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LOI CAM DOAN

T6i xin cam doan day la cong trinh nghién cttu cua to6i, duge hoan thanh
dudi syt huéng dan ciia GS. TSKH. Dinh Nho Hao. Cac két qua viét chung véi
tac gid khac da dudc sy nhat tri ciia dong tac gid khi dua vao luan an. Cac
két qua néu trong luan an 1a nhitng két qua méi va chua ting dude ai cong bo
trong cac cong trinh nao khac.

Tac gia

Bui Vit Huong



i
LOI CAM ON

Luan an dugc hoan thanh dudi sy huéng dan khoa hoc tan tinh, quy bau
va nghiém khac ctia GS.TSKH. Dinh Nho Hao. Thay da dit bai toan va danh
nhiéu cong stic, ting budc dan dat toi dan lam quen véi cong viéc nghién ctu
khoa hoc, dong vién khich 1é t6i vugt 1én nhitng khé khan trong hoc tap va cudc
song. T tan day long, em xin bay té long biét on chan thanh va sau sac nhat
t61 Thay va sé c6 gang phan dau hon nita dé xing dang véi cong lao ctia Thay.

Trong qua trinh hoc tap, nghién cttu va hoan thanh luan an, tac gia luon
nhan dugce su quan tam, giap dé cua GS. TSKH. Ha Huy Bang, PGS. TS. Ha
Tién Ngoan, GS. TSKH Nguyén Minh Tri, TS. Nguyén Van Ngoc, TS. Nguyén
Thi Thu Thuy. Tac gid xin bay t6 sy kinh trong va biét on sau sic dén Thay
Co.

TAc gid xin chan thanh cdm on anh chi em trong nhém nghién cttu ctia Thay
— GS. TSKH. Dinh Nho Hao da cé nhiing trao doi va ¥ kién dong gép hitu ich
thong qua céc xé mi na nhém; Chan thanh cdm on TS. Nguyén Trung Thanh,
TS. Phan Xuan Thanh, NCS. Nguyén Thi Ngoc Oanh da huéng dan tac gia ve
k¥ thuat lap trinh khi thit nghiem viéc giai sob.

Tac gia xin chan thanh cdm on Ban cht nhiém Khoa Toan, Khoa sau dai
hoc truong Dai hoc Su pham; Ban chii nhiém khoa Toan — Tin, Ban giam hiéu
truong Dai hoc Khoa hoc — Dai hoc Thai Nguyén da tao dieu kién thuan loi
cho tac gia trong qua trinh hoc tap, nghién cttu va hoan thanh luan an.

Xin chan thanh cam on cac anh chi em NCS chuyén nganh Toan Giai tich,
ban bé ddng nghiép da ludn quan tam, dong vien, trao doi va déng goép nhing
v kién quy bau cho tac gia.

Luan an sé khong thé hoan thanh néu thiéu sy cAm thong, gitp dé cia
nhitng ngusi than trong gia dinh. Tac gia xin kinh ting Gia dinh than yéu niém
vinh hanh to 16n nay.

Tac gia

Bui Viet Huong
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Md dau

Cac qua trinh truyén nhiet hay khuéch tan thuong duge mo hinh héa bang
bai toan bién cho phuong trinh parabolic: khi mién vat 1y, hé s6 ctia phuong
trinh, dieu kién ban dau va dieu kién bién duge biét, ngudi ta nghién citu bai
toan bién nay va dya vao nghiém clia bai toan dua ra mot du doan vé hién
tugng dang nghién cttu. Day la bai toan thudn cho qua trinh ma ta dang xét.
Tuy nhién, trong thiyc té, nhiéu khi mién vat 1y, hodic hé s6 ciia phuong trinh,
hoisic diéu kien bien, diéu kién ban dau khong dude biét cu thé ma ta phai xac
dinh ching qua cac do dac gian tiép, dé qua dé nghién ctu lai qué trinh. Day
chinh 13 nhiing bai todn nguge v6i bai toan thuan duge néi ¢ trén va la chi de
soi dong trong mo hinh hoéa toan hoc va ly thuyét phuong trinh vi phan hon
100 nam qua [1], [5], [9], [33], [46], [46], [47], [70]. Hai diéu kién quan trong dé
mo hinh héa mot qua trinh truyén nhiet dé 1a quy luat trao doi nhiét trén bién
va nguon. C4 hai diéu kién nay déu do tac dong 6 bén ngoai va khong phai lic
nao ciing dude biét trude, do d6 trong nhitng truong hgp nay, ta phai xac dinh
chiing qua cac do dac gian tiép va do 1a noi dung ctia luan 4n nay. Luan 4n gom
hai phan, phan dau nghién citu bai toan xac dinh quy luat trao dbi nhiét (néi
chung 14 phi tuyén) trén bién qua do dac trén bién va phan thi hai nghién ctu
bai todn xac dinh nguon (tao ra qua trinh truyén nhiét hay khuéch tan) qua
cac quan sat khac nhau.

C6 rat nhiéu cac hién tugng vat 1y xay ra trong diéu kién nhiet do, ap suat
cao hoic trong cac moi truong khic nghiét nhu: cac buong dot, cic tua bin
khi, cic qua trinh lam néng, lam ngudi thép va trong qué trinh dap tat khi
trong 10,... ma & dé ca nguodn nhiét va khéi luong nhiét trao doi déu chua biét,

hodc qua trinh trao doi nhiét trén bién chua biét tuan theo quy luat nao (quy



luat truyen nhiét tuyén tinh ctia Newton hay quy luat biic xa nhiét bac bon
ctia Stefan-Boltzmann chang han). Khi d6, chiing ta mo hinh héa cac qué trinh
truyen nhiét nay nhu cac bai toan ngude xac dinh quy luat truyen nhiét khong
tuyén tinh & trén bién hoic xac dinh nhiét do phu thuoc vao hé s6 truyen nhiét.
Trong mot sd linh vuce ting dung khac, céc bai todn nay c6 thé xem nhu céc
dang mo hinh vé st khuéch tan khi trong cac phan tng hoéa hoc chua biét trén
bé mit vat chat hay mat do dan sé tai ving giap ranh véi quy luat di tra chua
biét [88].

Nam 1989, Pilant va Rundell [69] xét bai toan xdc dinh quy luat truyen
nhiet g(-) va nhi¢t do u(z,t) trong bai toan gia tri bién ban dau mot chiéu

;

Up — Uz = Y(T, 1), O<zr<l1l,0<t<T,
u(x,0) = up(x), 0<x<l,

J u(a.0) = (o) o
uz(0,t) = g(u(0,t)), 0<t<T,
—uy(1,t) = g(u(l,t)), 0<t<T,

\

tit diéu kien quan sat bo sung
u(0,t) = h(?), (0.2)

trong d6 v, ug va h 1a cdc ham cho trudc, tuong ing véi nguon nhiét, nhiet do
tai thoi diém ban dau va nhiét do trén bien. Tt phuong trinh (0.1) ta thu dugc
u.(0,1) = g(h(t)) v6i t € [0,T]. V6i mot sd dicu kien nhat dinh, cac tac gid da
chitng minh ton tai duy nhat cap (u,g) clia phuong trinh (0.1) trong khoang
0 <t <t* véit € (0,7T] ndo d6. Cac tac gia ciing da dé xuat phuong phap
lip dé giai bai toan ngudc nay va thit nghiem thuat toan tréen may tinh. Sau
do6, vao nam 1990, Rundell va Yin [79] d& nghién cttu bai toan tuong tu nhung
trong truong hgp nhidu chidu. Cu thé, cho T > 0 va Q = Q x (0,7] véi Q 1a
mién gidi noi trong R™, céc tac gid xét bai toan tim cap ham u(x,t) va g(s) xéc
dinh tuong ting trén Q va [A, B], théa man hé phuong trinh

;

up — Au=y(x,t)  trong Q,
¢ u(z,0) =ug(z)  trong Q, (0.3)
ou

\ 8V:g(u)—|—g0 trén S := 0 x [0, 77,




v6i quan sat bo sung tai mot diém tren bien
u(£07t) = h(t)7 te [07 T]? (04)

trong dé6 cac ham v, ug, ¢ va h cho trude, & 1a mot diém c6 dinh trén bien 05
ciia Q, v 1a véc to phap tuyén don vi ngoai trén bien S, A = ming u(z,t) va
B = maxgu(z,t). V6i mot s6 gia thiét nhat dinh, cac tdc gid da dua ra danh
gia on dinh cho ham ¢ va tit d6 ho thu dugc tinh duy nhat nghiém clia bai toan
(0.3). Ta thay, ham g chi c6 thé xac dinh trong khoang [A, B] chit khong xac
dinh trén toan truc thyc R. Vi thé vao nam 1999, Choulli [14] da dat ra mot
cau hoéi rat tu nhién: ching ta phai can dén bao nhiéu do dac dé tim lai ham
g(s) v6i s € R? Choulli da chitng minh rang: (i) néu tat ca cac do dac trén bién
déu thyc hien duge va ham ¢’ bi chin thi bai toan ¢6 nghiém duy nhat; (i) néu
cac do dac trén bién dugc thie hién trong céc khong gian vecto mot chiéu thi
ta ciing c6 nghiém duy nhat, va éng da chitng minh ham ¢ biéu dién duge dusi
dang g = go + g1, trong d6 gg 1& ham da biét con g; 1a ham chua biét va khong
c6 diém tu 0. Theo huéng nghién cttu nay, cac tac gid cta [18] da ra phuong
phép tuyén tinh héa tu nhién (natural linearization) dé xac dinh lai quy luat
truyen nhiét khong tuyén tinh g(u) trong (0.3) véi gid thiét 14 nhiet do trén
toan bo bien S do dudc, thay vi cac do dac tai ting diém nhu trong (0.4).

Trong mot chudi cac bai bao ([51], [80] — [86]), Troltzsch va Rosch cing da
nghién citu bai toan tuong tu. Cu thé, cac tac gia xét bai toan xac dinh hé sb
truyen nhiet o(u) trong bai toan gia tri bien ban dau

(

u— Au=0 trong @,
 u(z,0) = ug(x) trén Q, (0.5)
% =o(u(&,t))(ueo —u(&,t)) trén S = 0Q x [0,T],

trong d6 us 1& nhiét do moi truong xung quanh, dude biét 1a mot hing s6 cho
trudce, tit cac diéu kién quan sat bo sung khac nhau nhu: u(z,t) dugde cho trén
cd mién Q, hoac u(z,t;) duge cho tai mot thoi diém cd dinh ¢;,4 = 1,..., L,
[80], [86], hodc u cho trén toan bo bien S [83]. Cac tac gid da chuyén bai toan
ngucc vé bai toan diéu khién toi wu, roi ching minh tinh kha vi Fréchet cia

phiém ham can cyc tiéu hoa, sau dé da st dung phuong phéap lap dé giai so



bai toan. Ching ta ciing luu ¥ rang, trong qua trinh truyén nhiét, hé sé truyen
nhiét o trong bai toan (0.5) c6 thé phu thudc ci vao nhiét do u va thoi gian ¢
[28], nhung viéc nghién cttu bai toan nguge khi d6 rat phic tap va khong nam
trong khuon kho ctia luan an nay. Ngoai ta, ching toi cling mubn bé sung them
rang, vao nam 2009, Lesnic v cac dong tac gid [58], [67], Janicki va Kindermann

[50] ciing nghién ctiu cdc phuong phap s6 dé gidi bai todn (0.1) va bai toan (0.5).

Trong phan dau ciia luan an nay, cu thé trong Chuong 1, chiing t6i nghién
citu bai toan nguge xac dinh ham g(-, ) trong bai toan gia tri bien ban dau [87]
(

uy — Au =0 trong @),
§ u(x,0) = ug(x) trong €, (0.6)
ou

|55 = g(u, f) trén S,

tir didu kien quan sat bé sung (0.4). O day,

g : I xI — R (v6i I la khodng con ctia R) duge gia sit la ham
lien tuc Lipschitz dia phuong, don diéu gidm theo bién u, don diéu
tang theo bién f va théa man g(u,u) =0, ug vd f 1a cac ham cho

truée c6 mien gia tri thuoc I, tuong tng thuoe L*(Q) va L2(.9).

Ching t6i cling luu ¥ ring, dé ching minh bai toan thuan cé nghiém ta can
dén gia thiét ham ¢ don dieu gidm theo bién u, don diéu ting theo bién f. Hon
nita, véi gia thiét nay ta c6 nguyén Iy maximum, diéu nay 1a can thiét cho viéc
giai bai toan ngudc, ciing nhu diéu kién quy luat bién don diéu la can thiét dé
giai bai toan ngugc.

Thong thuong, hé s6 truyen nhiét duge xem nhu ham ctia bién thoi gian va
khong gian [36], tuy nhién trong luan an ching to6i chi dé cap dén nhiing ting
dung ma heé s6 truyen nhiéet chi phu thudc vao nhiét do trén bién.

Ta biét rang, bai toan (0.6) mo ta nhiéu tinh hudng thuc té [4], [87]. N6 bao
gom diéu kién bién tuyén tinh dang g(u, f) = ¢(f—u) v6i c 1a mot hing s6 duong.
N6 ciing bao gom diéu kién bién phi tuyén dang g(u, f) = ¢(f) — ¢(u), v6i ¢ 1a
ham Lipschitz, don diéu tang trén I; gom ca diéu kién biic xa Stefan-Boltzmann

nhu ¢(w) = w? véi I = [0,00), quy luat trao ddi enzim ctia Michaelis-Menten



véi ¢p(u) = cu/(u+k), trong d6 ¢ va k 1a cac hang s6 duong. Diéu kién bién dang
nay ciing bao gom cé truong hop g(u, f) = ¥(f — u), véi ¢ 1a ham Lipschitz,
don diéu tang trong khoang I — I; va dac biet 1a ¢ (w) = w?* véi w > 0, va
Y(w) =0 véi w < 0, mo t& hien tugng ddi luu ty nhién & trén bien.

Quan séat theo titng diém (0.4) thudng khong c¢6 y nghia khi nghiém ciia
(0.6) dugc hiéu theo nghia nghiem yéu. Do d6, trong luan an ching toi sé thay
thé quan sat nay bdi cic quan sat sau

1) Quan sat trén mot phan ctia bien
uly = h(z,t), (x,t) €X, (0.7)

véi ¥ =T x (0,7], T 1a mot phan ctia 9 c6 do do khac 0;
2) Quan sét tich phan bién

= / w(@)ulz, )dS = h(t), e (0,T], (0.8)
o0

trong d6 w 1a ham khong am, xac dinh tren Q, w € L'(99Q) va [, w(x)dS > 0.
Chiing toi luu § rang, néu ta chon ham w nhu 1a xap xi ctia ham Dirac 6 thi cic
quan sat (0.8) c6 thé coi 1a trung binh ctia quan sat (0.4). Quan sat tich phan
13 Iga chon thay thé cho quan sat do dac theo ting diém (khi thiét bi do dac
c6 do day khac 0) va bai todn ngugce sé duge gidi mot cach dé dang hon nho
phuong phép bién phan. Ngoai ra véi cich dat bai toan nhu & trén, ta chi can
do dac & mot phan ctia bién 1a c6 thé xac dinh duge quy luat truyeén nhiét trén
bién, day 1a mot diéu quan trong trong thurc té.

Chung t6i tién hanh nghién cttu bai toan (0.6) véi quan sat (0.8) va quan sat
(0.7), nghién cttu bai toan (0.5) v6i quan sat (0.8). Trong moéi bai toan, ching
toi trinh bay mot vai két qua da biét vé bai todn thuan (0.6), stt dung phuong
phap bién phan dé gidi bai toan ngudc v ching minh sy ton tai nghiem cia
bai toan t6i uu hoa, cling nhu dua ra cong thic tinh gradient ctia phiém ham
can cuc tieu héa; phan cubi cling trong mdi muc, ching t6i danh dé trinh bay

va thao luan vé phuong phéap sé dé giai cac bai toan trén.

Phan thit hai ctia luan an danh cho bai toan xac dinh nguon trong qua trinh

truyen nhiet. Bai toan nay dude nhiéu nha khoa hoc nghién citu trong vong hon



50 nam qua. Mac du c6 kha nhieu két qua vé tinh ton tai, duy nhat va danh gia
on dinh cho bai toan, nhung do tinh dat khong chinh va c6 thé phi tuyén cia
bai toan, nén trong thoi gian gan day da c6 rat nhiéu nha toan hoc va ky su
da dat lai van dé nghien ctu ching. Dé minh hoa cho nhan dinh nay, ching toi
xin trich dan cac sach chuyén khao [9], [33], [46], [47], [70] va bai bdo méi day
[75] vé tong quan ctia bai toan. Dé cho cu thé, gia st Q C R” 13 mién Lipschitz,
giéi ndi véi bien I'. Ky hiéu @ :=Q x (0,71, v6i T'> 0 va bien S =T x (0,7].
Gia st

Qij, i,j 6{1,2,...,n},b€LOO(Q),
aij = ajj, i,j€{1,2,...,n},
Mz < aij(w, )& < All€]Ra, V€ € R,

ij=1
0 < b(x,t) < p1, hau khép trong Q,

uo € L*(9), ¢, € L*(9),

A va A 14 cac hiang s6 duong va p; > 0.

Xét bai toan gia tri ban dau
n

ou 0 ou

ij=1 J

Ulpmo = up(z), x€Q,

v6i diéu kién bién Robin
ou

TN + ou|g = ¢ trén S,

ho#c dieu kién bién Dirichlet
ul|g = 1 trén S.

O day,

n

g—;‘ﬂg =) (aij(, )ua,) cos(v, z;)] s,

ij=1
v 1a vecto phap tuyén ngoai déi véi S va o € L™®(S), dude giad thiét 1 khong

am hau khap noi trén S.



