinh bdi (2.8) hoi tu manh tdi phan ti duy nhat p* € F(T), dong thoi
p* la nghiém duy nhat cia bat dang thic bién phan:
(I =f)p*),p" —p) <0, Vp e F(T).

Tuong tu, néu {B,} C (a,B) théa man dieu kien |Bni1 — Bal — 0 khi
n — oo, thi day {x,} zdc dinh bdi (2.9) hoi tu manh vé p*.

2.2. Phuong phap lap Mann - Halpern cai bién

Cu thé hon ching toi da dé xuat phuong phap lip méi dudi day

(1 € H 1a mot phan tir bat ky,

zn = anPo(x,) + (1 — apn) PeT Po(xy),

Yn = Bno + (1 — Bn) PeT 2y,

Hy={z€ H: |yn — 2|I” < ||zn — 2| (2.13)
+Ba([[zol|* + 2(zn — @0, 2)) },

W,={z€ H:{xr,—zmx0—1,) >0},

| Znt1 = Pu,ow,(20), n2>0.

2\

Ta c6 ket qua sau.

Dinh 1y 2.3 Cho C la tap con loi, déng, khac rong ciia khong gian Hilbert
thue H va T : C — H la anh xa khong gian vdi F(T) # 0. Gid st {a,}
va {B,} la cdac day so trong [0,1] sao cho oy, — 1 va 3, — 0. Khi dé, day
{20}, {yn} va {zn} zdc dinh bdi (2.13) hoi tu manh t6i ug = Ppry(x0), khi
n — o0.
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Hé qua 2.1 Cho C la tap con loi, déng, khdc rong cia khong gian Hilbert
thue H va T : C' — H la dnh za khong gian vdi F(T) # 0. Gid st {8,} la
day so trong [0,1] théa man B, — 0. Khi dé, day {x,} va {y.}, zdc dinh
bdi

(20 € H 1o mot phdn ti bt ky,

Yn = 671560 + (1 - Bn)PCTPC(xn)a

Y Ho =1z € H:lyn — 2)1* < llzn — 2l + Bulllwol* + 2z — 20, 2))},
W,={z€ H :{r,—z 10— x,) >0},

| Tntl = Py ~w,(x0), n >0,

hoi tu manh tdi ug = Ppry(z0), khin — oo.

Hé qua 2.2 Cho C la tap con loi, dong, khdc rong ctia khong gian Hilbert
thue H va T : C'— H la anh xa khong gian vdi F(T) # 0. Gid st {a,}
la mot day so trong [0,1] théa man o, — 1. Khi dé, day {x,} va {y,}, wdc
dinh bdi

f:co c H la mot phan ti bat ky,

Yn = PoT (o, Po(x,) + (1 — ) PeT Po(xy)),

Hy, ={z € H: |lyn — z[| < [Jan — 2]},

Wy,={z€ H:{x,—zx0—x,) >0},

\xn—l—l - PHnﬁWn($0)7 n > 07

i,

hoi tu manh tdi ug = Ppry(z0), khi n — oo.

2.3. Phuong phap dang duong déc lai ghép thu hep cho anh
xa khong gian

Cu the, day lap {z,} duge xac dinh nhu sau

(20 € H = H,y,

Yn = Tp — ,L/Jn(] - TPC)mna
Hppr={z € Hy : |lyn — 2| < |l — 2|},

| Tpi1 = Pp, (20), n>0.

2\

(2.21)

Ta c6 két qua dudi day.
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Dinh 1y 2.4 Cho C la tdp con loi, déng cia khong gian Hilbert thuc H
va cho T la dnh xa khong gian trén C sao cho F(T) # 0. Gid st {u,} la
mot day trong (a,1) vdi a € (0,1]. Khi dé day {x,} va {y.}, xdc dinh bdi
(2.21), cung hoi tu manh tdi ug = Ppry(z0), khi n — oo,

2.4. Diém béit dong chung cho hai anh xa khong gian trén
hai tap

Gid st Op,Ch, 1a hai tap con 1oi, déng trong H va Ty : C; — (4,
Ty : Cy — C5 la anh xa khong gian. Ta xét bai toan: Tim

peF = F(T)NF(T), (2.24)

gia thiét rang F' khong rong.
Dé giai quyét bai toan (2.24) ching t6i dé xuat phuong phap lap mdi nhu

sall ( N Z

xo € H la mot phan ti bat ky,

2n = Ty — pn(Tn — T1Pey(0)),

Yn = Buzo + (1 — Bn)T2Pe,(2n),

H,={z¢€ H: |y, — 2|* < ||zn — 2]|]? (2.25)

+Ba([zol? + 2(zn — w0, 2))},
W,={z€ H:{(r,—zx0—x,) >0},

(Tn+1 = PHann(xo), n > 0.