Bai toan thuan la bai toan xac dinh u khi cac he s6 clia phuong trinh (2.7)
va cac dit kién ug, ¢ (hodc ) ciing nhu F' da cho [33], [94], [97]. Bai toan ngugc
1a bai toan xac dinh vé phai F khi mot s6 dieéu kien bo sung léen 161 giai u dudc
cho them vao. Phu thuoc vao cau tric ctia F va cac quan sat bo sung ciia u, ta

c6 cac bai toan nguge khac nhau nhu sau:

e Bai toan ngugc IP1: F(x,t) = f(z,t)h(z,t) + g(x,t), tim f(z,t), khi u
dugce cho trén Q [57], [96].

o IP2: F(x,t) = f(x)h(z,t) + g(x,t), h va g da biét. Tim f(z), khi u(x, T)
dugc cho, [41], [43], [48], [49], [52], [78]. Cac bai toan ngugc tuong tu cho
phuong trinh phi tuyén duge Gol’dman nghién ctiu [25], [26], [27].

o IP2a: F(z,t) = f(z)h(x,t) + g(z,t), h v g da biét. Tim f(z), néu
Jqwi(t)u(z, t)dr duge biét. O day, wy thuoc L (0, T') va khong am. Ngoai
ra, fOT wy(t)dt > 0. Cac quan sat dang nay dugce goi 1a quan sat tich phan
va ching 1a mé rong clia quan sat tai thoi diém cudi T' trong 1P2, khi w;
la xap xi ham § tai ¢ = T. Bai toan nay dugc nghién citu trong [23], [53],
[65], [66], [73], [74], [75], [92].

o IP3: F(x,t) = f(t)h(x,t) + g(x,t), h va g da cho. Tim f(t), néu u(wo, t)
duge biét. O day, 2o 13 mot diém thuoc Q [6], [7], [24], [71], [72].

o IP3a: F(x,t) = f(t)h(z,t) + g(x,t), h vA g da cho. Tim f(t), néu
[y wa(@)u(z, t)de duge biét. O day, ws € L¥(Q) v6i [, wala)dz > 0, [54],
[64], [66].

o IP4: F(xz,t) = f(x)h(x,t) + g(z,t), h va g da cho. Tim f(x) néu mot
diéu kien bo sung & trén bien ctia u duge biét. Vi du, nhu khi diéu kién
Dirichlet da cho, ta c6 thé lay dit kien b6 sung la diéu kien Neumann
dugce cho trén mot phan ctia S [8], [10], [11], [12], [15], [16], [22], [95], [98],
[99]. Bai toan tuong tu khi xac dinh f(t) v6i F(x,t) = f(t)h(z,t)+g(z,t)
dugce de cap trong [42].

e IP5: Tim nguon diém vé6i quan sat trén bien [2], [3], [19], [20], [21], [31],
[32], [33], [39], [40], [59, 60]. Mot bai toan lien quan duge xét trong [44].



Ta dé y réing, trong cac bai toan ngugc IP1, IP2, IP2a dé xac dinh f(x,t) va
f(x) ta phéi doi hoi 161 gidi u duge biét trén toan mién vat ly 2 - diéu nay kho
c6 thé thuc hien duge trong thuc té. Dé khic phuc khiém khuyét nay, ching
toi tiép can dén bai toan ngude nay tit mot quan diem khac: do dac u tai mot
s6 diém trong (hodc diém bién) a1, s, ...,y € Q (hodc trén 9€) va tit cac dit
kién nay xac dinh vé phai F. Vi cac do dac bao gio cling phai lay trung binh,

nén véi cach tiép can nay ta c6 cac dit kién sau:
Liu = / wi(z)u(x,t)de = hy(t), h; € L*(0,T), i=1,2,...,N,
Q
Vol w; € L®(Q) va [qwi(x)de >0,7=1,2,..., N, la cac ham trong, con N 1a
s6 cac do dac. Dé ¥ rang, néu ta dat

1
sl = T
0, néu x & )

néu r € Q;,

v6i |Q;] 1a the tich ctia Q; - mot lan can cta z;. Khi d6 l;u cho ta két qua do
dac tai x; v& c¢6 thé hiéu 1a gia tri trung binh ctia u(x;,t) néu nhu né ton tai.
Néu ta cho |€;] tién t6i khong, thi l;u sé hoi tu dén u(z;,t) néu gia tri ndy ton
tai. Tuy nhien, do 16i giai duge hiéu theo nghia yéu, nén khong phai lic nao
u(z;,t) ciing c6 nghia. Do vay, gia thiét [;u c6 thé do dude 1a c6 ¥ nghia thuc
tién. Ngoai ra, 16 rang rang, néu ta chi c6 cac dit kién l;u, thi ta sé khong c6
tinh duy nhat nghiém ciia bai toan, trit truong hop khi ta xac dinh f(t) trong
IP3, IP3a [6], [7], [71]. B&i vay, dé c6 tinh duy nhét, ta gia thiét rang, ta c6 mot
du doan f* clia f - gid thiét thuong dit ra khi gidi cac bai toan thyc té. Tém

lai bai toan ngudc trong cac tiép can mdi ctia chiing toi nhu sau:

Gia st ta do duge cac di kien lju = hi(t),i = 1,2,..., N, v6i mot
sai sO0 ndo d6 va mot uéc luong f* ctia f da duge biét. Xac dinh f.

Ta sé giai bai toan ngudc nay bang phuong phép binh phuong t6i thidu: cuc

tiéu héa phiém ham

N
1 v .
L) = 5 2 M = hallgary + 5117 = S,
=1



v6i v 14 tham s6 hieu chinh, || - ||, 14 chuan thich hgp. Ching t6i mudén nhan
manh ring, phuong phap bién phan dang nay da dude st dung dé giai cac bai
toan truyen nhi¢t nguge [29], [30], [33] va chiing t6 n6 rat hitu higu.

Ching toi chiing minh réng, phiém ham nay kha vi Fréchet va dua ra cong
thiic cho gradient cia phiém ham thong qua mot bai toan lien hop. Sau d6 ching
toi sé rdi rac héa bai toan bang phuong phap phan ti hitu han va phuong phéap
sai phan roi gidi bai toan toi wu roi rac bang phuong phap gradient lién hop.
Truong hgp xac dinh f(¢) sé duge gidi bang phuong phép sai phan phan ra
(finite difference splitting method). Céac két qua s6 cho thay cach tiép can cla

ching toi 1a ding dan va phuong phap gidi s6 1a hitu hieu.

Cac két qua chinh ctia luan 4n da duge bao cdo va thio luan tai cac hoi
nghi, héi thao khoa hoc, xé mi na sau:
- Dai hoi Toan hoc toan quoc lan thi tam, Nha Trang, thang 8, 2013.
- Hoi thdo Qudc gia lan thi mudi hai vé Toi wu va Tinh toan khoa hoc, Ba Vi,
Ha Noi, thang 4, 2014.
- Xé mi na tai Phong Phuong trinh vi phan, Vién Toan hoc, Vién Han lam
Khoa hoc va Cong nghé Viét Nam.
- X& mi na tai khoa Toan, truong Dai hoc Su pham, Dai hoc Thai Nguyén.
- Xé mi na tai khoa Toan — Tin, truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén.



Chuong 1

Xac dinh quy luat trao
do6i nhiét phi tuyén tiu
quan sat trén bién

Trong chuong nay, ching t6i sé nghién ctu bai toan xac dinh ham u(x,t)
va g(u, f) trong bai toan gia tri bién ban dau

(

ur — Au =0 trong @,

.

u(z,0) = ug(zr) trong Q,

Ou _ glu, f)  tréen S =0Q x [0,T],
\ Ov

tit dieu kién quan sat bd sung trén bien. Trong d6, € la mién giéi noi trong
khong gian R” v6i bien 09 tron, Q = Q x (0,T), véi T > 0 bat ki, v 1a vecto
phap tuyén don vi ngoai. Ham g : I x I — R (v6i I C R) dugce gia sit 1a lien tuc
Lipschitz, don diéu gidm theo bién u, don diéu tang theo bién f v théa man
dieu kien g(u,u) = 0 con ug va f 1a cac ham s6 cho trude c6 mién gia tri 1a I,
thuoc vao khong gian L*(Q2) va L?(S). Néu ham g théa man diéu kién trén thi
ta ki hieu g € A. Thong thuong thi hé s6 truyén nhiét dude xem nhu mot ham

clla bién thoi gian hosic khong gian, tuy nhién trong chuong nay, chiing toi chi

10
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xét hé s6 truyen nhiét phu thuoc vao nhiet do trén bien.
0 day, ching to6i sit dung quan sat trén bién la mot trong hai dang sau

1) Quan sat trén mot phan ctia bien
uly = h(x,t), (x,t) €3,

véi ¥ =T x (0,7], T 1a mot phan bién ciia 99;
2) Quan sat tich phan trén bién

lu:= /mw(x)u(x,t)dS =h(t), te (0,7,

v6i w 1a mot ham khong am xac dinh trén 0Q théa man w € L'Y(09) va
Joqw(z)dS > 0. Trong Muc 1.2 va 1.3 ching to6i nghién cttu bai toan ngugc
ti quan sat tich phan va quan sat trén mot phan cta bién va dua ra két qua
s6 minh hoa; Muc 1.4, chiing toi xét bai toan xac dinh hé s6 truyén nhiét o(u)
trong bai toan gia tri bién ban dau

y

Ut — AU = O trong Q7
q u(z,0) = up(x) trong €,

? = o(u(z,t))(uee — u(z,t)) trén S =00 x [0,7T],
\ Ov

tlt quan sat tich phan, trong do us 1a nhiét do moi truong xung quanh va duge
gid st 1a hang s6 cho trude. Két qua ctia chuong nay duge tém tat trong bai
bao [34].

Trude tien, ching toi trinh bay lai mot s6 khong gian ham sé dude st dung

trong chuong nay.

1.1. Mot sb kién thic bd trg

1.1.1. Nghiém yéu trong khéng gian H(Q)

Cho Q C R™,n > 2 1a mién Lipschitz bi chin c¢6 bien 1a 0Q :=T, T > 0 1a
mot s6 thue, @ = Q x (0,T). Xét bai toan gia tri bien ban dau trong phuong

trinh parabolic tuyén tinh
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— Ay +coy = f trong Q,
oy+ay=g tren ¥ =T x (0,7, (1.1)

y(+,0) = yo() trong Q.
Trong d6, ta gid thiét rang co, o, f vA g 1a cdc ham phu thuoc (z,t) thda man
co € L®(Q),a € L>®(X) sao cho a(z,t) > 0 v6i hau hét (z,t) € X vA cdc ham

feL*Q), g € L*(%), yo € L*(9).

Trude khi dua ra cong thitc nghiém yéu ctia bai toan (1.1), ching toi bat
dau bang viéc nhac lai hai khong gian ham thuong xuyeén dugc st dung trong

bai toan gia tri bién ban dau trong phuong trinh parabolic.

Dinh nghia 1.1 Kihiéu H%°(Q) la khong gian dinh chuan gom tat ca cdc ham
y € L*(Q) c6 dao ham riéng yéu cap mot theo bién xq, -+, z,, thuoc L?(Q) véi

chuan duge xac dinh nhu sau

T 1/2
1yl zrog) = (/0 /Q(|y(33,t)|2 + |Vy(x,t)|2) dxdt) .

O day, V 1a gradient theo bién z. Khi do, ta c6
HYQ)={ye L*(Q): Diye L*(Q),Vi=1,--- ,n}.

Khong gian H°(Q) con duge biét dén nhu 1a khong gian W, (Q) va tring
v6i khong gian L?(0,T; HY(Q2)) (sé duge nhéc t6i ¢ phan sau). Cac phan tit clia
khong gian H'°(Q) c6 dao ham rieng bac nhat dang yéu theo bién x, c6 nghia
Ia, ton tai ham w; € L?(Q) théa man

// (x,t)Djv(z, t)dedt = //wlxt (x,t)dzdt, Vv e C°(Q),i=1,--- ,n.

Khi d6, ta dat Dyy(z,t) == w;(x,t),i =1,--- ,n. Ta dé y ring W,°(Q) 1a khong
gian Hilbert [56].

Dinh nghia 1.2 Khong gian H%'(Q) dugc dinh nghia

H"N(Q) ={y e L*(Q) : v € L*(Q) va Dy € L*(Q),Vi=1,--- ,n},
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la khong gian dinh chuan véi chuan xac dinh nhu sau

1/2

Iyl = ( /0 ' | (1wt 0P + 195G 0 + lGe. ) daa) g

§ day, V 1a gradient theo bién z.

Khi d6 H11(Q) 1a khong gian Hilbert v6i tich vo huéng duge xac dinh tuong
tng. Ta cling cht ¥ ring, khong gian nay tring véi khong gian H(Q) va céc
phan t1t cia khong gian H1(Q) c6 dao ham riéng yéu theo cic bién z; va ciing
c6 dao ham riéng theo bién ¢, titc 13, ton tai ham w € L?(Q), ki hieu w = y;

thda man

// (x,t)ve(z, t)dadt = // (z, t)v(z, t)dxdt, Yv e CH*(Q).

Bay git ta sé bién ddi bai toan (1.1) thanh biéu thiic bién phan bang cach
nhan phuong trinh dau véi ham thit v € C'(Q) rdi lay tich phan trén Q. 0 day
ta c6 thé gid sit rdng y 1a nghiem cd dién va cac tich phan bén dudi 13 ton tai.
Trong truong hop dac biet, y duge gia thiét 1a ham lien tuc trong Q. Tuy nhién,
biéu thitc bién phan sau ciing chi c6 nghia néu ta c6 y € H'°(Q) va khi d6 y
duge hiéu nhu nghiem yéu clia bai toan. Sau khi lay tich phan trén @ va lay
tich phan ting phan, véi moi v € C1(Q) ta nhan dugc

T T T
/ /ywdxdt—/ /vAydxdt+/ /coywdxdt
0o Jo 0o Jo 0o Jo
= / y(z, t)v(z, t)dx|d — // (yvy — VyVo — coyv) dedt — // v0,y dsdt
Q Q s

= /Q fudadt, (1.2)

Néu v(x, T) = 0 va st dung diéu kien bién 9,y = g — ay, ta thu dugc
Vé6i moi v € HY(Q) thoéa man v(x, T) = 0, ta c6

// (—yve + VyVou + coyv) dzdt + // ayvdsdt
Q »
:// f@dxdi—%// gvdsdt+/yov(-,0)dx. (1.3)
Q by Q

Khi dé ta c¢6 dinh nghia sau
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Dinh nghia 1.3 Ham y € H%(Q) dugc goi 1a nghiém yéu ctia bai todn (1.1)
néu dang thitc bién phan (1.3) duge théa man v6i moi ham thit v € HYYH(Q)
sao cho v(z,T) = 0.

Dinh 1y 1.1 ([94]) Bai todn (1.1) ¢6 duy nhat nghiém yéu trong khong gian
HY(Q). Hon nia, ton tai mot hing sé ¢, > 0, phu thuéc vao cic ham f,g va

Yo thoa man

e [y Ol + vllwgog) < & (Ifllz2@) + lgllzzesy + lolray) . (14)

vdi moi ham f € L*(Q),g € L*(X) va yo € L*(Q).
Két qua tren 13 truong hop didc biet cta [94, Dinh ly 7.9]. Diéu nay dam
béo ring nghiém yéu y ctia bai toan (1.1) 1a anh xa lién tuc ti [0, 7] vao khong

gian L%(Q), tic 1a, y € C([0,T]; L*(R)). Do d6, chuan Jax ly(-, ) r2 ), gié
€[o,

tri ban dau va gia tri cudi y(-,0), y(-,T) dugc xac dinh va diéu kien ban dau
y(+,0) = yo dugc théa man.

Nhu vay, dnh za tuyén tinh (f, g,y0) — y la todn tii lién tuc tu khong gian
L*(Q) x L*(2) x L*(Q) vao H*(Q) va vao L? (0,T; H(Q)) NC ([0, T); L*(2)).

Cho a,b € R. Tiép theo, chiing toi gidi thieu khong gian LP cac ham vecto.

Dinh nghia 1.4 Cho V 1a mot khong gian Banach.

i) Ki hieu LP(a,b;V),1 < p < oo 1a khong gian tuyén tinh gom tat cd cac ham
vecto do dugc y : [a,b] — V ¢6 tinh chat

b
/ LBt < oo

Khong gian LP(a,b; V) 1a khong gian Banach v6i chuan

W = ([ i)’

ii) Ta ki hieu L>(a,b; V) 1a khong gian Banach gom tat ci cadc ham vecto do
dugc y : [a,b] — V ¢6 tinh chat

1Yl £ a5y = ess sup ly(®)[lv < oo
a’)
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Hién nhién ta c6 C([a,b]; V) C LP(a,b;V) C Li(a,b;V) véi 1 < ¢ < p < o0
(xem [94]).

Céc phan tit ctia khong gian L?(0,T; H'(2)) c¢6 thé duge xem nhu cdc ham
nhan gia tri thyc theo bién z va ¢, tic 1a y = y(z,t) véi z € Q, t € [0,T]. Véi
mdi ¢, ham y(-,t) thudc khong gian H'(2) theo bién z v& chuan dugc xac dinh
béi cong thiic

T ) 1/2
ooy = ([ IOl od)

(/OT/Q (|y(:[:,t)|2 + |ny(:v,t)|2) d:l:dt) 1/2.

HY(Q) = L*(0,T; H'()).

Khi do6, ta c6 [94]

1.1.2. Nghiém yéu trong khéong gian W (0,7)
Trong muc nay, ching toi sé trinh bay mot s6 két qua vé nghiém yéu cia
bai toan parabolic gia tri bién ban dau trong khong gian W (0, 7). Ta viét lai
bai todn (1.1)
yr — Ay +coy = f, trong Q,
oy +ay =g, trén 3, (1.5)
y('? O) = yO(')? tI‘ODg Q?

v6i gid thiét vé cac he s6 va vé phai nhu da néu 6 Muc 1.1.1. Xét khong gian

ham sau

Dinh nghia 1.5 Cho V 1a mot khong gian Hilbert. Ki hieu W (0, T") 1a khong
gian tuyén tinh gom tat ca cac ham y € L?(0,T;V), c6 dao ham (theo nghia
phan bd) y' € L?(0,T;V*) v6i chuan xac dinh bdi

lwon = ([ (1 + 101k )

Khong gian W (0,7) = {y:y € L*(0,T;V),y € L*(0,T;V*)} la khong gian
Hilbert v6i tich vo huéng

(wohwion = [ (o) + [ @Oy a
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Khi d6 ta c6 két qua sau

Dinh Iy 1.2 ([94]) Cho y € W,°(Q) la nghiem yéu ciia bai toan (1.1). Khi dé
nghiém y thuoc khong gian W(0,T).

Dinh 1y 1.3 ([94]) Nghiém yéu y cia bai todn (1.1) théa man danh gid dang

lyllwor < cw (Ifll2) + 19l 22y + llvollz2@)) »

vdi hing so ¢, > 0 khong phu thuoc vao (f,g,v0). Hay néi cach khdc, dnh za
(f,9,90) = y zdc dinh todn ti tuyén tinh lién tuc tit khong gian L*(Q) x L*(X) x
L*(Q) wvao khong gian W (0,T) va trong truong hop riéng dnh xa dé vao khong
gian C([0,T]; L3(Q2)).

Xét bai toan lién hgp véi bai toan (1.5)

—pt — Ap +cop = ag  trong Q,
O,p + ap = ax trén X, (1.6)
p(vT) = aq trong Qa

v6i cdc he sb cp,a bi chan va do dugce, cac vé phai thda man ag € L*(Q),

ax € L?(X) va aq € L*(). Ta xac dinh mot dang song tuyén tinh nhu sau

alt;y,v] == /Q(Vy Vo + ¢+, t)yv) de + /Foz(-,t)yv ds.

Khi do, ta c6 két qua quan trong sau day:

Dinh 1y 1.4 ([94]) Bai toan parabolic (1.6) ¢6 duy nhit nghiem yéup € Wy°(Q),

nghiém nay la nghiém cia bai todn bién phan
T
// PU dxdt—i—/ alt; y, v]dt = / aqu(T)dx + // aqu dxdt + // axv dSdt,
Q 0 Q Q by
Yo € Wy (Q) sao cho v(-,0) = 0.

Ta c6 p € W(0,T) va ton tai hang sé cq > 0 khong phu thudc vao cac ham cho

trudc, thoa man

Ipllwor < ca(laollzg) + lasllze) + laall2@)) -



17

Tup e W(0,T), ta c6 cong thiic tich phan ting phan cho bai toan lién hop ¢

dang rit gon

T
/ {_ (pt, V)ye v +alt; p, v]} dt = // aqQu dxdt + // axv dSdt,
0 7 Q s

Vv € L*(0,T;V), (1.7)
p(T) = aq.

Dé tinh dao ham ciia bai toan bién phan ta can dén két qua sau:

Dinh 1y 1.5 ([94]) Cho y € W(0,T) la nghiém cia bai todn parabolic

Y — Ay + coy = bouv  trong @,
o,y + ay = byu trén X2,

y(0) = bow trong §2,

vdi cac ham hé s6 ¢o,bg € L¥(Q), a,by € L™(X), bg € L>®(Q) va cdc bién
diéu khién v € L*(Q), u € L*(X), w € L*(Q). Hon nita, cic ham cho trudc
ag, ag, ax, la cic ham binh phuong khd tich va cho p € W(0,T) la nghiém yéu
cia bai toan (1.6). Khi do, ta co

/agy(-,T)dx + // axy dSdt + // aqy dxdt

Q by Q

= / bgp(-,O)wd:E+// bypu det+// bopv dzdt.
Q by Q

1.2. Bai toan xac dinh quy luat trao doi nhiét phi tuyén

t quan sat tich phan trén bién

1.2.1. Bai toan thuan
Xét bai toan gia tri bien ban dau
(
uy — Au =0 trong @),
q u(x,0) = ug(x) trong €, (1.8)
ou

|5, = g(u, f) trén S.
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Béng cach st dung nghiém yéu trong khong gian W (0, T'), nghiém ctia bai toan
(1.8) trong khong gian W (0,T) ton tai vd duy nhat.

Dinh nghia 1.6 Cho uy € L3(Q) va ham f € L3(S). Ham v € H;°(Q) duge
goi la nghiém yéu clia bai toan (1.8) néu ham g(u, f) € L*(S) va v6i moi ham
thit n € H1(Q) théa man n(.,T) = 0,

—u(x, t)ni(x, t) + Vu(x,t) - Vn(z,t) )dedt
Q

— [ wala)nter,0)ds + [ glute.0). £z, 0) e, idsit.
Q S
(1.9)

) . ., 0
Trong dinh nghia trén, néu dieu kién bién phi tuyén a—u = g(u, f) dugc thay
v

béi diéu kien bién tuyén tinh % = h v6i h € L*(0,T;09) thi trong (1.9) ta c6
thé thay ham g(u(x,t), f(x,t)) béi ham h(z,t) ([56]). Nghiem yéu ctia bai toan
phi tuyén cling c¢6 thé coi nhu nghiém yéu ciia bai toan tuyén tinh véi dieu kien
bien h(x,t) = g (u(x,t), f(x,t)).

Ta c6 két qua quan trong sau

Dinh 1y 1.6 ([87]) Cho J la khodng con cia tap I théa man ham g(u, f) lién
tuc Lipschitz déu trén Jx J. Khi dé véi moi ham ug € L%(Q) va ham f € L*(S),
bai toan (1.8) c¢6 duy nhat nghiém yéu.

Phép chiitng minh can dén Dinh 1y Leray-Schauder vé diém bat dong va nguyén
Iy maximum cho nghiém yéu. Bay gio, chiing t6i sé chi ra nguyén 1y maximum

cho nghiém yéu.

Dinh 1y 1.7 ([87]) Cho u va @ la nghiém yéu cia bai todn (1.8) tuong ting vdi
cac diéu kién ug, f va Ty, fo c6 mién xdc dinh la I va théa méan vy < T, f < f.
Khi do, u < 7.

Ap dung Dinh 1y 1.7, hoan toan tuong tu ta cing ¢6 @ < w. Khi d6, ta c6

hé qua sau

Hé qua 1.7.1 ([87]) Cho trudc cic dieu kién ug va f, bai toan (1.8) cé nhicu

nhat 1 nghiém.



19

Ta thay, ham u = ¢ la nghiém ctia bai toan (1.8) ting véi dicu kién ban dau
up = ¢ va ham f = ¢, v6i ¢ 1a mot hang s6 bat ki. Néu ta ap dung Dinh 1y 1.7

v6i ¢ = m va ¢ = M thi ta c6 két qua sau

Hé qua 1.7.2 ([87]) Cho u la nghiém yéu ciia bai todan (1.8). Néu ug va f bi
chan dudi bdi m (hodc bi chan trén bdi M) h.k.n thi w cing bi chan dudi bdi m
(hodc bi chan trén bdi M ).

Trong [87], dé dua ra danh gia tién nghiém cho nghiém yéu clia bai toan
(1.8), tac gid can diéu kien don diéu chat ctia ham g(u, f). Tuy nhién, diéu do6
13 khong can thiét. Ngoai ra, néu dieu kien ban dau lién tuc dén tan bién thi ta

c6 két qua sau

Dinh 1y 1.8 ([13], [76], [77]) Néu ug € C(Q) va f € L>®(S) thi ton tai duy
nhat nghiém yéu ciia bai todn (1.8) trong khong gian W (0, T)N L>(S). Nghiem
yéu nay lien tuc trong Q va ton tai mot hing sé6 duong c doc lip vdi uy va f
thoa man

lullwo.r) + lulle) < cllluolle@) + Ngllzeuxn): (1.10)
Chitng minh. Xem [76]. O

Dé nhan manh sy phy thude ciia nghiém u(z,t) vao ham g, ta ki hiéu né 1a
u(x,t; g) hodc u(g) thay vi u. Hon nita, vi f ¢6 dinh nén ta ki hi¢u g(u) thay
cho g(u, f). Tuy nhién ta van nhé rang ham g phu thuoc ci vao hai bién u va f

c6 mien gia tri trong I nhu ham wg. Vi ta coi ham ¢ nhu lié ham mot bién doi

g
) du )
theo, chiing t6i ching minh &nh xa w bién ¢ thanh u(g) khéa vi Fréchet. Dé lam

v6i u nén ki hieu dao ham ctia g theo u 1a g,(u) thay vi Trong phan tiép
duge dieu do, trude tién ta ching minh u(g) lien tuc Lipschitz.
Goi A; la tap tat ca cac ham g(u, f) khé vi lién tuc theo bién u trong mién

I. Ta ¢6 danh gia sau

B6 dé& 1.1 Cho ham g¢', g*> € Ay théa man g' — g*> € A con u',u® la nghiem
clia bai toan (1.8) tuong ing vdi dieu kién bién g, g*. Gid st ug € L*(Q) va
f € L(S). Khi dé, ton tai mot hang s6 ¢ sao cho

lu" = wllwor + lu" = llo) < ellg’ = & llzruxn:
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Chitng minh. Dat v = u! — «?, khi d6 v 13 nghiém ctia bai toan

(

v —Av=0 trong @,
q v(z,0) =0 trong €, (1.11)
\% = g'(ul) — g*(u?) tren S.

Viv(z,0) =0 va
g'(u') = g*(u®) = (g' (u') = g" () + (¢' (u*) — g*(u?))
= [ s+ g - ),

ma g (u?) — g?(u?) € L>®(S) va g5 < 0 nén ton tai nghigm yéu v ciia bai toén

(1.11). Do d6, theo Dinh 1y 1.8, v € W(0,T) N L*°(Q) va théa man danh gia

[olwior + I0ley < e ((uolleg + lgllimqxn )

hay
lu" = wllwor + lu" = llog) < e’ = & lluruxn.

B6 dé duge chiing minh. O

Trong (1.8) thay g béi g + = ta duge

)
u(g +2) — Aulg +2) =0 trong @,
)20+ Do = ug trong €, (1.12)
au<g + z) )
. ov = g(u(g+2)) + 2(u(g + 2)) trén S.

biat w =u(g+ 2z) — u(g). Ta ¢c6 w la nghiém cia hé

y

wy — Aw =0 trong @,

q w(z,0) =0 trong €, (1.13)
9]

|5, = 9(ulg +2)) — glulg)) + =(u(g +2)) tren S.

Dé chitng minh u(g) kha vi Fréchet, ta chiing minh u(g) kha vi Gateaux bing
céch trong (1.8) thay g b6i g + ez ta co
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)
us(g+e€z) — Au(g+e€z) =0 trong @,

S u(g + €2)|i=0 = ug trong €, (1.14)
ou(g + ez) .

5 = g(u(g+€2)) + ez(u(g +€z)) trén S.

u(g + €z) —u(g)

bat n = lim._g la dao ham theo huéng z ctia ham u, ta dugce

(a(uea;tu)/e—A(ue—u)/e:O trong @,
(v —u)/eli=o =0 trong €2,
\ a(uea_yu)/€ _ g<u€7 f) e_g(u7 ) + Z(UE, f) trén S.

Cho € — 0 suy ra

O(uf —u)/e /) -
— lim (g, /) + 2(u, )

= gu(U, f)77 + Z<uag)'

Do do, n la nghiém cia bai toan "sensitivity"

(

n—An =20 trong @,

§ 7(z,0) =0 trong €, (1.15)
0 . "
0= gululg)n + 2(u,g) tren S.

\ Ov

Vi gu(u(g)) < 0 nén bai toan (1.15) ¢6 nghiém. Hon nwta, do n(z,0) = 0 va
z,g € A; nén theo Dinh 1y 1.8 ton tai va duy nhat nghiem ctia bai toan (1.15)
trong khong gian W(0,7) N L*™(Q).

Dinh 1y 1.9 Cho ug € L3(Q), f € L°(S) va g € Ay. Khi d6, dnh za bién g
thanh u(g) khd vi Fréchet va vdi bat ki g, g+ 2z € Ay ta c6

lu(g + 2) — u(g) — nllwom)
2/l oo (rx 1y —0 2]l (n

= 0. (1.16)

Chitng minh. Dit w = u(g+ z) —u(g) —n v6i n 1a nghiém ctia bai toan (1.15),

khi d6 w la nghiém cta hé
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(wt —Aw =0 trong @,
qw(xz,0)=0 trong Q,
|52 = g(ulg +2)) + =(ulg +2)) ~ 9(u(9)) ~ ululg)n — 2(w.g) tren S
Ta thay
g(u(g +2)) + z(u(g + 2)) — g(u(g)) — gu(ulg))n — 2(u, g)
= gu(u(g))(ulg + 2) —ulg)) + g(ulg + 2)) — g(u(g)) — gulu(g))n
— gulu(g))(u(g + z) —u(g)) + z(u(g + 2)) — z(u(g))
= gu(u(g))(ulg + ) —u(g) —n) + g(u(g + 2)) — g(u(g))
— gu(u(g))(u(g + z) —ulg)) + z(u(g + 2)) — z(u(g))-
Do d6, w la nghiém bai toan
(wt — Aw = ( trong @,
) gff’ O). = 0 trong , 1.17)

o~ duu(@)w = glulg+2)) — glulg)) — gululg))(ulg +2)

—u(g)) + z(u(g + 2)) — z(u(g)) tren S.

\

Vi g kha vi lién tuc nén theo Dinh 1y 1.8 ta c6

lg(u(g + 2)) — g(u(g)) — gu(ulg))(ulg + 2) — u(g))llL=(s)
=0 (||U(9 +2)|s — u(g)|5||L°°(s))
= O(HZHLOO(S))-

Mat khac

ulg+2)
/i %wmﬂ
u(g) Le>=(S)

< cllZullzeenll 2l o)

= o(llzllcvn)- (1.18)

12(u(g + 2)) — 2(u(g)ll=(s) =

T (1.10) va (1.18) ta ¢6 (1.16). Hon nita, 1 1a toan ti tuyén tinh bi chin bién
z € Ay vao khong gian W (0,T) nén u kha vi Fréchet theo bién g hay 7 1a dao
ham Fréchet ctia u. Dinh 1y dugce chitng minh. ([l
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1.2.2. Bai toan bién phan

Trong muc nay, chiing t6i sé nghién cttu bai toan xac dinh ¢ trong he (1.8)

;

uy — Au =0 trong @),

q u(z,0) =ug(x) trong €,

ou ~
\a_g(uaf) trén S7
tit quan sat tich phan
lu(f) ::/ w(z)u(x,t;9)dS = h(t), te]0,T], (1.19)
o1

trén tap chap nhan dugc A; biang phuong phap bién phan. Trong d6, w(x) 1a
ham khong am trén 09, w(z) € L'(9Q) va [, w(x)dS > 0.

Noi dung ctia phuong phép bién phan la tim cuc tiéu ctia phiém ham
1
J(g) = §Hlu(g) - h“%Q(O,T) trén tap A. (1.20)

Trudc tien, ching toi ching minh phiém ham J(g) kha vi Fréchet va dua ra
biéu thiic gradient. Sau do, véi dicu kién manh hon déi véi ham ¢, ching toi

chitng minh sy ton tai nghiém ctia bai todn bién phan.

Dinh 1y 1.10 Phiém ham J(g) khd vi Fréchet trén tap Ay va gradient dugc
tinh theo cong thic

VJ(g)z:/Sz(u(g))go(x,t)det, (1.21)

trong do, p(x,t) la nghiém cia bai todn lién hgp

)
—pr—Bp=0 trong Q,

@ T)=0 trong €2,
dp . )

50 = Ju(u(g))e + w(x) ( [oqw(@)u(g)|sdS — h(t)) trem S,

Chitng minh. V6i ¢, cho truéc dia nhé, chon € > 0, z € A; sao cho g+e¢ez € A
voi 0 < € < €. Ki hieu u€ 1a nghiém ctia bai toan (1.8) véi diéu kién bién g

duge thay bdéi g + ez. Ta co
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T+ e2) = J(9) = Sllulg + e2) — hlgoiry — 5 llug) — o
= Ntuls + e2) ~ 1u(9)) + (Gulg) = W30y — 5luls) — Pl
= liuly + e2) — lulg) a0y + (g + €2) — lulo), Lul) — ) o
= S~ wlg)) ooy + (" = () Tul) — ) o -

Khi € — 0, theo Bo dé 1.1, ta c6

li(u = w(@)Z20.m) = olllzllz=(n)).

Mat khéc, vi u(g) kha vi Fréchet nén phiém ham J(g) ciing khé vi Fréchet va

ta co

Wu® = u(g)), lu(g) = h) 2 0.1)
ug(g)z), lu(g) — h>L2(0,T)
= (l(n), lu(g) = h) 120,17

_ /0 ! ( /a Qw(x)n(x,t)dS)( /8 Qw(x)u(g)|sd5—h(t))dt,

trong do6 n la nghiém cua bai toan "sensitivity".
Xét bai toan lién hop

;

—pr—Ap =0 trong @,
§ ¢z, T)=0 trong €2, (1.22)
do . )
5, = Gu(u(9)e +w(z (f89 9)lsdS — h(t)) tren S
Vi gul(u(g)) < 0 v w(e) g w(w)u(g)lsdS — h(t)) € LA(S) nen bai toin (1.2

c6 duy nhat nghiém trong khong gian W (0,T) va theo Dinh 1y 1.5 ta c6

/OT (/agw(x)n@,t)dS) (/agw(l’)u(gﬂsds — h(t))dt = /gz(u7g)@($,t)d5dt.

Do do
VJ(g)z:/z(u,g)cp(x,t)det.
s

Dinh 1y dugc chiing minh. U



25

Trong phét biéu dudi day, ching toi chi ra diéu kién can ctia cuc tri cho
phiém ham J(g).