2\

Ta c6 dinh Iy sau.

Dinh 1y 2.5 Cho C; va Cy la hai tap con 103, déng, khdc rong cia khong
gian Hilbert thuc H va Ty, Ty la hai anh za khong gian trén Cy va Cs, sao
cho F:= F(TY)NF(Ty) # 0. Gid st {u,} va {B,} la cic day sé trong [0,1]
sao cho p, € (a,b) vdi a,b € (0,1) va B, — 0. Khi do, day {x,},{z.} va
{yn}, zdc dinh boi (2.25) hoi tu manh téi ug = Pp(xg), khi n — 00,

Hé qua 2.3 Cho Cy,Cy, la hai tap con loi, déng, khdc rong cia khong
gian Hilbert thuc H va Ty : C7 — C1, Ty : Cy — Cy la hai anh za khong
gian véi F(Ty) N F(Ty) # 0. Gid st {u,} la day so trong [0,1] théa man
0<a<u, <b<1l. Khids, day {x,} va {y,}, zdc dinh bdi
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(1'0 € H la mot phan ti bat ky,

Yn = TQPCQ (xn - ,un(xn - T1PC'1 (xn>))7
Hy=A{z€ H: |lyn — 2| < [lzn — 2|},
Wy,={z¢€ H:{(r,—z,x0— x,) >0},

| Tnt1 = Py qw, (z0), n >0,

7\

hoi tu manh tdi ug = Ppry(z0), khi n — oo.

Hé qua 2.4 Cho C1,Cs, la hai tap con loi, déng, khdc rong cia khong
gian Hilbert thuc H va C := Cy N Cqy # 0. Gia s {u,} {Bn} la hai day
so trong [0,1] théa man B, — 0. Khi dé, day {z,} va {y.}, zdc dinh bdi
xo € H la mot phan ti bat ky,

(
Zn = Tp — Mn(xn - Pcl(xn))a

Yn = an() + (1 - Bn)PCQ(Zn)a
Y Ho =12 € H:lyn — 2)1* < llzn — 2l + Bulllwol* + 2z — 20, 2))},
W,={z€ H :{r,—z 10— x,) >0},

( Tn+1 = PHann(CUo), n >0,

hoi tu manh tdi ug = Po(xg), khi n — oo.

2.5. Vi du tinh toan minh hoa

Vidu 2.1 Xét anh xa T tut khong gian Lo[0, 1] vao chinh né duge xac dinh
nhu sau

1
(T(z))(u) = 3/ usz(s)ds + 3u — 2, (2.35)
0
vol moi x € Ly[0,1]. Suy ra T' 1a mot anh xa khong gian.
Xét anh xa f tit Lo[0, 1] vawo chinh n6 duge xéac dinh béi

(F(2))(u) = %:U(u), Vi moi 7 € Lo[0, 1]. (2.36)

. . o1
Khi ay f la anh xa co v6i hé so cooz:§.

Dé thay bai toan bat dang thiic bién phan: Tim p* € F(T') sao cho

("= f),p—p") >0, ¥pe F(T), (2.37)

c6 nghiém duy nhat 1a p* = 3u — 2.
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Tu (2.1) ta xac dinh dugc

A A
T' = T{T) = T{[(— M) T + Mg f] = (L= B) (1= T+ BT((1 = Z)1T).
(2.38)
2
Chon ;=B =10"%, pu= 5 At = A = 107% v& tinh ma tran

A= (- -p0 -1 —ss0 -8
va tinh vé phai ¢ = B(3u’ — (2,2, ...,2)T). Khi dé ta tinh dugc nghiem xap xi
X = Alg.
V6i nghiém chinh xac p* = 3u — 2.
Két qua tinh toan ¢ bude lap thit 20 dude thé hién trong bang sau
Bang 2.1

Cac nut chia u; Nghiem xx X (u;) Nghiém cx p*(u;)
up = 0.000000000000000 | —1.666694444908047 | —2.000000000000000
up = 0.050000000000000 | —1.540906200737406 | —1.850000000000000

ugo = 1.000000000000000 | 0.849070438504779 | 1.000000000000000

Tiép theo, ching toi cling thyc hién thit nghiéem sé cho phuong phap lap

hien (2.8).
2 1

1 .
Chon p = FRLAEY N = = Vk > 1 va ap dung cong thie lap (2.8) doi véi

A 2 N >\
xap xi nay ta duge Xg11 = (1 — ) Xg + v(1 — %’u)(SBXk +p).