Dinh 1y 1.11 Gid st g* € Ay la cuc tiéu ciia phiém ham (1.20) trén tap A;.
Khi dé, bat ki z = g — g* € Aj,

VJ(g")z = /Sz(u*(g*))go(x,t;g*)det >0, (1.23)

vdi u* la nghiém cia bai todn (1.8), p(z,t;g*) la nghiém cia bai todn lién hgp
(1.22) 1ing vdi diéu kién bién g = g*.

Ching minh. Goi u* va u*¢ 1a nghiém ctia bai toan (1.8) tuong tng véi dieu
kién bién g* va g* 4+ ez. Dat v = u™¢ — u*, khi d6 v 1a nghiém cta bai toan

;

—Av=0 trong @),

q v(z,0) =0 trong €,
O (g + e2)(u™) — g*(u”) tren S
\ aV g g ‘

u u . ? Nt Z
bat n = lim._¢ — thi ta cling c¢6 n 1a nghiém cta bai toan

—An=20 trong @),

\

n(xz,0) =0 trong €,

% = g*,(u*)n + z(u*) trén S.

\
Xét bai toan lién hop

(

—pr—Ap =0 trong (),
P T) =0 trong €2,
dp . )
5, = 9w (@)p + (o 0)( Jppwle)ur (9)lsdS = h(t))  tren S.

Ap dung Dinh Iy 1.5 ta ¢6

VJ(g*)z = /OT (/mw(x)n(x,t)dS) (/mw(x)u*(x,t; g")dS — h(t))dt
- [ st @)ete. g s
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Dinh ly dugc chiing minh. O

Bay giv, chiing t6i chiing minh su ton tai cuc tiéu ciia bai toan bién phan

(1.20) trén tap chap nhan duge. Xét tap (xem [86])

Ay = { g € Co1),my < g(u) < My, My < glu) < 0,¥u € 1,

sup |gu<u1) _ gu(u2)| < C}
u1,u2€l |U1 - u2|y

O day, v, mq, My, My va C 1a cac hiang s6 cho trude.

Gia st ug € CP(Q) v6i hing s6 8 nao d6 thuoe (0,1]. Thé thi, theo [76, He
qua 3.2], u € C7/2(Q) véi v € (0,1). Dat

To = {(9.u(9)) - g € Asiu € V@) ).
Ta c6 két qué sau

Bo6 dé 1.2 Tap T,q la tién compact trong khong gian C'[I] x C(Q).

Ching minh. Ta c¢6 Ay 1a tap compact trong khong gian C1[I] (xem [86]).
Hon nita, theo [76, Hé qué 3.2], khi g € Ay thi nghiém wu(g) bi chan trong khong
gian C77/2(Q). St dung phép nhiing compact C?7/2(Q) vao khong gian C(Q).
Do dé, T,4 1a tién compact. B6 dé duge chitng minh. O

Dinh 1y 1.12 Tap T,q déng trong khong gian C[I] x C(Q).
Ching minh. Gia st day (g, u,) hoi tu trong khong gian T,4 t6i gidi han
(g,u). Ta sé ching minh u = u(g).

That vay, vi g, € As, (xem [86]), g thudoc Ay. Hon nita, vi ug va f déu c6

mién gia tri 1a 7, nén cac ham w, vd v cling c6 mién gia tri 1a 1. Suy ra

l9(w) = gn(un)| < |g(w) — g(un)| 4 [9(un) — gn(un)]
< Mifju — Un“c@) + lg = gnllz=(1)

— 0  khin — oo.

Do d6, day g,(x,t) = gn(u,) hoi tu déu dén ham g(z,t) = g(u). Tt Dinh nghia
nghiém yéu 1.6 ta c6 u = u(g). Vay, dinh ly dugc chiing minh. O
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Dinh 1y 1.13 Bai todn tim cuc tiéu cia phiém ham J(g) trén tip Ay c6 it
nhat mot nghiém.

Chitng minh. Dinh 1y trén dugc suy ra tryc tiép tir tinh lien tuc ctia phiém
ham J, Dinh 1y 1.12 va Dinh ly Weierstrass. U

1.2.3. Vidusb

Dé giai s6 bai toan (1.8) v6i quan sat tich phan (1.19) ching toi st dung
phuong phép phan ti bien dé giai bai toan thuan va bai toan lien hop, st dung
phuong phéap lip Gauss-Newton dé tim cic tiéu ctia phiém ham (1.20).

1.2.3.1. Phuong phap phan t& bién cho phuong trinh parabolic
Xét bai toan bien loai 3 dbi v6i phuong trinh truyén nhiét

( — Au = f(xz,t) v6i (z,t) € Q,
q u(z,0) =a(z), x€q, (1.24)
ou
Sirou =bEn, Enes
trong do
feL*Q),ac L*Q),0ec L™(S),0>0,bc L*S), (1.25)

1a cac ham s6 cho trudc.

Dt kién Cauchy [w := %, u) trén bien S ctia bai toan (1.24) c6 thé dugc
tim bang phuong phap phuong trinh tich phan bién, (xem [17]). That vay, ta c6
cong thiic biéu dién nghiém ctia phuong trinh truyén nhiét (1.24) véi (z,t) € Q,

//Sx y, t—m)w(y, 7)ds, dr— // (Z—y, t—7)u(y, 7)ds, dr
vy

+ [ &=y aty dy+// G — oyt — P)gly, ) dydr, (1.26)

trong do &(z,t) dugce cho bdi

p
(471'15)_%6_% véi t > 0,
E(x,t) =
0 véi t <0,
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la nghiém co ban ctia phuong trinh truyén nhiét, (xem [17]).
Ta dinh nghia cac thé vi don va thé vi kép sau

vayan = [ [ et

(Ku)(x,t) //—5 r—&t—T1)u(, T)d dr,

(‘)n§
v6i (x,t) € S, céc toan tit tich phan bien N va W,

(Nw)(x,t):/o /Falié'(x—§,t—7')w(§,7')d§d7',

va

(W), 1) = ayx//—gx—gt—f) (€. 7) de dr.

81/5

Ngoai ra, ta xét cac thé vi thé tich sau, véi (z,t) € S,
(Mua)(a.) = [ £lz =y, 00alo) dy,
t
(Nog)(z,t) = / /Qg(w —y,t—7)g(y,T)dydr,
0

(Mia)a,t) = - [ &G~ atw) o,

(Nig)(z,t) = 88%/0 /E(x—y,t—f)g(yﬁ) dy dr.
Q

Tinh chat clia cic toan tit tich phan trén cé thé xem trong [17, 68]. Dic biét,
toan tit NV 1a toan tit lien hop ctia toan tit thé vi kép K, tic 1a

(krw, Np) = (rrp, Kw),

trong d6 anh xa kp duge dinh nghia béi kpv(z,t) == v(z, T —t).
Tt cong thiic biéu dién nghiém, ta c¢é cdc phuong trinh tich phan sau, (xem

[17])

(Vw)(x,t) = (%I + K) u(z,t) — (Moa)(z,t) — (Nog)(z,t) v6i (z,t) € S,
(1.27)
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1
(Wu)(x,t) = (51 — N) w(z,t) — (Mya)(x,t) — (Nig)(z,t) véi (z,t) € S.
(1.28)
Két hop véi dieu kieén bién, ta c6 hé phuong trinh tich phan bién sau

A <w> _ < Vv — (;[—l—K)) <w> _ < —Moa — Nyg ) (120
U (%I—l—N) W+ ol U b— Mia— Nig

B6 dé 1.3 Todn ti A la todn tit elliptic, tic la ta ¢6 bat ddang thie sau

<A<:f:>,<z>><gx ) <@:>’<@:>>+)<w>
> C (Il 5y g+l 04,

vdi moi w € H271(S), u € Hz1(S), va C la mot hing sé.
Ching minh. Xem [17, Dinh 1y 3.11], va st dung diéu kién o > 0. O

V6i gi& thiét (1.25), heé phuong trinh tich phan bién (1.29) ¢6 nghiem duy
nhat (w,u) € H273(S) x Hz1(S). Trong phan tiép theo, ching ta sé trinh
bay phuong phap phan tit bien (BEM) dé giai s6 hé phuong trinh tich phan
bien (1.29).

Goi V), 1a khong gian cac ham tuyén tinh ting khic déi véi bién khong gian
va 13 hang s6 ting khtc déi véi bién thoi gian. Uy, 13 khong gian cdc ham hang
sO ting khtic déi v6i ca bién khong gian va thoi gian. Phuong phap Galerkin
d6i voi he (1.29) 1a tim (wp, up) € Vi, X Uy, sao cho

<A wy, | h >:< —Moa — Nyg | h > Vi moi (7. 1) € Vi xUn.
Up, Uh b—Mla—ng Uh

Hé nay tuong duong véi

<th7Th>S_<(%]+K)uh7Th>S :—<Moa+N0g,Th>S,
< (%I + N) Wh, Uh>S + <WUh, Uh>S + <O'Uh, Uh>S = <b - Mla - N197 Uh>sa
(1.30)

v6i moi (1, vp) € Vi X Up,.
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Gia su
n—1mi;—1 n—1mo—1
_ Y e @, wne ) =33 w0
(=0 i=0 (=0 j=0

O day, mo = my trong truong hop hai chiéu, n 1a sé bude thai gian, p)(z) va
@} (x) 1an lugt 1a cac ham co s6 hing s6 timg khiic va tuyén tinh ting khic doi
v6i bién khong gian va 19 (t) cadc ham co s6 hing sb ting khic déi véi bién thoi
gian.
Chon cac ham thi 7, € U, va vy, € Vy,, ta thu duge hé phuong trinh tuyén

tinh sau

Viw — (M, + Kp)u = f,

(3M}) + Na)w + Wi + Miu = f%,
trong dé6 Vj,, Ky, Ny va W}, va cac ma tran Galerkin tuong ting véi cac toan tu
tich phan bien V, K, N va W; M}, 1a ma tran trong so, (xem [89]). Cac vecto f
va f tuong ting 1& cac vecto vé phai.

Ngoai ra, ta dinh nghia ma tran trong sd véi cac phan ti
M) = (o (x, )i (2)0p (8), i (x)1p(1))
/ [ @ nel @@ s, a.

Nhu vay, MPZ,[j][i] = 0 néu k # €. V6i k = £, ta ky hieu My, béi M.

Cac ma tran Galerkin la céc ma tran khoi, tam giac dudi. Cu thé, ta co

[ Vo \ ([ Wo \

i W Wy Wy
Vi = , Wh= :

| 2 Vo Wi—o Wi_3 W

\Vn 1 Vi Vb/ \Wn—l W2 Wo/
[ Ko )

K Ky
I

Kyo K3 Ko
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va
[ & )
X K| K§
§M,1T+Nh =
K, , K, 3 K
\KT, K, Ky

He phuong trinh tuyén tinh

((%M}LT + Na)

Vi

c6 thé viét lai nhu sau

va

[ Vo Y[
Vi Vo w1
V;L“—Q V;L”—B Vo Wp—2
Kvn—l Vi—2 Vb) \wn—I)
: V()
K Ky Ui
Kn—2 Kn—s Koy un_g
Kooy Koo Ko) \tns
(1 \ ()
K K| w
KT—LF—2 KJ—S KoT UJ;—2
KL K5 ) \wir)
)
Wo + MY
Wn_g Wo+ M7,
W2 W0+M;{_1)

—(%Mh—{—Kh) wy il
W, + Mg u)  \f?

o\

Uy

Up—2

o 1)

)
0
2
1

2

n—2
\/2_,/
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Tt hai phuong trinh dau tién ctia hé trén, ta c6
Vo — Ko wo\ _ [ 0
Kq Wo+ Mg ) \uo 13

[Ko Vo Ko+ Wo+ M Jug = f§ — Ko Vg ' s

Suy ra

véi Vy la ma tran kha nghich, do toan tit V' la toan tit elliptic, va do do6 ta co
thé giai dugc nghiem duy nhét ug va wy. Do d6, céc véc to wy, va uy, dude Xac

dinh tit hé phuong trinh sau

Viwg + Vi_qwy + ... + Vowr — Krpug — K—_qup — ... — Kouy, = fkl;
Klwo+ K, jwi + ... + K wg + Wiug + ... + Wiug—1 + (Wo + M?)uy, = f7

v6i k =1,...,n — 1. Hé nay co6 thé viét lai nhu sau

Vowy, — Kour = ff + Kruo + Kp—qut + ... + Kjug—1 — Vywo — ... — Viwg—1
K()ka + (Wo + M,‘j)uk = f,? — K,;rw() — .= K1ka—1 — Wiug — ... — Wiug_1.

Chil ¥ ma tran R™>™ 5 AF .= KV Ko+ Wo+ MZ, k=0,...,n— 1, 1a dbi
xting va xac dinh duong. Do do, ta c6 thé sit dung mot s6 phuong phap hitu hieu
dé giai hé phuong trinh nay, chang han phuong phap gradient lién hop (xem
[93], p. 293-302), hoac phuong phéap phan tich Cholesky (xem [93], p. 172-189).

a. Phuong phap phan t bién giai bai toan thuan phi tuyén
Xét bal toan thuan

(

u — Au =0, (iﬁ,t)EQ,
su(z,0)  =uy(z), z€Q, (1.31)

% = g(u) + b(I,t), (I,t) €S =00 x [O,T],
\

v6i cac ham s6 ug, g, b cho trude. Day 1a bai toan phi tuyén (diéu kién bién phi
tuyén). Ta giai bai toan thuan trén bang phuong phap lap nhu sau:
Xuat phat tit xap xi dau u® = u%(z,t), ta tim u""!(z,¢) 1a nghiem ctia bai

toan sau



(
ul ™ — Ayt =0, (x,t)€q,
3 unti(z,0) — ug(z), wel,
a n+1
\ lé,, — g WMt = g(um) — ¢/ (uhum + bz, t),  (z,t) € S =0 x [0,T).

Day 1a bai toan bién Robin véi ¢'(u™) > 0. Bai toan nay duge gidi bang phuong
phap phan tit bien. Thuat toan dimg khi

[u" T — || < g|[u]|  hodic n > max,
1

trong d6, max la s6 budc lip cao nhét.
it

Nhan xét 1.1 V6i gia thiét da biét A = mingu(z,t) va B = maxgu(x,t), khi
lap trinh tinh toan, 6 moéi buée lap ta thuc hién phép chiéu ham u” trén doan
[A, B].

b. Phuong phap phan ti& bién giai bai toan lién hop
Xét bai toan lién hop

;

—$Yt — A(p = 07 (.T,t) € Qa

< gO(CE,T) =0, ze€fq,
Op .
( Ov = g(ulg))p +wlz (faQ 9)|sdS — h(t )), (z,t) € S.

Cho trude ham u va g, bai toan lién hop trén 1a bai toan tuyén tinh. Dat

p(x,t) = kpp(x,t).

Khi d6 p(z,t) 1a nghiém cia bai toan

y

—Ap =0, (z,t)€Q,

§p(x,0) =0, ze€Q,
\% = rrg(u(g))p + w(z) (KT Joqw(@)u(g)|s dS — h(T — t)), (z,t) € S.

Chii ¥ krg(u(g)) < 0, bai toan trén c6 thé giai bang phuong phap phan tit bién.
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1.2.3.2. Két qua sb

Cac két qua so6 trinh bay trong luan an dudc tinh toan trén may tinh xach tay

v6i cac thong sb: Intel Core i3 - 2328M, CPU 2.20GHz, RAM 2.0GB, hé diéu
hanh Windows 7 va moi truong C** hodc MATLAB.

Chting t6i thit nghiém thuat toan cho mién hai chieu Q = (0,1) x (0,1),
T =1 va nghiém chinh xac dugc cho béi

100 xr — xpl?
uexact<$;t> = RGXP (_%) , (132)

trong d6 zp = (—2,—2). Ta nhan thay ring tit phuong trinh (1.32), cyc tiéu
clia u dat tai t = 0 v6i kién ban dau u(z,0) = ug(x) = 0, trong khi cyc dai cia
Uexact dat tai t =T =1 va z = (0,0), tic 1a u((0,0),1) = 2e2. Do do, trong
truong hop nay, ching t6i chon khodng thai gian [A, B] = [0, %6_2].

Chung t6i xét cac vi du c6 ¥ nghia vat 1y nhu tim lai quy luat truyén nhiet
tuyén tinh ctia Newton va quy luat bitc xa nhiét phi tuyén bac bon khi dieu
kién bién c6 dang

ou R
O — 9(0) Gl ). trem S
v6i dit kien dau vao f cho trude dude xac dinh béi

OUex
f= oxact + Uexact, trén S.
v

Trong truong hgp tuyén tinh diéu kién bién tuyén tinh ta c6 gexact(f) = —f Vi

auexac 1/4
f= < B k —|—u3xact> , trén S.

Trong trudng hop diéu kién bién phi tuyén ta c6 geact(f) = —f2.

Bang tinh toan truc tiép, ta coé cuc tri cia ham f dugc xac dinh nhu trén
tréen S 1 [m :=ming f; M := maxg f] D [A,B] = [0,22¢7?] . Theo Hé qua
1.7.2, ta biét rang m < u < M, hon nita cac can trén M va can duéi m bi chan
do cac dit kien dau vao ug va f duge cho trude.

0 day, hai ham trong dugc st dung trong quan sét tich phan (1.19) la

1 o
w(e)={¢ nen L (GO0 s (1.33)

0 néu ngudc lai,
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W) =G +E+1, (1.34)

vl € = (£,&). Chu ¥ rang trong ham trong (1.33) néu ¢ c¢6 gia di nhd thi
quan sat tich phan (1.19) tré thanh quan sat diém nhu trong (0.4) tai goc toa
a6 & = (0;0).