Két qua tinh toan ¢ bude lap thit 20 duge thé hién trong bang sau
Bang 2.2

Cac nuat chia u; Nghiem xx X (u;) Nghiém cx p*(u;)
up = 0.00000000000000 | —1.999998092651367 | —2.00000000000000
up = 0.05000000000000 | —1.848447062448525 | —1.85000000000000

ugo = 1.000000000000000 | 1.031022511405487 | 1.000000000000000

Cung v6i bai toan da xét 6 trén, xét phuong phap lap hién (2.9). Ta c6
yr = (1 — Bg)xg + BrTxp nén bang phuong phap tuong tu ta ¢6 phuong trinh
Xép xilaY, = (1 — Bk)Xk: + 5k<3BXk; —|—p), trong do

Y. = (yk(uO)ayk(ul)a ---,yk(UM))Ta X = (gjk(u())7xk(u1)a axk(uM))T



13

va p = 3(ug, Uy, ..., Ups) —

2
ChOHMZg, B = =

/N

2,2,..,2).

1
C A\ = Z v6i moi k > 1, ap dung cong thiic lap

N | —

) A
(2.9) cho xap xi nay ta duge Xpr1 = (1 — ) Xp + (1 — %M)Yk

Két qua tinh toan ¢ bude lap thi 50 duge trinh bay trong bang dudi
Bang 2.3

Cac nuat chia u; Nghiem xx X (u;) Nghiém cx p*(u;)
up = 0.00000000000000 | —1.982945017736413 | —2.00000000000000
up = 0.05000000000000 | —1.832285258509282 | —1.85000000000000

ugo = 1.000000000000000 | 0.849070438504779 | 1.000000000000000

Vi du 2.2 Trong khong gian R?, xét hai hinh tron S; va S, lan lugt duge cho
bdi

Si: (=274 (@y—2°<1, St (z—-4)°+(y—27° <4
Xét bai toan tim mot phan tit *, sao cho 2* € S = S N 9.

v

1 1 9

Lap lai qua trinh trén va chon oy, = 1 — , B = —, xg = (—, 0), tinh

n+1 n 4
Tni1 = Pr,aw, (o).
Két qua tinh toan ¢ bude lap thit 1000 trinh bay trong bang sau
Bang 2.4
Nghiém Nghiém xx x,, | Nghiém xx v, Nghiém xx 2z,
x! x’ T, | T, Y Y %n %
2.2500000 | 1.0317541 | 2.2332447 | 1.0319233 | 2.2396581 | 1.0343974 | 2.2332510 | 1.03192782
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Vi du 2.3 Trong khong gian R?, xét hai tap hop C; va Oy lan luot duge cho
béi

Cr={(z,y) eR*: 0<x, y <1},

Co={(z,y) €ER?: 30 —2y>—1, v +4y > 2, 22 +y < 4}.

A

Hinh 2.2

Viéc tinh toan cac siéu phang H,,, W, va hinh chiéu tuong ting clia x trén

H,, W, dugc lam tuong tu nhu vi du 2.2.

1 1
Chon zg = (0,0), B = —, py = 2 tinh 2,41 = Pp,w, (o).
n

Két qua tinh toan ¢ budce lap thit 5000 duge trinh bay trong bang sau
Bang 2.5

Nghiém T Yn Zn,
I 2 | 2 | 2 T 2

0.1176470 | 0.4705882 | 0.1153171 | 0.4612687 | 0.1176235 | 0.4704941 | 0.1153169 | 0.4612678

Vi du 2.4 Xét bai toan tim mot diem chung ctia hai duong tron duge dé cap
trong vi du 2.2, véi day lap {x,} duge xac dinh béi (2.21).