Chiing toi 4p dung thuat toan lip Gauss — Newton dé tim cuec tiéu ciia phién

ham (1.20) dugce viét lai nhu sau
1 2 1 2
J(g) = s lllu(g) — h“L?(o,T) = _Hq)<g>HL2(O,T)' (1.35)
2 2
Cho trude g, xét bai todn con, tim cyc tiéu (ing véi z € L?(I)) ctia phiém ham
1 Qp, )
L 18(0.) + (90200 + S0l Phuong php 1 (M1, (136)
hoac
1 «Q )
(00 )2 B+ =g+l Phong phip 2 (M2). (1.37)
Buéce lap méi duge cap nhat

Do ham g 1a ham gidm nén  mdi budc lap, ta thie hién phép chiéu (chat cut) dé
dam bdo rang & budc lip tiép theo tinh chat gidm ciia ham g dude git nguyen.
O day, ta chon tham s hiéu chinh

0.001
oy, = .
n+1

(1.39)

Bai toan thuan va bai toan lien hop dudgce giai bang phuong phap phan ti bién
(BEM) v6i 128 phan tt bien, 32 bude thoi gian va khoang [A, B] dugc chia
thanh 32 khoang nhé. 0 day, chiing toi stt dung phuong phap phan tit bién gitp
viéc tinh toidn s6 nhanh hon do phuong phap nay dua bai toan hai chiéu vé bai
toan mot chiéu bang cach roi rac héa tich phan trén bién. Tuy nhién, phuong
phép nay chi sit dung dugce khi nghiém co ban ciia bai toan duge cho dudi dang

tuong minh.
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Trong phan tiép theo, ching toi trinh bay két qua s6 cho truong hop ham
g(u) chua biét 1a tuyén tinh va phi tuyén bang cach st dung phuong phap M1 va
phuong phap M2 v6i dit doan ban dau g va nhidu dit kien 1a ||h? — h| 2o, < 9.

Trudng hop tuyén tinh

Trong trudng hgp nay, ching t6i muén tim lai ham tuyén tinh g(u) = —u

tit cac du doan ban dau khac nhau 1a

go(u) € {O, —%u, —%uQ}. (1.40)

V6i ham trong (1.33), Hinh 1.1 va 1.2 cho ta nghiém s6 thu dugce tit phuong
phap (M1) va (M2), v6i du doan ban dau (1.40), va nhiéu cho tuong tng la
§ = 0.001 va 6 = 0.01. Hinh 1.3 v& 1.4 biéu dién két qua tuong tu Hinh 1.1 va
1.2, nhung v6i ham trong cho béi (1.34).

05

0.2

Exact Exact
- = g0 - eg=0 |
—_— go(u) =-(12)u | — go(u) =-(12)u

——g,(u) = (LB —— g u)=-(1B)
02t ]

04}

-0.6-

-08

-12F

I
12 14

Hinh 1.1: So sanh nghiém chinh xac g(u) = —u véi nghiém gidi s6 bang phuong
phap (M1) (bén trai) va phuong phap (M2) (bén phéi), v6i nhiéu = 0.001 . Ham
trong w duge cho béi (1.33).

Tt Hinh 1.1-1.4 ¢6 thé nhan thiy ca hai phuong phap (M1) va (M2) ciing
cho ta két qua t6t nhu nhau va khong phu thudc vao du dodn ban dau (1.40).
Trit mot s6 bude nhay 16n xdy ra tai v = B, két qua tinh toan 1a chinh xac,

on dinh v& manh, tic 1d khong phu thuoc vao du doan ban dau. Néu so sanh



0.5

-05F
-1t
-15F
1

25t

Hinh 1.2: So sanh nghiem chinh xéc g(u)

Exact
- - -gw=0

—_— go(u) =-(12)u {

——g0)= (B’

I
0.2
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Exact
- - -g=0
— go(u) ==(1/2)u

——g(u) =-(B)]

I
0.2

14

—u v6i nghiém giai s6 thu duge ti

phuong phép (M1) (bén trai) va phuong phap (M2) (bén phai), v6i nhiéu 6 = 0.01 .

Ham trong w duge cho béi (1.33).

0.2

—02f

-04r

~06F

-0.8}

-12F

-14}F

-16F

-18

Hinh 1.3: So sanh nghiém chinh xéc g(u)

Exact
- - -gw=0
— go(u) =-(12)u

——gu) = -(UB)|

I
0.2

Exact
- - g =0

—e—g,(U) =~(1/2)u ||

—— g0 =8|

—u v6i nghiém giai s6 tit phuong phap

(M1) (bén tréi) va phuong phap (M2) (bén phéai), véi nhiéu 0 = 0.001 . Ham trong w

duge cho béi (1.34).

Hinh 1.1 va 1.2 v6i Hinh 1.3 va 1.4 ta thiy ring viéc chon ham trong (1.33)
hosic (1.34) ¢6 4nh hudng nhéd dén két qua s6. Dac biet, Hinh 1.3 va 1.4 chi ra

dang dieu ctia g(u), nhu ham u, vad 6 day két qué s6 bi phu thudoc mot chut vao
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0.2

0.2

Exact Exact
- - -gw=0 - - -g=0
0 _._go(u) =-(12)u [ 0 \ —_— go(u) ==(12u |

——gu= ~(B)? \L ——g )= -(WB)?

-0.2f -0.2r

-04f 04
-0.6F -0}

-08f -0.81 Nk — — — —

-12 I I I I I I 12
0 0

Hinh 1.4: So sanh nghiém chinh xéc g(u) = —u v6i nghiem giai s6 thu duge ti
phuong phép (M1) (bén trai) va phuong phap (M2) (bén phai), v6i nhiéu 6 = 0.01 .
Ham trong w duge cho béi (1.34).

dy doan ban dau (1.40), diéu nay thay ro hon véi phuong phap (M2) va nhiéu
I6n 6 = 0.01.

Trudng hgp phi tuyén

Trong trudng hop nay, chiing toi can thiét lap lai ham phi tuyén g(u) = —u*

tit cac du doan ban dau
3 Ly
go(u) € {O, —Bu, —u } (1.41)

Dé don gian, chiing toi chi trinh bay céc két qua s6 stt dung phuong phap (M2).
Hinh 1.5 va 1.6 cho ta nghiém gidi s6 khi st dung phuong phap M2, véi du doan
ban dau cho bdi (1.41) va nhiéu duge chon 1a ¢ € {0.001,0.01}, ham trong dugc
xac dinh tuong tng nhu trong (1.33) va (1.34). Ta ciing ¢6 két luan tuong ty
dudc rat ra tit cac hinh nhu truong hop tuyén tinh.

Trong hai muc tiép theo chting to6i chitng t6 rang, phuong phap ciia ching toi
c6 thé dé dang ap dung cho bai toan xac dinh quy luat trao doi nhiét hosic he
sO truyen nhiét v6i cac quan sat trén mot phan clia bieén, hoac quan sat tich

phan trén bieén.



05 ;
Exact
- - -gW=0
—e— )= 8%
° —— g0 =]
st
4t
st
) ‘ ‘
0 02 04 06 08 1 12

14
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Hinh 1.5: So sanh nghiem chinh xac g(u)

phuong phap (M2) v6i nhiéu 0 = 0.001 (bén trai ) va nhiéu 6 = 0.01 (bén phéi). Ham

trong w duge cho bdi (1.33).

0.2

-02F

-04fF

-06F

-0.8F

12t

T
Exact
- - g u)=0

——g=Bu |

—a—g(u) = -2

14 I I I I
0 0.2 0.4 0.6 0.8

Hinh 1.6: So sanh nghiém chinh x4c g(u)

phuong phap (M2) v6i nhiéu § = 0.001 (bén trai) va nhiéu 6 = 0.01 (bén phai). Ham

trong w duge cho béi (1.34).

= —u* v6i nghiem giai s6 thu duoge ti

= —u* v6i nghiem gidi s6 thu duge tir

Exact
- - -gu=0

— go(u) =-B% |

——gu) = (12|

T
Exact
- - -g =0

——g =B ||

——gy(u) =12

1.3. Bai toan xac dinh quy luat trao doi nhiét phi tuyén

ti quan sit mot phan trén bién

Xét bai toan (1.8) dugce viét lai nhu sau
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§
ug — Au =0, trong Q,

§ u(z,0) =0, trong €,

Qu _ g(u, f), tréen S =00 x (0,T).
\ Ov

Tim ham u(z,t) va g(u, f) tit diéu kién quan sat trén mot phan ctia bién
uly = h(z,t), (x,t) €T, (1.42)

trong d6 X =T x (0,7] v6i I' C 99Q. Véi bai toan thuan ta ciing c6 cac két qua
giong nhu bai toan thuan trong Muc 1.2.1, nén chiing toi chi dua ra cach giai

bai toan ngudc dya trén phuong phap bién phan bang cach xét phiém ham
1
J(9) = 5llulg) = h( )ie),  trén tap Ay (1.43)

Chuing t6i ciing sé chiing minh phiém ham (1.43) kha vi Fréchet va dua ra cong
thiic tinh gradient ctia J theo bién g.

Dinh 1y 1.14 Phiém ham J(g) khd vi Fréchet trén tap Ay va gradient dugc
tinh theo cong thic

VJ(g)z:/Sz(u(g))go(x,t)det, (1.44)

trong do, (x,t) la nghiém cia bai todn lién hop

§
—pr—Bp=0 trong Q,

e T) =0 trong 1,
0 .

\a_f — Gu(u(g))e + (u(z,t) — h(z,t)) xu(z,t)  trén S.

0 day, xx; la ham dac trung cua X xdc dinh boi

Chitng minh. V6i ¢y cho truée di nhé, chon € > 0, z € A; sao cho g+¢€z € A;

véi 0 < € < €. Ki hieu u€ 1a nghiém ctia bai toan (1.8) véi diéu kién bién g
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duge thay bdi g + €z ta co

1 1
Jg+e2) = J(g) = Fllulg + 2) = hllLas) — Fllulg) = hllLam,)

= Sl(uly + e2) — u(g) + (ule) — M)3aqs) — 5lhute) — Hlacs

= (g + e2) — ulg)ags) + {ulg + e2) — ulo), u(9) ~ R pas

1

= Sl = (@) + (u = u(g), lulg) = )z -

Khi € — 0, theo Bo dé 1.1, ta c6

lu = u(g) 172 (s) = olll2llL=(n))-
Mat khéc, vi u(g) kha vi Fréchet nén phiém ham J(g) ciing khé vi Fréchet va
ta co
VJ(g)z = (u —u(g), u(g) = h) (s
= (uy(9)z,ulg) — h>L2(z)
= (n,w(g) = h) a2y
= [ #ta.t) (ul) = 1) xsasi

trong d6 n 1a nghiém ctia bai todn "sensitivity" (1.15).

Xét bai toan lién hop

(
—p = Ap =0, trong @,
0 :

|28 — guulo)e + (ulet) — he. D) x(e.b), tren S

Vi gu(u(g)) < 0 va (u(z,t) — h(z,t))x=(z,t) € L*(S) nén bai toan (1.45) co
duy nhat nghiem trong khong gian W (0,T) va theo Dinh 1y 1.5 ta c¢6
[ ) (ulg) = ) xsdsie = [ +(u. el tasit
S S

Do doé
VJ(g)z:/z(u,g)go(x,t)det.
S

Dinh 1y dugc chiing minh. U
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1.4. Bai toan xac dinh hé sé truyén nhiét o(u) tit quan

sat tich phan

Tuong ty nhu trén, ching toi xét phuong phap bién phan cho bai toan xéc

dinh hé s6 truyén nhiét o(u) trong bai toan gia tri bien ban dau

(
up — Au =0, trong @),
S u(z,0) = up(x), trén Q, (1.46)
% = o(u(&, ) (us — u(&, t)), trén S =00 x [0,T],
L

v6i dieu kien quan sét
(o) = / w(@)ulz, )dS = ht), te (0,T], (1.47)
o0

trén tap chap nhan dudgc o € Ay. Trong d6 us 12 nhiet do moi truong xung
quanh va dugc gid st bang mot hang sé cho truéde.

Vi nghiem u(z, t) bai toan (1.46) phu thudc vao hé sb truyén nhiét o nén ta
ki hieu nghiem nay 1a u(o) hodc u(x,t; o). Va nghiem yéu ctia bai toan (1.46)

dugce xac dinh nhu sau
Dinh nghia 1.7 Mot ham v € HY9(Q) duge goi 1a nghiém yéu cia bai toan
(1.46) néu v6i moi ham n € H1(Q) théa man n(-,T) = 0,
/ ( —u(x, )z, t) + Vu(z,t) - Vn(z, t))dxdt = / uo(z)n(x,0)dx
Q

Q

+ [ otule.0)un — e O)le Odede. (145)
S

Néu ta gia st ring ug € C() thi ton tai duy nhat nghiém ciia bai toan (1.46)
trong khong gian W (0,T) N L>(Q). Nghiem nay thuoc khong gian C(Q) (xem
(13, 76, 77]) va néu ug € C?(Q) véi hiing s6 5 € (0,1] ndo dé thi u € C7/2(Q)
v6iy € (0,1) nao d6. Hon nita, theo nguyén 1y maximum (xem [86]), ta c6

min (uoo, inf uo(a:)) < u(z,t) < max (uoo, sup uo(x)).
z€eQ) z€efd

Trong phan tiép theo, ching t6i xét bai toan tim cuc tiéu ctia phiém ham

1
J(o) = 5lltulo) — hllZ20m) (1.49)
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tren tap As. Su ton tai nghigm ciia bai toan bién phan (1.49) duge chiing minh

trong [81] thong qua viéc chi ra anh xa bién o € C*(I) vao u(o) € C(Q) kha vi
Fréchet. O day,

I:= [min (uoo, inf uo(x)),max (uoo, sup uo(x))]
zef) TEQ

Tuy nhién, cac két qua nay ciing ¢ thé duge ching minh mot cdch hoan toan

tuong tit nhu bai toan & Muc 1.2. Néu ta lay bién phan z nhu § cidc phan trude

thi

Do

dao ham Fréchet n = u(0)z théa man bai toan "sensitivity" (xem [81])

(
n—An =0 trong @,

n(zx,0) =0 trong €,
M = (suu(o)) s — (o)) — o))

+z(u(o)) (uoo — u(a)) trén S.

'\

(1.50)

\

do, theo [13, 76, 77], ton tai duy nhat nghiém cta bai toan (1.50) trong

khong gian W (0,7) N L*(Q), nghiém nay thudc khong gian C(Q).

Bay gio, chiing t6i sé di tim cong thiic tinh gradient ctia phiém ham J. Dé

dat duge muc dich dé, ching toi can bai toan lién hop sau

y

\

—pr—Ap =0 trong Q,

o(x,T) =0 trong (,

e — (¢u(u(0)) (1 — u(e)) — o(w))
+w(§)(fmw(x)u(a:,t; o)dS — h(t)) tren S.

(1.51)

Ki hi¢u € 13 nghiém ctia bai toan (1.46) khi ta thay o bdi o + €z trong diéu

kién bién, v6i € > 0 sao cho o + ez € Ay. Ta ¢6

1

1
J(o+ez)— J(o) = 5”“‘(‘7 +e€z) — h“%ﬁ(@T) — §Hlu(0) - hH%Q(O,T)

1
= o + €2) = (o) Bagoiry + (1u(0) = B) ooz
1
= (o + €2) = (o) [2ago.r) + (o + €2) — (), Lu(o) = B oo

= Sl = (o)) 3o+ 1 (" = u(e) , ulo) = ) oo,
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Khi € — 0, theo Bo dé 1.1 ta ¢6

12 (u = (o)) 2200y = 0 (12l 2(1)) -

Mat khéc, vi u(o) khé vi Fréchet nén phiém ham J(o) cting kha vi Fréchet va

ta co

VJ(o)z = (l (u = u(0)), lu() = h) 207
= (), lu(a) = h) 2 1)

_ /O ' ( /8 Qw(x)n(a:,t)dS) ( /8 wla)u(e,ti)dS - h) i,

trong d6, i 1a nghiem ciia bai toan (1.50). Ap dung Dinh 1§ 1.5 cho hai bai toan
(1.50) va bai toan (1.51) ta nhan dugc

/Sz(u(a)) (uoo — u(o))gp(:l:, t)dSdt

_ /OT </mw(x)n(x,t)d5> (/mw(x)u(x,t; o)dS — h) i,

J'(0)z = /S 2(u(0)) (uoo . u(a))go(x,t)det. (1.52)

Vay, ta c6 két qua sau

hay

Dinh 1y 1.15 Phiém ham J(o) khd vi Fréchet trén tap As va gradient dugc
tinh theo cong thic (1.52) trong dé p(z,t) la nghiém cia bai todn lién hgp
(1.51).

Ching t6i nhan manh riang, phuong phap ctia ching toi c6 thé 4p dung dé
tim hé s6 truyen nhiét o(u). Tuy nhién, dé gidi han do dai ctia luan 4n, ching

toi sé khong trinh bay cac két qua s6 cho truong hop nay.
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KET LUAN CHUONG 1

Cac két qua chinh chiung toi dat dude trong chuong nay 1a

- Dua ra mot cach tiép can mdéi va gidi sd cho bai toan xac dinh quy luat
trao doi nhiét phi tuyén tit quan sat tich phan trén bién (1.19) v quan sat trén
mot phan ciia bien (1.42).

- Dua ra cong thitc bién phan thong qua tim cuc tiéu ctia phiém ham (1.20)
va (1.43) tren tap chap nhan duge A; (Muc 1.2 va 1.3) hodc Ay (Muc 1.4).

- Dua ra tinh kha vi Fréchet (Dinh 1y 1.10) cia phiém ham quan sat va sy
ton tai nghiém ctia bai toan bién phan (Dinh ly 1.13), ciing nhu cong thiic hién
(1.21) va (1.52) cho gradient dugc thiét 1ap mot cach chat ché.

- Cac két qua s6 dugce dua ra dua trén phuong phap lap Gauss-Newton dé
tim cyc tiéu ctia phiém ham (1.35) dya trén phuong phap (1.36) (phuong phap
M1) hodc (1.37) (phuong phap M2). Cac két qua sé thu duge da ching minh
phuong phap dé xuat c6 thé xac dinh lai mot cach chinh xac, on dinh ham g(u)
trong ca truong hop tuyén tinh va phi tuyén tir do dac trén bien.



Chuong 2

Xac dinh nguén trong
bai toan truyen nhiét ti
quan sat trén bién

Trong chuong nay ching toi nghién citu bai toan xac dinh nguon tit cac quan
sat tich phan bang phuong phap bién phan. Gia st  C R” 1a mién Lipschitz,
giéi ndi véi bien I'. Ky hiéu @ :=Q x (0,71, v6i T'> 0 va bien S =T x (0,7].

Gia su

Qij, 1,] € {1,2,...,%},56[400(@), (21)

;5 = QAys, Z?] € {1727"'7n}7 (22)

MEllfn < D aij(z, )€€ < Alléllz, Ve € R, (2.3)
ij=1

0 < b(x,t) < p1, hau khép trong Q, (2.4)

Up € L2(Q)7 307¢ € LQ(S)ﬂ (25)

A va A 1a cac hang s6 duong va puq > 0. (2.6)

46
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Xét bai toan gia tri ban dau

du <~ 0 0
8_? -y . (aij(x’t>a_az> +b(z, t)u=F, (z,t) € Q, (2.7)

ij=1
Uli=o = ugp(z), x € Q, (2.8)

v6i dieu kién bién Robin
ou

N + ouls = ¢ trén S, (2.9)

hodc diéu kién bién Dirichlet
ulg = 1 trén S. (2.10)

O day,

n

S_X/|S = Z(aij(x,t)uxj)cos(l/, z;)ls,

ij=1
v 1a vecto phap tuyén ngoai déi véi S va o € L>®(S), dudc gia thiét 13 khong
am hau khap noi trén S.
Gid st w; € L®(Q) v [qwi(x)de >0,7=1,2,..., N, la cac ham trong va

ta c¢6 cac du kién sau:
liuw = / wi(z)u(x, t)de = hy(t), h; € L*(0,T), i=1,2,...,N.  (2.11)
Q

Ngoai ra gia st ring, vé phai F' ¢6 dang F' = fh(x,t)+g(z,t) (f c6 dang f(z,t),
f(x) hosic f(t)) va ta ¢c6 mot uée lugng f* cta f. Trong chuong nay ching toi
nghién cttu bai toan xac dinh f ti cac dit kién trén.

Chiing t6i sé dung phuong phap binh phuong t6i thiéu dé tiép can bai toan
nay. Dau tién, trong Muc 2.1. ching t6i mo6 t4 phuong phap va chitng minh
rang, phiém ham can cuc tieu hoa kha vi Fréchet, sau d6 bicu dién dao ham
Fréchet qua bai toan lien hop. Dé giai bai toan ching toi duing phuong phap
gradient lién hgp va mo ta thuat toan nay. Trong Muc 2.2. chiing t6i roi rac héa
bai toin bang phuong phip phan ti hitu han va thit nghiém thuat toan trén
mot s6 vi du s6. Uu diém ciia phuong phép phan ti hitu han la c6 thé ap dung
cho céc bai toan tong quat nhung bai toan rdi rac nhan dude bing phuong phap

nay c6 so chiéu 1én hon hin bai toan rdi rac nhan dude bang phuong phap phan
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tit bien hosc phuong phap sai phan phan ra nén viéc tinh toan sé sé lau hon.
Trong phan cudi clia chuong, ching toi 4p dung phuong phap sai phan phan
ra dé r5i rac cho bai toan xac dinh f = f(¢) tit quan sat tich phan trong mién
va thit nghiem thuat toan trén cac vi du s6. Phuong phap nay c6 uwu diém la
dua bai toan nhiéu chiéu vé day cac bai toaAn mot chiéu nén viéc giai s6 nhanh
va don gian hon rat nhiéu, song nhuge diém ctia phuong phap nay la chi thuc
hien duge khi mién ¢6 dang hinh hop. Cac két qua ctia chuong nay dude tong
két trong cac bai bao [35] va [64].

2.1. Phuong phap bién phan

Dé cho don gian, trong muc nay ching toi chi xét truong hop bai toan Robin
(2.7)-(2.9). Truong hop bai toan Dirichlet (2.7), (2.8), (2.10) véi diéu kien bien
(2.10) thuan nhat cing tuong ty. Loi giai clia bai toan Robin (2.7)-(2.8) dugc
hié¢u theo nghia yéu nhu sau: Gia sit F' € L?(Q), 16 giai yéu trong W (0, T) cta
bai toan (2.7)—(2.9) 1a ham s6 u(x,t) € W(0,7T) thda man dang thitc

T i ou On
/0 (ut, n)(Hl(Q))/7H1(Q)dt + /Q (ZJZ:1 Qi (.T, t) a—xza—x] + b(%, t)un) dxdt

- / ocundédt = / Fndxdt + / ondédt,  Vn e L*(0,T; HY(Q)),
S Q S

va
u(z,0) = up(x), z €. (2.12)
Theo [97, Chuong IV] v& [94, p. 141-152] ta c6 thé ching minh dugc rang,
bai toan (2.7)-(2.9) ¢6 nghiem duy nhét trong W(0,T). Ngoai ra ton tai hing

s6 ¢4 khong phu thudc vao a;;, b, F' va ug sao cho

lullwo.r) < ca(llFllrzq) + lluoll 2@ + lellzzs))- (2.13)

Gia st F c¢6 dang F(z,t) = f(z,t)h(z,t)+g(x,t) v6i f € L2(Q),h € L=(Q)
va g € L*(Q). Ta mudn xac dinh f tit cdc quan sat (2.11). Vi 1o giai u(z, t) cla
(2.7)-(2.9) phu thudc vao f(x,t), ta ki higu n6 1a u(z,t; f) hodc u(f) dé nhan
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manh su phu thuoc ctia né vao f. Dé xac dinh f, ta cuc tiéu hoéa phiém ham

=3,

tren L2(Q). Tuy nhién, bai toan cyc tiéu héa nay khong on dinh va c6 thé co

liu(f) = hillZ20.1) (2.14)

M|H

nhiéu 15i giai. Béi vay thay vao do, chiing téi cuc tiéu héa phiém ham Tikhonov

v6i v > 0 la tham s6 hiéu chinh Tikhonov, f* € L?(Q) 1a mot du doan clia f.

v *
[z ( hi“%?(O,T) T3 If—f ||%2(Q)7 (2.15)

MlH

D& théy rang néu v > 0, thi bai toan cic ticu hoa nay c6 16i gidi duy nhat. Bay
gi0 ta ching minh phiém ham J, kh& vi Fréchet va dua ra cong thic cho dao

ham ctia n6. V6i muc dich do, ta xét bai toan lién hgp

op n 0 ; op bzt < I h t
_E_”zla_%@m, >a—%)+ (@0 = 3 eala) (bu—hi). (2.1) € Q.

— +o(z,t)p =0, (x,t) € S,

\P(CU’T) =0, x € .

(2.16)
Viw; € L3(Q), lju — h; € L*(0,T), vé phai cia phuong trinh dau trong (2.16)
thuoc L?(Q). Bang cach thay doi chi¢u thoi gian, dé& thay bai toan lién hgp c6
nghiégm duy nhat trong W(0,T).

Dinh 1y 2.1 Phiém ham J, khd vi Fréchet va dao ham cia né V.J, tai f co
dang

VI, (f) = bz, t)p(e, 1) +y(f (. ) — [ (2, 1)), (2.17)
vdi p(x,t) la loi gidi cia bai toan lién hop (2.16).
Chitng minh. V6i bién phan §f € L?(Q) dt nhé cia f, ta co

N

1
_||z u(f +0F) = hallzaory = D 5 I(f) = hallZa

i=1

Jo(f +0f) -

23

||Mz
pO| =

N

MLl f +6) = Liu( )20y + O iulf +0F) = Lu(f), liu(f) = ) 2.1

1=1

l\3|H
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N

= Z _||l ou(f ||L2 01) T Z (Liou(f), Liu(f) — hi>L2(o,T) 5
i=1
trong do6 du(f ) la nghiém ctia bai todn

D20 << ”axl)* (0w = ofte Ohte.t). (1) € Q

§ ddu 5 0, g
W—i—a(m t)ou(x,t) = (x,t) € S,
K(Su(:b, 0) =0, x € €.

(2.18)

Theo dénh gia tién nghiém (2.13) cho bai toan, ta c6

lt6u( )00y = 0 (19fllz2@))  khi [[6f ] z2(q) — 0.

Jo(f +0f) = Jo(f) = Z (Lidu(f), Liu(f) = i) ooy + 0 (10 f 22
</Q w,(x)éu(x, t)dx) (l,u(f) - hz) dt +o0 (H(SfHLQ(Q))

=3 [ ([t 00 - ngae ) ar -+ o sl
:i/j/@é“ wi(z)(liuw — hy)dzdt + o ([0 f | 12q)) -

Stt dung cong thitc Green cho (2.16) va (2.18) ta nhan duge

é/OT/QfSU wi(z)(liu — hy)dxdt = /OT/Q5f(:c,t)h(:c,t)p(:c,t) dxdt.

Vay
T
Tt +60) = 00) = [ [ 61 ptat) dedt + o (167 12)
(ph 0f)rag) t o (0f1r2) - (2.19)
Suy ra phiém ham Jy kha vi Fréchet va gradient clia né c6 dang

VJO(f) = h(:L’,t)p(:L’,t).
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Vay nén phiém ham Tikhonov .J, cting kha vi Fréchet va gradient ctia né c6
dang (2.17). Dinh 1y dugc chitng minh. O

Nhan xét 2.1 Trong dinh 1§ nay ching t6i viét phiém ham Tikhonov cho
truong hop F(x,t) = f(x,t)h(x,t) + g(x,t). Khi F c6 cau trac khéc, thi phiém

ham can thay doi tuong ting. Cu thé, néu

o F(x,t) = f(t)h(x,t) + g(x,t), thi phiém ham phat 1a

[ = 2o va

VJo(f) :/h(x,t)p(x,t)dx.

Q

o F(x,t) = f(x)h(x,t) + g(z,t), thi phiém ham phat 1a ||f — f*[|12q) VA
T
VJo(f) = / h(x,t)p(z,t)dt.
0

Dé tim diém cue tiéu ctia (2.15), chiing t6i sit dung phuong phap gradient lien
hop, [63]. Qua trinh duge thie hién nhu sau: Gia sit tai bude lap k ta co fF.
Khi dé bude lap tiép theo dugde tinh theo cong thic

fk:—i_l = fk—FOékdk,

vl
4 — —VJ, (%) néu k =0,
~V I, (f*) + Brdk—1  néu k >0,
IV I (FO) 20
SN FATEDT
va

ay, = argmin,soJ, (¥ + ady).

Dé tinh oy ta ky hiéu u(ug, ¢) 1 nghiem ctia bai toan

;

ou n 0 ou

5= 2 g (et ) + et = gle0. (@) €@
§ Ou

W+ o(z, t)u(z,t) = p(x,t), (x,t) € S,

u(x, 0) = ug(x), req,
\
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va u[f] 1a nghiem ctia bai toan tuyén tinh

(@u n 0 ou
= <a”(x %x) + (@, thu = f(z,0)h(z, 1), (2,1) €Q,
'L] 7

§ Ou
W—l— oz, t)u(z,t) =0, (x,t) € S,

u(z,0) =0, x € Q.
\

Khi d6 toan tit quan sat c¢6 dang Liu(f) = Lu[f] + Liu(ug, @) = Aif + Liu(uo, @)
v6i A; 1 cAc toan ti tuyén tinh lién tuc tit L2(Q) vao L?(0,T),i=1,...,N.
Ta co

1

Y *
Jo(f* + ady) = —||lu f5+ady) — hi||%2(o,T)+§||fk+04dk_f ||%2(Q)

||£ﬂz

I
DO =

,S
Il
—

0 x
HO(Ade + AZFk + liU(UQ, (]) — hiH%%O,T) + §Hadk + fk - f “%Q(Q)

I
DO | =

gl x
lovAidy + liu(f) = hillZ201) + §||04dk + = 1720

i=1

Dao ham J,(f* 4+ ady) theo bién « c6 dang

N

f —JrOédk;

0J( ZHA dk“L? 0,T) +Z Agdy, Lu(f h'>L2(o,T)
=1

+yalldill7ag) + A {di, 5 —

)iy

O, (¥ + ad
Cho W(f(() 2 = 0, ta nhan dugc
o

Zi]\il (Aidy, Liu(f*) — ‘>L2(0 7 (di, f* f*>L2(Q)
Zz 114 dk||L2 0,7) + 'Y||dk||%2(Q)
it (e (A0)" (lu(f*) = 1)) oy + 7 i ¥ = F)
Zz 1 HA dkH]} 0,7) + ’YHdkH?y(Q)
i (s (A3) (Lau(f*) = ha) +7(* = ) g
Sty 1Aidi 122 0.7 + Yk 122,
(A V1)) 1
ity 1Aidi 12207y + Ak 11220

A — —
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Vi dy, = =V, (f*) + Brdp—1, 75 = =V I, (f*) va (r, d-1)12() = 0, nén ta c6

I7x 1720
Zz 1 ||A dk“Lz 0,7) + ’7||dk||%2(Q)

. —

Vay thuat toan gradient lién hop c¢6 dang
Bude 1: Cho k = 0, chon xap xi ban dau f°.
Budc 2: Tinh ro = —V.J,(f?), dat dy = ro.
Budc 3: Tinh

I7oll72(
Zz 1 ||A d0|IL2 0,7) + '7||d0||%2
Q)

ap =

Dat f' = O+ aody.
Budc 4: Cho k=1,2,---. Tinh

re = —VJ, ("), dy = 11, + Brdr—1
v6i )
B, = ||7"k||L2(Q)
Hrk—1’|%2(Q)

Bude 5: Tinh

_ ||7"k||%2(Q)
Sty 1Aidi 12207 + Y1k 122

Cap nhat
fk:—i-l — fk: +akdk

Qua trinh lip & trén dugc viét cho bai toan lien tuc. Dé tim cuc tiéu cla
phiém ham J,(F), ching toi tién hanh roi rac bai toan thuan (2.7)-(2.9), roi
rac phiém ham J,(F), sau d6 xay dung bai todn lién hop tuong ting dé tinh dao
ham cho phiém ham rdi rac nay. Trong muc tiép theo ching toi sé roi rac bai
toan bang phuong phap phan t& hitu han, sau d6 chitng minh tinh hoi tu cta
phuong phap ciing nhu dua ra cac vi du bing sé6 dé khang dinh rang, phuong
phap ctia ching t6i 1a hitu hiéu. Trong Muc 2.3., chiing t6i xét bai toan xac dinh
f(t) va ching toi roi rac bai toan bang phuong phép sai phan phan ra. Ching
toi nhan manh rang, day 13 1an dau tién bai todn xac dinh f(¢) cho truong hop
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nhiéu chicu dugce nghién cttu. Ngoai ra, day ciing 13 lan dau tién, bai toan xac
dinh nguon dude thit nghiém béang s6 cho cac bai toan vdi hé s6 phu thuoc thoi

gian.

2.2. Phuong phap phan ti¢ hitu han
Trude hét, ching toi viét lai toan ti quan sat dudi dang

Lau(f) = Ll f] + (v, ) = Apf + lyu(uo, @),

trong d6 Ay : L*(Q) — L?(0,T) la cac toan tit tuyén tinh bi chan, k =1,..., N.
Khi d6, phiém ham J,(f) c6 dang

WE
N | =

Y *
Jy(f) = 1leulf] + leu(uo, @) — hell720.) + §Hf — 1220

=~
I
_

|
WE
DN | =

Y %
|ARS + lu(uo, ©) = hill 720y + §Hf — 1220

=~
I
—_

|
WE
DN | =

- 7 *
1Aef = BellZamy + 515 = I 12y

T
L

Nghiém f7 ctia bai toan cue tiéu hoa (2.15) dude bicu dién béi diéu kién t6i wu
bac nhat nhu sau

N
> A(Acf =) +(f7 — ) =0, (2.20)
k=1

O day, A : L*(0,T) — L*(Q) la toan tit lien hop ciia Ay, duge xac dinh béi

Arq = p, trong do pi la nghiém cta bai toan lién hop

.
Opy. d  Opy Ipx,
ot zjz—l 873'(%]‘(% t)(()_:cl) e Ope=eratt). -0 e e
L oy (2.21)
W‘i‘a(x,t)pk =0, (%,t) €5,
\pk;(iC,T) — O, x € (.

Chu ¥ rang, & day ching toi chia bai toan lien hgp (2.16) thanh N bai toan doc
lap (2.21). Theo nguyén ly chong chat tuyén tinh, lien hop p c6 dang ch\le D
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Chung toi sé xap xi phuong trinh (2.20) bang phuong phép phan tit hitu han
(FEM). Thuc té, ching toi sé xap xi Ay va Ajf.

2.2.1. XA&p xi phan tit hitu han cta A, A}, k=1,..,N

Chung toi sé trinh bay xap xi roi rac day di FE cho bai toan bién phan &
tren. Gia st rang Q 13 mot mien da dién, ching toi chia € thanh cac tam giac
tua deu 7, va xac dinh khong gian cac phan tit hitu han tuyén tinh timg khtc
Vi, € HY(Q) nhu sau

Vh:{vh :UhEC(Q),UHKEPl(K),VKE’ﬁL}. (2.22)

0 day, Pi(K) la khong gian cac da thitc tuyén tinh trong phan tit K. Ching
toi chia [0, T] béi cac diém chia

0=ty <ty <..<ty,trongdét,=nr,n=0,1,.... M v6i c6 luéi 7 =T /M.

d
(o) = [ Y a2 Sl des [@p@ute)ds+ [ oM ©uueds
Q

v6i v,w € HY(Q) va v6i mdi ham ¢(z,t), ta xac dinh ¢"(z) := ¢(z,t,). Khi
de, a"(-,-) : HY(Q) x HY(Q) — R la mot dang song tuyén tinh bi chian va
H(Q)-elliptic, titc 14,

a"(v,v) > C/ Hv!lfql(m Yo € HY(Q).