9 1
Chon xy = (Z’ 0), Ly = 3 va tinh

LTp+1l = PHnH(xO) = PW00W1...mWn($O)-
Nhu vay, dé xac dinh Py, (z¢), ta c6 thé sit dung phuong phap chiéu xoay
vong dang

Uk;+1 = Pkaodn(uk)7 Up = xO? k Z 07

hoac st dung phuong phap lap dudi day

" Py
Uy = iz Wl(“"“), w =z, k> 0. (2.41)
n

O day chiing toi stt dung phuong phap lap (2.41) dé xap xi Pg, ., (z0).
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Két qua tinh toan ¢ bude lap thit 200 duge trinh bay bang sau
Bang 2.6

Nghiém T Yn

1 2 1 2

1 2

2.2500000000 | 1.0317541634 | 2.2499871121 | 1.0317755681 | 2.2500564711 | 1.0317684570

Nhan xét 2.1 Qua cac két qua so 6 trén, ta nhan thay néu s6 budc lap cang
16n thi nghiém xap xi cang gan nghiém chinh xac.

Két luan

Chuong nay, ching toi dua ra cai bién mdi cho cac phuong phap lap cua
Moudafi va da thu dugce cac dinh 1y vé sy hoi tu manh clia cac phuong phap
lap (2.1), (2.2) véi céc dieu kien nhe hon so véi két qua trude d6 "Dinh 1y 2.1,
Dinh 1y 2.2". Tiép theo, chung to6i nghién citu két hop phuong phap lap Mann
- Halpern va phuong phap lai ghép trong qui hoach toan hoc, cho bai toan tim
diém bat dong ctia mot anh xa hay hai anh xa khong gian (2.13), (2.25) "Dinh
Iy 2.3, Dinh 1y 2.5". Cudi cuing, chiing toi thu duge sy hoi tu manh ctia phuong
phap lai duong doc nhat (2.21) "Dinh Iy 2.4". Mot diém noi bat ¢ cac két qua
thu duge trong cac "Dinh 1y 2.3, Dinh 1y 2.4" va "Dinh 1y 2.5" 1a cac tap C), va
Q,, duoc thay bang cac nita khong gian. Muc cudi ciing ctia chuong nay, danh
cho viéc trinh bay cac vi du s6 don gian nham minh hoa cho tinh dung dan cua
cac két qua nghién ctu dat duge.
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Chuong 3

Phuong phap xap xi tim diém bat

dong cua nua nhém khong gian

3.1. Diém bat dong ctia mot niva nhém khéng gian

Dé tim mot phan tt p € F, dua trén cac phuong phéap lip Mann - Halpern
va phuong phap lai ghép trong qui hoach toan hoc, ching toi dé xuat mot
phuong phap lap mdéi sau

(:1:0 € H la mot phén tt bat kj/,

Zp = oznPc(acn) fo s)Po(xy,)ds,
Yn = Pnio + f() anS
\Hy={2€H: Hyn - ZH2 < Hxn z||? (3.1)

+Ba(llzoll* + 2{zn — 20, 2))},
={z€ H:{x,— 2,20 — ) > 0},

| Znt1 = Pu,ow,(20), n >0,

cho ntta nhom khong gian trén C.

Chung toi sé chi ra sy hoi tu manh cta day {z,},{y,} va {z,} xac dinh bdi
(3.1) vé diém bat dong chung clia nita nhém khong gian {T'(t) : t > 0} vdi
mot so dieu kieén thich hop dat lén cac tham s6 {a,}, {6} va {t.}.

Dinh 1y 3.1 Cho C la tap con loi, déng, khdc rong cia khong gian Hilbert
thue H va {T(t) : t > 0} la nda nhoém khong gian tréen C vdi
F = N=oF(T(t)) # 0. Gid st {an} va {B.} la cic diy so trong [0,1]
théa man o, — 1 va B, — 0 va t, — +oo. Khi dé, cic day {x,},{z.} va
{yn} zdc dinh bdi (3.1) cung hoi tu manh tdi ug = Pr(xg), khi n — oo.