Tiép theo, ching ta xac dinh he xap xi rdi rac day di FE clia bai toan bién
phan (2.12) bang phuong phap Euler-Galerkin lui nhu sau: Tim u}! € Vj, v6i
n=1,2,...,M théa man

(deuh s X) rag) + " (uhs X) = (F" X) p20) + (0" X2y, VX €V (2.23)

va

(up, X)r2() = (w0, X)r20), VX € Vi, (2.24)

trong do diuj =
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Bai toan bién phan rdi rac (2.23) chita mot nghiem duy nhat up € Vp. Dat
up(x,t) 1a noi suy tuyén tinh ctia u} theo bién t. Do d6, bai toan rdi rac cla
bai toan diéu khién tdi wu (2.15) duge viét dudi dang

N

1 - gl * :
OHEDS S [k f = hienllF20.m) + S =7 [72(g) — min. (2.25)
k=1

O day, quan sét tinh toan leun(f) = Uoun[f] + Ueun(wo, @) = Aknf + leun(uo, )
va lejl = lyup(ug, ) — hg. Nghiem ciia bai toan t61 uu (2.25) duge mo ta boi
ding thic bién phan

N
> A a(Anf = hig) +A(f = £7) =0, (2.26)

k=1
voi Ay, 1a toan tit d6i ngau ciia toan tit tuyén tinh Agp, k=1,...,N.
V6i xap xi FE clia bai toan (2.21) ta xac dinh mot xap xi A} ,q = pn cla
Ajq. Hon nita, thay cho quan sat hj ta chi dung hik thdéa man

Hhi’C — thL2(O,T) < (Sk for k = 1, ,N (227)

Khi do, ta c6 bai toan bién phan sau
ZA (Arnfi = hih) + (= £ =0, (2.28)
trong d6 hkh = lpun(uo, ) — W2, k=1,..,N.

2.2.2.  Su hai tu

Cho

d
a(u,v) := / Z ai;(z,t) 8(9;1; aa;ldx—%/ b(x,t)u(x,t)v(a:)dx+/ a(& tyu(€, t)v(§)dE,

b=l Q T
véiu € W(0,T), v e HY(Q).
Ta dinh nghia nghiém yéu u(z,t) € W(0,T) cta bai toan (2.7)-(2.9) thoa

méan dang thic bién phan

(ut, U>L2(Q) + a(u, U) = <F, U>L2(Q) + <g0, U>L2(p), Yv € Hl(ﬂ), t € (0, T),
(2.29)
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u(z,0) = up(x), =z €. (2.30)

V6i ¢ € HY(Q) ta dinh nghia phép chiéu elliptic Ry, : H*(Q2) — Vj, nhu 1a

nghiém duy nhat ctia bai toan bién phan
a(Rpp,vp) = a(p,vy) Yo € V. (2.31)
O day ta c6 dénh gia sai s6 (xem [91]),
l¢ — Ridllz) < CR?|8llu) Yo € HA(Q). (2.32)

Bo6 dé 2.1 Cho u la nghiem duy nhdt cia bai todn bién phan (2.29)-(2.30) va
uy € Vi, vdin =1,2,.... M la nghiem cia (2.23)-(2.24). Khi do, ta c6 danh gid

un—Rnulleo.1:m ) < C (R ||luell r20mm2) + Atllul z20.7:1200)) + 2 [lwoll m2@) »
(2.33)

(o}
v 1/2
lwlleorm @) = (Atz |w"|§{1(g)> :
n=1
Chiing minh. Ta viét lai sai s6 nhu tong ctia hai thanh phan (xem [91]),
up —u = (up, — Rpu) + (Rpu — u) =: 0+ p.

Trong cong thitc bién phan (2.29) véi v = x € V;, € HY(Q), t = t,, tit bai toan
bién phan Galerkin (2.23) ta c6

(ug — dyuyy, X) r2) + " (u" —up, x) =0 Yy €V,

hoac
(uy — dyup, X)r2(0) + a"(Rpu™ —up, x) =0 Vx € V. (2.34)

Ta chi § rang

(di0", X) 12(0) +a" (0", x) =
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bat x = 60" € V}, ta suy ra
(" 07) o + @™ (07, 07) = (uf — dyu™, 07 2y — (dup™, 0 20y (2.35)
V6i vé phai ciia (2.35) ta ¢6 danh gia sau

(uff — dpu™, 0™ 120y = (A (AL — (u" — u" 1), 0™) 120

< (A At up — (W = w2107 22
t’!l

= (AT [ (7 = ta)un(, 7)dT || 2@ 107 20

th—1

tn tn
< <At>1¢ / <Ttn1>2df\/ / et (-, 7) 22y 167 22
1

7 (A w2001 2 10" 22002

—(dip",0") 12(0) = (deu" — Rpdyu™,0™) 12(q)
< ||deu" — Rypdyu"|| 120110 || 22 ()
< C Rl du™ || 52107 | 2 ()
= C I (A Mu(s tn) — uls ta-) | m2 (@107 |20

tn
= Ch*(At)| w197
tn

<07 [ fulo )l 1671200

tn—l

< C R (A) Y2 gl 121 s 2(2)) 16" | 22000)-
Vé trai ctia (2.35) c6 thé danh gia nhu sau

n n n n n 1 n n— n n n n
(0,07 0y + (07, 6") = < [||9 2oy — (67,0 >L2(Q)] (6", 6"
1

n||2 n—1/2 ajgn|2
> AT [”9 1720) — 10 ||L2(Q):| + CP 0™ 130 -

Lay tong tuong tng hai vé ta nhan duge v6i n = 1,2, ..., M, ta dudc
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16" 122y = 16" 1720y + 20 ALIO" 710

< — (A w261 2 1107 220)

%\M

+2C hQ(At)l/QHutHLz(tTHJn;HQ(Q)) 10" 22(02)

St dung bat ding thitc Young ta suy ra

161172y — 16°1172 ) + 2C7° ZNH@"HHl

n=1

M
Z (At 20, sz ) 10" 220

M
+ 20 Z hQ(At)l/QHUtHLQ(tn_l,tn;H2(Q)) HG”HLQ(Q)

n=1
M M
< C(6)(At)? Z HuttH%?(tn_l,tn;L?(Q)) +0 Z AtH@nH%%Q)
n=1 n=1
M M
5)h* Z HutH%%tn_htn;H?(Q)) +0 Z AtHQnH%%Q)
n=1 n=1

Do do6

Z A0 50y < CAD sl Z2o 12200 + Ch4’|utH%2(O,T;H2(Q)) + HQOH%%Q)
< C(AD unl 20 7. 2(2)) + C W el 20 7 112(2y) + CR w0 ll2 g
Bo dé duge chitng minh. (O)

Bo dé 2.2 Cho up(x,t) va (Ryu)(x,t) twong tng la phép noi suy tuyén tinh

clia uf va Ryu™ doi vdi bién t. Khi d6 ta c¢é danh gid sai so nhu sau
|up, — Rhu||L2(O,T;H1(Q)) = O(h2 + At). (2.36)

Chitng minh. Theo dinh nghia ta c6, véi z € Q, t € (tp—1,tn), n=1,2,.... M

—t

_ t—tn1 n tn n—1
uh(x7t) = At uh(x) + At Up, <x>7
Ct—ter, th—t
(Rpu)(z,t) = N Ryu™(x) + A7 Rpu" " (z).
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Suy ra
2
t—1t,_ t, —t
nlon  n dt

tn tn
lan — Roaal syt = /
/t i i At Al ()

bt — 4 " N A n—12

=—AtH9"HH1 + AHIQ" o

trong d6 0" := uy — Ryu". Do do, ta co

/”uh_RhuHHl dt < 3 ZNH@"HHl + A15||9°||Hl = O(h* + (At)?).
0

n=1

Bo dé duge chitng minh. (O)

Hon nita, theo xap xi chuan ta cé
| Rhu — ul12(g) = O(h? + (At)?). (2.37)
St dung bat ding thic tam giac ta thu duge
lun — ullz2() = O(R* + At).

Khi dé, ta c6 thé danh gia quan sat do dac nhu sau

lteunlF) = baut oy = | () = bl

= /OT (/Q wi(z)[up(z,t) — u(x,t)]dx)th
< /OT (/Q w,%(x)dx/g[uh(x,t) — u(x,t)]de) dt

= HwkH%%Q)“Uh - UH%?(Q)
hoac
1lun(f) = w( P2y < lwrllz@llun — w2y < C(h* + Ab).
Vi vay ta c6 thé két luan vé cac két qua hoi tu nhu sau

[(Ats — Az = O + Ay i [[(AL, — Apallzzgy = O + A,
(2.38)
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v6i moi f € L*(Q), q € L*(0,T). Bang k§ thuat nhu trong chitng minh ctia [37]
ta c6 thé ching minh ring véi v > 0 ta c6

1£7 = F 2@ = O + At +4), 6= \/6% + 24+ 62 (2.39)

2.2.3. Vidusb

Trong céac vi du 86, ching to6i chon mién Q = (0,1) x (0,1), T =1 va
aij(x,t) =05, Ob(zx,t)=1, o(x,t)=1

Nghiém chinh x4c duge xac dinh béi u(z,t) = ef(xq — 2?) sin7a,.

Chtng t6i thit nghiem véi mot vai ham F ¢6 cau tric khéc nhau, cu theé,
e Vidu l: F(x,t) = f(t)h(x,t) + g(x, 1),
e Vidu2: F(x,t) = f(z)h(x,t) + g(x,1),
e Vidu3: F(z,t) = f(z,t) + g(z,1),

v6i quan sat tich phan (2.11) hoic quan sat diém.

Bang phuong phap Euler Galerkin 1uii, chting t6i mién Q thanh 4096 phan
t hitu han va budc luéi thei gian 7 =T/M = 1/M véi M = 64.

Trong vi du dau tién, ching toi stt dung 1 quan sat N = 1: quan sat tich
phan v6i w(z) = 22 + 22 + 1, hodic quan sat diém tai diémzg = (0.48;0.48).
Chiing t6i chon ham h(z,t) = z122 +t + 1, dut doan ban dau f* =0, v = 107°.
Thay vao phuong trinh ta ¢6 dut kién ham g(z,t).

Chung toi thiét lap lai ham f(¢) ¢6 dang

ft) = 7 Vidu 1.1 (2.40)

1 néu 0.25<t<0.75,
ft) = Vidu 1.2 (2.41)

0 ngudgc lai,

v6i nhiéu quan sat 14 0 = 1%, 3%, 5%.
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1 1
0.9 09l
0.8 08l
071 07k
0.6 06
05 051
0.4 04l
03 03l
Exact (t) Exact f(t)
o02r —e—1/(t) with noise 1% o021 —e— 1/t with noise 1%
—a—1/(t) with noise 3% —+— 1}() with noise 3%
0.1 n 01k
—s— f/(t) with noise 5% —e— /(1) with noise 5%
0 . . . | | | . . . 0 . . . | | | . .
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Hinh 2.1: Nghiém chinh xac v& nghiém giai s6 ctia Vi du 1.1: quan sat tich phan (bén

trai) va quan sat diém (bén phai).

1.2 1.2
1t i
0.8F 08r
0.6F 06
0.4r R 0.4
02 1 02
Exact f(t) Exact f(t)
— f:(l) with noise 1% — fxu) with noise 1%
o —— /(1) with noise 3% o —a— f!(t) with noise 3%
— f:(q with noise 5% —_— f;(l) with noise 5%
—02 . . . . . . . . . 02 . . . " N N . . .
0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Hinh 2.2: Nghiém chinh xac va nghiém gidi s6 ctia Vi du 1.2: quan sat tich phan (bén

trai) va quan sat diém (bén phai).
Trong Vi du 2, chting to6i thiét lap lai ham

f(x) = 23 + 23 Viduy 2.1
1 véi = = (0.5;0.5),
fx)=10 véi = € {(0;0),(0;1), (1;1),(1;0)}, Vidu22,

tuyén tinh ngugc lai,
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trong

ay

N

t duge trinh b

e

2

iem quan sa

trong d6 s6 diém quan sat N = 9 va cac d

Hinh 2.3, & day

J = 1%.

1077,

’y:

h(x,t) =t + 2,

Hinh 2.6

€1l

rinh bay tit Hinh 2.4 dé

a s6 dugc t

2

Cac két qu

0.9
0.8
0.7
0.6
05
0.4
03
0.2
0.1

at.

ém quan s

bi

Hinh 2.3

Exact f(xi,o.s)

—eo— ! with noise 1%

1l4r

04

02

6 trong Vi du 2.1

giai so

1em

f(0.5,25), f(xy,0.5) va nghi

ac

ém chinh x

i

Hinh 2.4: Ngh

hiéu 1%.

v6l n
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16 16
14 14
12 12
1 1 “ f
/
08 i “ N
06 i
;/ﬁ’?l" !
04 é‘vm‘ \
VI
02 ’v.fé:'»/,//fvl[l"'ﬂl" AR
W) M’A‘ \‘ AR
0 :w‘/'ﬁ"(li‘:'lf‘:?":'(";""\"e"ﬁ:\\ s
02 A

Hinh 2.5: Nghiem chinh x4c f(z) va nghiem giai s6 trong Vi du 2.2 véi nhiéu 1%.

12

T T T 12 T T T
Exact f(0. 5,)(2) Exact f(x1,0.5)

—e—1/(05.,x,) with noise 1%

—e— 1/(x,,0.5) with noise 1%

Hinh 2.6: Nghiem chinh xéc f(0.5, ), f(z1,0.5) va nghiem giai s6 trong Vi du 2.2
v6i nhiéu 1%.

Trong vi du thit 3, ching toi thiét lap ham
flx,t) = (z} +23)(* +1), Vidu3.1, (2.42)

tit do dac tai 9 diém nhu & trén. Két qua sé dude trinh bay trong Hinh 2.7 va
Hinh 2.8.
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Exact f(xo,t)

— fx(xo,t) with noise 0.1%
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y

ou . 0 ou
E - Zizl a_im(al(xﬂf)a_%) + b(%, t>u = f(t)go(x, t) + g(x7t)7 <$, t) S Q7
< u(z,t) =0, (z,t) € S,
\U(%,O) = 'LL()(J?), T € Q7
(2.43)
tlit quan sat bo sung
lu(f) = / w(z)u(x,t)de = h(t), 0<t<T. (2.44)
Q

Trong do6, cac ham a;,i = 1,n, b, ¢ thuoc khong gian L>=(Q) va g € L*(Q),
f(t) € L*(0,T),up € L*(2). Hon nita, ta gid thiét réing a; > a > 0vap > ¢ >0
véi a, ¢ la cac hang s6 cho trude. Ham w 1a ham trong nhu da duge mo ta ti
dau chuong.

Nhu ta da biét, tinh gidi dugc clia bai toan nguge (2.43) véi quan sat diém
u(xg,t) = h(t), t € (0,T) da duge Prilepko va Solov’ev chitng minh bang phuong
phap Rothé [71], [72]. Tinh gidi dugc ctia bai todn ngude (2.43) v6i quan sét
(2.44) duge ching minh trong [66]. Tuy nhién, két qua s6 cho cac bai toan do
chua duge nghién cttu nhiéu. Vi vay, muc dich ctia ching toi trong muc nay 1a
thiét lap phuong phap s6 6n dinh dé giai bai toan.

Trong phan dau clia muc nay, ching toi sé gi6i thiéu luge do sai phan hitu
han phan ra (finite difference splitting method) cho bai toan nhiéu chiéu; trong
phan tiép theo, chiing toi sé roi rac bai toan bién phan, dua ra cong thic gradient
cho phiém ham rdi rac vd mo ta phuong phap gradient lien hop, va cudi cling,
ching toi trinh bay két qua sé minh hoa cho thuat toan nay. Ching toi mudn
nhan manh thém rang, viéc st dung phuong phap sai phan phan ra da dua bai
toan nhicu chiéu vé bai toan mot chieu , do dé viéc tinh toan s6 duge thuce hien

nhanh hon.

2.3.1. R0&i rac héa bai toan thuian bing phuong phap sai phan hitu
han phan ra
Gia st rang Q := (0, Ly) x (0, Ly) X - -+ x (0, L,,) trong khong gian R", véi

L;, i = 1,n 1a cac hing s6 duong cho trude. Ap dung ki thuat clia cac tac gid
trong [61], [62], [100] (xem [38], [90]), chiing toi chia © thanh cac mién nho boi
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cac hinh ch nhat déu nhau xac dinh bdéi

0

O=a<al=h<---<2N=L, i=1,...,n
Y

(3

v6i h; = L;/N; 1a cd luéi theo huéng x;, i = 1,...,n. Dé don gian héa, ta ki hieu
= (x]fl, ce ,xﬁ”), véi k = (kl, ceey l{?n), 0 <k; <N;. Kihiéuh := (hl, RN hn)

la vecto ¢6 luéi khong gian va Ah := hy - - - h,. Dat e; 1a vecto don vi theo huéng
xi,i=1,...,n, ticlae = (1,0,...,0). Ki hi¢u

wk)={zeQ: (ki —05)h<z; <(k;+05)h, Yi=1,...,n}.

Trong phan tiép theo, ki hieu Qj, 14 tap céc chi s6 clia cac diém ludi tuong tng
thuoc mién trong ctia 2. Chiung t6i ciing ki hieu tap cac chi s6 ciia cac diém

ludi thuoce 2y, 1a Qh la

U ={k=(k1,....ky) : 1<k<N-1,Vi=1,...,n},
Q={k=(k1,....ky):0< k<N, Vi=1,...,n}.