Hé qua 3.1 Cho C la tap con loi, dong, khdc rong ctia khong gian Hilbert
thue H wva {T(t) : t > 0} la nda nhoém khong gian tréen C vdi
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F = N=oF(T(t) # 0. Gid s {B,} la mot day soé trong [0,1] théa man

Bn — 0. Khi do, cic day {z,} va {y,}, zdc dinh bdi

rxo € H la mot phén tt bat ky),

Yn = Bnro + ( fo s)Pe(xn)ds,

E%I{ZEHTMm—ﬂpﬁW%—ZW+5MWMP+QQW—%&HR
={z€ H:(x,—2z,x9—x,) > 0},

| Tnv1 = Py qw, (z0), n >0,

o\

cung hoi tu tdi ug = Pr(xg), khi n — oo.

Hé qua 3.2 Cho C la tap con loi, déng, khdc rong ciia khong gian Hilbert
thue H wva {T(t) : t > 0} la nda nhoém khong gian tréen C vdi
F =NioF(T(t) # 0. Gid st {a,} la day so trong [0,1] théa man o, — 1.
Khi do, cic day {x,} va {y,} zdc dinh bdi

(20 € H la mot phan ti bat ky,
Yo = £ [o" T(s) | anPe(za) + (1 = ay)t [37 T(s)Pe(xa)ds | ds,

Hy={2€ H: yn — 2|| < |lzn — 2|},
={z€ H:(xv,—z,x0—x,) >0},

\Znt1 = Pr,cw, (20), n >0,

-\

cung hoi tu tdi ug = Pr(xg), khin — oo.

Tiép theo ching toi dé cap dén mot cai tién ciia phuong phap dang duong
doc lai ghép cho bai toan tim mot phan tit p € F. Chinh xac hon, chung toi
xét phuong phap sau

(2o € H = H,,

n=— Tp — n]_TnP Tn),

EMHZ{ZEHZH%—ZHSWm—dW
va,

fJ?()EH:H(),

Hy=A{z € Hy: |lyn — 2| < [|lzn — 2|},
(Tn+1 = PHn+1( ) n > 0.
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Su hoi tu manh cia phuong phéap lap lap (3.9) duge cho béi dinh 1y dudi
day.
Dinh 1y 3.2 Cho C la tap con loi, déng, khdc rong cia khong gian Hilbert
thue H va {T(t) : t > 0} la nia nhom khong gian trén C thoéa man
F = Ni=oF(T(t)) # 0. Gid st {u,} la day so trong (a,1] vdi a € (0,1]
va N\, — +oo. Khi do, cic day {x,} va {y,} xdc dinh bdi (3.9), cung hoi
tu manh tdi ug = Pr(xg), khi n — oo,
Tiép theo, sy hoi tu manh ctia phuong phap lap 1dp (3.10) duge cho bdi dinh
Iy dudi day.
Dinh 1y 3.3 Cho C la tap con loi, déng, khdc rong ciia khong gian Hilbert
thue H va {T(t) : t > 0} la nia nhom khong gian tréen C' sao cho
F = NisoF(T ()) # 0. Gid st {u,} la day trong (a,1] vdi a € (0,1]
va {t,} la day so thuc duong théa man cic dieu kién liminf, .. t, = 0,

limsup,, o tn > 0, va lim, oo (t,s1 — tn) = 0. Khi do, day {x,} va {y,}
zac dinh bdi (3.10), hoi tu manh tdi uy = Pr(xy), khi n — oo.

3.2. Diém bit dong ctia hai nita nhém khéng gian

Gia si Cp, Co hai tap con loi, dong trong H, {Ti(t) : t > 0},

{T5(t) : t > 0} la ntta nhom khong gian tit Cy, Co vao chinh né. Van de
nghién cttu dat ra ¢ day la: Tim
q < ]:1’2 = F1 N Fo, (3.17)
khi F; = N0 F(T5(t)). (F1, F2 khong rong).
Dua trén (3.17) ching toi dua vao qua trinh lap mdéi nhu sau
4
xo € H 1a mot phan tit bat ki,
2n = Tp — fin (:cn — L fo T1(s) P, (xn)ds)
Yn = 571560 =+ (1 fO T2 PC’2<Zn)d5
={zeH: Hyn - Z||2 < flzn — 2||?
+Bn(H$O”2 + 2<5Bn — Zo, Z>)}7
={z€H:(x,—z,x9—x,) >0},

| Tnt1 = Py ~w, (x0), n >0,

(3.18)

7\

va chi ra sy hoi tu manh cta cac day {x,}, {y.} va {2,} xéc dinh béi (3.18)
dén diém qg=1ug € ./_"172.



19

Dinh 1y 3.4 Cho C; va Cy la hai tap con loi, déng va khdc mong ctia khong
gian Hilbert thuc H. Cho {T1(t) : t > 0} va {Tx(t) : t > 0} la hai nia
nhom khong gian trén Cy va Co sao cho F = Fi N JFy # 0, trong do
Fi=N=oF(T5(t)), 1 = 1,2. Gid st {u,} va {B,} la cac day trong [0,1] sao
cho u, € (a,b) vdi a,b € (0,1), B, — 0 va t, — +oo. Khi do, cic day
{z,}, {2z} va {yn} xdc dinh bdi (3.18) cung hoi tu manh tdi uy = Pr(x),
khi n — oc.

Hé qua 3.3 Cho C la tap con loi, déng, khdc mong cia khong gian Hilbert
thue H va {T(t) : t > 0} la nia nhom khong gian trén C uvdi
F =NioF(T(t)) # 0. Gid st {$,} la day so trong [0,1] théa man (5, — 0.
Khi do, cac day {x,} va {yn}, xdc dinh bdi

fiL'o € H la mot phén t bat ki,

Yn = Bnxo + ( fo s)Po(xy,)ds,
={zeH: Hyn - z\|2 < Hxn 2l 4 Bulllwol* + 2(zn — @0, 2))},
={z€ H:(x, —z,x90—x,) > 0},

| Tnt1 = Py qw, (z0), n >0,

o\

cung hoi tu tdi ug = Pr(xg), khi n — oo.

Hé qua 3.4 Cho C la tap con loi, déng, khdc rong ciia khong gian Hilbert
thue H wva {T(t) : t > 0} la nda nhém khong gian tréen C vdi
F =NioF(T(t) # 0. Gid st {a,} la day so trong [0,1] théa man o, — 1.
Khi do, cic day {x,} va {y,} zdc dinh bdi

(20 € H la mot phan t bat ki,
= 1n fO (PC xn) 220 [xn - i fotn T(S)PC(In>dS])dS,

= {z € H: |y — 2l < Jon — 21},
={z€ H:(x,— 2,20 — x,) >0},

| Zny1 = Pu,cw, (20), n >0,

7\

cung hoi tu tdi ug = Pr(xg), khin — oo.

3.3. Vi du tinh toan minh hoa

Vi du 3.1 Trong khéng gian R? v6i moéi ¢t > 0, xét anh xa

T(t) : R* — R? duge xac dinh béi T(t)xr = Cf)s(t) —sin(t)) (= , VO
sin(t) cos(t) To
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moi x = (x1,17) € R2
Chon zy = (-1,1), ap = 1 — %H, Bn = %, t, = nm va tinh
Tni1 = Py aw,(70), 6 day viéc tinh cac sieu phang H,, W, va hinh chiéu
clia 7o trén cac sieu phang nay duge lam tuong tu nhu trong vi du 2.2.

Két qua tinh toan ¢ bude lap thit 500 duge trinh bay bang sau
Bang 3.1

Nghiém Ty, Yn Zn
T .2 1 2 1 2 1 2
x| x x, x: (7 (Tt 2 2
0 | 0 |-0.031259 | -0.031259 | -0.014563 | -0.014563 | -0.031230 | -0.031230

Ngoai ra, su hoi tu ctia cac day lap {z,}, {yn} vd {z,} vé nghiem (0,0) con
dugc thé hién 1o nét hon qua hinh sau

0.5
0.5
¥» 0 y
0
05
-1 : : 0.5 - :
i 200 400 BOO 0 200 400 ]
1
0.5
o
05
- . h
0 200 400 GO0
Hinh 3.1

Khi do ta tinh duge y, = (1 — pn)xy + T Po(x,) va viee tinh Hyyq, W,
va Py, ., (29) dugc tinh tuong ti nhu trong vi du 2.4.
1
Chon xy = (—1,1), p, = 3
Két qua tinh toan ¢ bude lap thit 50 duge trinh bay bang sau
Bang 3.2

, b = nm.

Nghiém Ty, Yn
T 2 1 2 1 2
0 0 —0.735 x 1073 | 0.445 x 1073 | 0.461 x 10~3 | —0.239 x 10~3
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Két qua tinh toan sau 50 budc lap con duge thé hién ré hon trong hinh dudi
day

A 05
0.5 /

i ; & i .
0 20 40 B0 1] 20 40 5]
Hinh 3.2

Vi du 3.2 Trong vi du nay, xét phuong phap lap (3.18) va giai bai toan tim
diém bat dong chung ctia hai ntta nhém khong gian {T},(¢)} véi ma tran duge
cho béi Cés(mt) —sin(mé) ,m=1,2.

sin(mt) cos(mt)

1
E’tn = nm va tinh z,.1 = Py aw, (x0),

trong do viéc tinh cac siéu phang H,,, W, va hinh chiéu ctia zy trén cac siéu
phiang nay dude lam tuong tu nhu trong vi du 2.2.

Két qua tinh toan ¢ bude lap thit 500 duge trinh bay bang sau
Bang 3.3

1
Cth’l Lo = (—1,1),,Lbn - é’ﬁn -

Nghiém Tp Yn Zn
T .2 1 2 1 2 | 2
x| e x5, Yn Yn n “n
0 | 0 |[-0.036923 | -0.037136 | -0.008730 | -0.008784 | -0.027451 | -0.027611

St hoi tu ciia phuong phéap lip vé diém bat dong chung ctia hai nita nhém
khong gian con duge thé hién thong qua hinh dudi day

(1]
e s ¥
rﬁ"r__’— .

-0.5

S| 0.4
1] 200 400 600 0 200 400 &00

e

1] 200 400 600

Hinh 3.3
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Nhan xét 3.1 Qua cac bang két qua s6 ¢ trén ta c6 thé thay rang néu so
buéec lap cang 16n thi nghiem xap xi cang gan nghiém chinh xéc.

Két luan

Trong chuong nay, chung toi nghién citu két hgp phuong phap lip Mann -
Halpern va phuong phap lai ghép trong qui hoach toan hoc, da cai bién cac
phuong phap lap ctia Nakajo K. va Takahashi W., ching t6i ciing dé xuat mot
phuong phap lap mdi (3.1) "Dinh 1y 3.1" va cac két qua ctia Seajung S., ching
toi cing dé xuat mot phuong phap lap mdi (3.9), (3.10) "Dinh ly 3.2, Dinh
Iy 3.3", bang cach thay cac tap loi, dong C,, va @,, bang cac nita khong gian,
diéu nay gitp ching ta c6 thé xac dinh z,,4; dé dang hon. Ngoai ra, ching toi
cling dé xuat mot phuong phap lap mdi (3.18), cho bai toan tim diém bat dong
chung ctia hai nita nhom khong gian "Dinh 1y 3.4". Ciing giong nhu Chuong 2
clia luan an, muc cudi cling ctia chuong nay ching toi ciing trinh bay mot vi
du don gian nham minh hoa thém cho cac két qua dat duge.
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Két luan chung va dé xuat

Luan an da dé cap dén cac van dé sau

1. Trong luan an chung toi cai tién phuong phap ctia Moudafi A., nham thu
duoce su hoi tu manh clia cac phuong phap liap an va lap hién véi cac diéu kien
"nhe hon" dit lén cac tham s6. Nghién ctiu su két hop gitta phuong phap lap
Mann - Halpern va phuong phép lai ghép trong qui hoach toan hoc dé tim diém
bat dong clia anh xa khong gian trén tap 16i, déng C hay diém bat dong chung
clia hai anh xa khong gian trén hai tap 161, dong c6 giao khac rong trong khong
gian Hilbert H. Chiing minh st hoi tu manh ctia phuong phap dang duong doc
lai ghép vé diem bat dong cia anh xa khong gian.

2. Nghién ctiu st két hop gitta phuong phap liap Mann - Halpern va phuong
phap lai ghép trong qui hoach toan hoc dé tim diém bat dong ciia nita nhém
khong gian tren tap 1oi, déng C hay diém bat dong chung ciia hai nita nhém
khong gian trén hai tap 1oi, dong cé giao khac rong trong khong gian Hilbert
H. Nghién citu sy hoi tu manh ctia phuong phap dang duong doc lai ghép cho
bai toan tim diém bat dong clia nita nhom khong gian.

Nhitng van dé tiép tuc nghién citu

1. St dung cac két qua nhan duge trong luan an dé cac bai toan phic tap
hon;

)

2. M6 rong cac két qua trén len khong gian Banach.
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