Ki hiéu
t={k=(k,...,k,):0<k<N—-1,0<k; <N,;,Vj#i},

v6i i = 1,...,n. V6i ham u(x,t) xdc dinh trén mién Q, ta ki hieu u*(¢) 1a gia
tri xap x{ clia ham u tai diém (2*,t). Lugc dd sai phan tién tai diém z; dugc

xac dinh nhu sau

. uk+ei . uk)
u, —-—

Nghiém ctia bai toan (2.43) dugc hiéu 1a ham s6 v € W (0, T; H(2)) théa man
déng thic

T i ou On
A<mmm«m%@ﬁ+4( i) b )

1=

ZATL(ﬂﬂﬂ%ﬂn+ﬂ%ﬂ”

va

drdt, ¥ne L*(0,T;Hy(Q)),  (2.45)

N—— -

u(z,0) = ug(x), =z €.
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Céc tich phan trong cong thiic (2.45) duge xap xi nhu sau

ou du k
/ o ndadt ~ Ah Z t,

0 keQy,
ou On 5
/ ) a;(x, t)— o axzdxdt Ah / Z tynk (t)dt,

k:te

/ b(z, t)undzdt ~ Ah Zbk k(4)dt,
T 0 keq,

F(t)e(a, tndadt ~ Ah / FO Ot (1)t
Qr 0 keq,

/ g(z, t)ndzdt ~ Ah / g"()n" (t)dt.

ke,

O day, cac ham @ (t), ¢"(t) va aer%(t) la xap xi clia cadc ham p(z,t), g(x,t) va
a(x,t) tai diem lusi z¥. Ta quy wéc nhu sau néu cac ham ¢(z,t), g(z,t) lién
k

tuc thi ©*(t), ¢*(t) 1a gid tri clia cac ham do6 tai diém 2 vA néu a;(z,t) 1a cac

ham lién tuc thi a;ﬁ%(t) = a,-(x’”%, t). Ngugce lai, ta dat

1 / k 1 /
o(x,t)dr, g = g(x,t)dx
Ol Jugo 711 ] sy Y

k+g 1 /
a, * = a(x,t)dx.
EOIIAE

V6i cac tich phan dude xap xi nhu trén, ta c6 bai toan 1di rac cho cong thic

nghiem yéu (2.45)
/T > D ik — fb — ) o+ Zn: > o Fubal | =0, (2.46)
0 dt . ( ? T 1T
keQp i=1 kGQZh

St dung cong thic tich phan timg phan va diéu kién bién thuan nhat v* = 0,
77’“ = 0 v6i k; = 0, ta nhan dugc

e e k ., k—e; e k+e;, _ ..k
k+%3 b ok s W mw kb U U\ ok
ai %77331 - ai h2 ai h2 n.

ke, ke, : :
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Thay vao phuong trinh (2.46), ta thu duge hé xap xi bai toan ban dau (2.43)

du

g Tt Agu = =0, (2.47)
u(0) = 1y,

voi 4 = {uf, k € Q} 1a ham ludi. Ham g 1a ham lusi xap xi didu kien ban dau

ug(x) va duge tinh bang cong thitc

_ 1 /

k

Uy = uo(z)dzx.
ST A

Céc ma tran he s6 A; trong hée (2.47) duge xac dinh nhu sau

&

( k- ket
o -t ), 2N
\k bru a’“f%i S '
(Aju)” = T+ 9 ih? ub — ih? (uhrer —ub), k=1,
aff% ko ke af+% k L= N —
| 72 (u U )+ U, = 1,
(2.48)

véi k € Q. Hon nita,
f={f¢"+g" ke u}.

Ta thay, ma tran hé s6 A; 1a ntta xac dinh duong (xem [90]). Dé c6 Iugc do sai
phan phan ra cho bai toan Cauchy (2.47), ching toi roi rac bai toan theo bién
thoi gian. Chia khodng thoi gian [0, 7] thanh M khoéng nhé.

O=tog<t1 =At<---<Ty =T,
v6i At = T/M. Ta ki hicu u™* := a(t,, + 6At), A" := Ai(t,, + At/2). Chiing
toi gidi thieu luge do sai phan phan ra

. 1
um—i—ﬁ + um+12—n

um—k% _ um—i—%
£ AT —0, i=12,....n—1,

At ! 4

Ut — umtr Lyt M At
A™ _ —_AMEm™

At i 4 7 T g "
Ut — s Ut gmts At

At A 4 =5 M
UMt gy w5 + umtl-o

A7 + A 1 =0, 1=n—-1n-—-2,...,1,
(2.49)

UO = U,
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hay
At i At -
(Bit SN = (B = A, =12, 0,
At At At ne
(Bt A" = ™) = (B = A"
At n At At
(Bn+ SN = (B, — ARt 4+ 2,
A i1 At
(E; + ZtA;n)umH F = (B pATTE, =2,
u’ = 1, (2.50)
v6i E; 1a ma tran don vi tuong tng véi Ay, i = 1,...,n. Luge do sai phan (2.50)

c6 thé viét lai thanh

W = ATy AtB (™ 4 ™), mo= 0, M — 1,

UO = ﬂo,

(2.51)

Vil

A™ = AT AT AT AT
B™ = A™... A™

trong d6 A := (E; + SLAT)TY(E;, — &AM, i=1,...,n
Ta c6 thé chitng minh luge do sai phan (2.49) 14 6n dinh (xem [38, 90]) va

ton tai mot hang s6 duong ¢; khong phu thuoc vao cac hé s6 a;,i = 1,--- ,n va
b thoa man
M 1/2 ) 1/2 M , 1/2
2
(S wf) ca| (T 1)+ (3 X ol
m=0 ke, ke, m=0 ke,
(2.52)

Khi © 1a mién mot chiéu, ta xap xi heé phuong trinh (2.47) bang phuong

phéap Crank-Nicholson va nghiém ctia bai toén roi rac cing c6 dang (2.51).

2.3.2. ROdi rac héa bai toan bién phan

Tu diéu kién quan sat (2.44), phiém ham quan sat Jy(f) ¢6 dang

To( ) = W) = bl
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Khi d6, phiém ham quan sat roi rac Jg ’At( f) duge viét dudi dang

hAt 1 - k km
JO’ —52 Ath

m=1 keQy,

, (2.53)

v6i uF™(f) chi sy phu thudce clia nghiem u vao diéu kien f va m la chi s6 trén
lu6i thoi gian. Ta ki higu w* = w(z*) 1a xap xi ctia ham w(r) trong mién Q tai

diém ¥, vi du nhu

Wk =
jw(k)|

Dé don gian ki hiéu, ta viét f 1a ham luéi xac dinh trén lusi {0, At,--- , MAt}
1/2

v6i chuan duge xac dinh nhu sau || f||z2(0.7) (At Zz ™ ) . V6i ki hiéu

nay, ching toi roi rac phiém ham lu(f) dudi dang

b(u($) = (thu(F), Guf). - (),
vOi

= AR Y WrdFT(f), m=0,1,-- M.
kteh

Dé cuec tiéu héa bai toan (2.53) bang phuong phap gradient lién hgp, dau tién
chiing toi tinh gradient ciia phiém ham quan sét roi rac J) A1F) va két qua do

dugc phét biéu trong dinh 1y sau

Dinh 1y 2.2 Gradient VJJ"*(f) ciia phiém ham Ji**" tai diém f duge cho béi
M—
VIR () =) AUB™Y ™, (2.54)

trong do n la nghiém cua bai todn lién hop

77m = (Am+1)*77m+1 + d)m—i—l’ m=M — 2) RIS Oa
L M (2.55)

V01

= {pFm = WM (AR T WP (f) = h™), ke )}, m=0,1,..., M.
keQ
' (2.56)
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O day (A™)* va (B™)* duge zdc dinh nhu sau

(A" = (B — S+ S8~ ST (Bt S
< (Ey — Atm( Atm) (B~ AtA’”)(Ew“N”)
<Bm>*=<En—%Am< Atm) <E1—§Am>< gA’”)

Chitng minh. Cho df 1a bién phan di nhé cla f, ta co

h.AL JhALp At X At X 2
JUAUE 4 5f) = T =72{ u(f + 6f) - } -5 > [ = b
m=1 m=1
At M 2
S ID I (L N Z AR Y Rt f) - b
m=1 ke, m=1 ke,
At M 2 M
=5 Z (Ah wkwk’m) + At Z Ah Z pFmapkm
m=1keQy, m=1 ke,
At M M
- = SN (AR wFEm) AL S (o g™, (2.57)
m=1 ke, m=1

voi o™ = {oFm = b (f 40 f) — uFm(f)]
Tu (2.51) ta c6 v la nghiém ctia bai toan
vt = AMy™ 4 AtB™Sfe™, m=0,..,M —1
e (2.58)
) = 0.
Nhan vo huéng hai vé cdc phuong trinh trong he (2.55) véi vecto bat ki
n™ € RN XNe 4y tong véi m = 0, ..., M — 1, ta nhan dugc

M—-1 M— M—1
Z <,Um—|—1 m Z Am m,nm —{-At Z <Bm6f¢m,nm>
_ <vm, (Am)*nm> + ALY (BTfem ). (2.59)
m=0 m=0

O day, (-,-) 1a tich vo huéng trong khong gian RN1>¥N2x-xNu 3 (Am)* 14 ma

tran lién hgp ctia ma tran A™.
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Nhan vo huéng hai vé phuong trinh dau trong he (2.55) v6i vecto v™ 1 bat
ki, 14y tong véi m =0, ..., M — 2, ta thu dugc

M-—2 M-—2 M-—2
Z<Um+1,nm> _ Z <Um+1 (Am+1 * m—|—1> + Z m-+1 ¢m—|—1
m=0 m=0 m=0
M-1 M-—1
= @ (AT 4 DY (0™ (2.60)
m=1 m=1

Nhan vo huéng hai vé phuong trinh thtt hai trong hé (2.55) véi vecto vM

ta co
M M) = (M, M), (2.61)
Tt phuong trinh (2.60)va (2.61), ta c6
M—2 M—1 M—1
Z m+1 m M777M_1>:Z< Am* m +Z ,,(pm ,¢M>
m=0 m=1 m=1
(2.62)

Tt phuong trinh (2.59), (2.62) ta suy ra

M-1 M-1

<v0, (AO)*nO> + ALY (BTSfE "y = (0" ™) + (M M),
m=0 m=1
Vi v? = 0 nén
M-1 M—1 M
ALY (BPSfE™ ™) =Y ™" + M M) = D™ ). (2.63)
m=0 m=1 m=1

Hay n6i cach khac, tit bat dang thitc (2.52) ta c6
M 2
> D W) = o £)([90).
m=1keQy,

Do d6, tut phuong trinh (2.57) va (2.63) ta thu dugc

M—1
Ty +0f) = TSN ) = A > (0f, (B™) o™ ™) + o(|L£]).
m=0

h,At
JO

Suy ra, gradient ciia phiém ham c¢6 dang

an At

M—
Z (B™)* ™™, (2.64)

Dinh 1y dugc chiing minh. U
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Nhan xét 2.2 Vimatran A;,i =1,...,n,m=0,..., M — 1 doi xing nén ta

P

CO
(A" = (B = ST B+ SEAT) (B — AT (B + A7)
< (B - %W)(En + 20 - ﬁAmx Atm
Tuong tu, ta co
(B = (B, — 2By + G (B - S B+ S

2.3.3. Phuong phap gradient lién hop

Phuong phap gradient lien hgp cho phiém ham roi rac (2.53) dugc tién hanh
theo cac bude sau

Budc 1. Cho trude xap xi ban dau f° € RM*! ciia ham f(¢) va tinh thing
du 7o = (l,llu(fo) — B Bu(f0) — b2, IMu(f0) — hM) biing cach gidi luge dd
phan 13 (2.49) v6i f duge thay thé bdi xap xi ban dau f° va dit k = 0.

Budc 2. Tinh gradient 7y = —V.J,(f°) xéc dinh béi (2.54) bang cach giai
bai toan lien hgp (2.55). Sau do, dat dy = 7.

Budc 3. Tinh

lrolaom,

Qo =
“lthHB 0,T) + 7Hd0“L2 OT

v6i Ipdy c6 thé duge tinh tit luge do sai phan phan ra (2.49) véi f dude thay
bang dy va g(x,t) =0, ug = 0. Dt

ft= 1"+ aodo.

Budc 4. V6i k =1,2,--- tinh 7, = =V J,(f*), dp = ri, + Brdy—1, v6i

B — ||7"/<:||%2(0’T)

71 H?y(o;r).

Bude 5. Tinh oy,

Il 00,
“lhdka 0,T) + ’VHdka 0,T) 7

O —
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trong d6 [pdy duge tinh dya vao luge do sai phan phan ra (2.49) véi f dugc
thay béi dy, va g(z,t) =0, up = 0. Dat

fk:—i-l — fk: +akdk

2.3.4. Vidu sé

Trong muc nay, ching toi trinh bay mot vai vi du s6 khi mién Q 14 mien
mot chiéu va hai chiéu dé chi ra tinh hitu hiéu ctia thuat toan. Cho 7 = 1,

ching toi thit nghiém thuat toan nham thiét lap lai cAc ham sau
e Vidu 1: f(t) = sin(nt).

2t néu t < 0.5,
e Vidu2: f(t) =

2(1 —t) néu ngugc lai.

1 néu0.25 <t <0.75,
e Vidu3: f(t) =

0 néu ngugc lai.

Chiing t6i xét ba trudng hop ma do tron ctia ham f(¢) bi gidm dan, cu thé,
ham f(¢) trong vi du 1 1a ham tron, ham f(¢) trong vi du 2 14 ham khong kha
vi tai ¢t = 0.5 vd ham f(¢) trong vi du 3 1a ham gian doan.

Trong méi vi du s6, chiing t6i chon trude nghiém chinh xéc u v cdc ham
@, f, roi thay vao bai toan (2.43) ta c6 ham g trong vé phai. Sau khi c¢6 nghiém
chinh xac u, ching toi tinh dit kién quan sat lu va dit nhiéu ngdu nhién lén di
kien do dac h. Cudi ciing, ching toi st dung thuat toan dé thiét lap lai ham f
va so sanh nghiém giai s6 v6i nghiem chinh xéc dé chi ra thuat toan ma ching

toi xay dung la hitu hiéu.

2.3.4.1. Vi du sb trong trudng hop 1 chiéu
Cho Q = (0, 1). Chang toi tim ham f(¢) tir bai toan

U — Ugy = f()p(z,t) + g(z,t), 0<zx<1,0<t<],
u(0,t) = u(l,t) =0, 0<t<l,

u(z,0) = up(x), 0<z<l
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Trong truong hgp nay, ching t6i chon nghiém chinh xac
u = sin(mz)(1 — t),

va diéu kien ban dau ug(z) = sin(rx), ham ¢(z,t) = (22 4+ 5)(t*> + 5). Sau khi
chon mot trong cac ham f(¢) nhu & trén, thay vao bai toan ta sé ¢6 ham g(x,t).

Ching t6i stt dung quan séat tich phan (2.44) véi hai ham trong duge cho

w(x) = 2* +1, (2.65)

néu x € (g —€,x0 +¢),
w(z) = (w0 =€, 70 + €) véi £ = 0.01, (2.66)
0 ngugc lai,

™ |=

Ta thiy ring quan sit tich phan v6i ham trong (2.66) c6 thé xem nhu la quan
sat diém.

Két qua s6 cho trudng hgp nay duge thé hién tit Hinh 2.9 dén Hinh 2.14.
Tt nhitng két qua nay, ching ta thay rang cac két qua sb trong cac truong hop

mot chicu 1a rat t6t, mac du nhidu 1a 10%.

T T
—=&— Noise=0.1 —5— Noise=0.01
—— Exact.Sol. Exact.Sol.

08r 1 0.8

o6t — 2o6r

04r 1 0.4r

02r 1 0.2

Hinh 2.9: Truong hop 1 chiéu, Vi du 1: So sanh nghiém chinh xéc va nghiém giai s6
trong vi du 1 v6i nhiéu bang 0.1 (bén trai) va nhiéu bang 0.01 (bén phai). Ham trong
w duge cho bdéi (2.65)



—a— Noise =0.1
= Exact.Sol.
1 L
0.8f
£ 06
0.4
0.2f
0 Il Il Il Il
0 0.2 0.4 0.6 0.8

77

—a— Noise =0.01
= Exact.Sol.
1 L
08
061
0.4
0.21
0 Il Il Il Il
0 0.2 0.4 0.6 0.8

Hinh 2.10: Truong hop 1 chiéu, Vi du 2: So sanh nghiém chinh xac va nghiém giai s6
trong vi du 2 v6i nhiéu bang 0.1 (bén trai) va nhiéu bang 0.01 (bén phai). Ham trong
w dugc cho béi (2.65)

—a— Noise=0.1 —=a— Noise=0.01
= Exact.Sol. = Exact.Sol.
! Mmﬂﬂyﬂh’ vf&' JWAWVKMWW — 1 P
08r 1 081
06 1 061
041 1 041
0.2
L-Hm SaBoo 0 i N I T
e LR G L A 4 T
Il Il Il _02 Il Il Il Il
04 0.6 08 1 0 0.2 04 0.6 0.8 1

Hinh 2.11: Truong hop 1 chiéu, Vi du 3: So sanh nghiém chinh xac va nghiém giai s6
trong vi du 3 v6i nhiéu bang 0.1 (bén trai) va nhiéu bang 0.01 (bén phai). Ham trong
w dugc cho béi (2.65)
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—a— Noise=0.1 —=a— Noise=0.01
= Exact.Sol. = Exact.Sol.
1 1
0.8f 1 08
206} £ 06
0.4 1 0.4
0.2f 1 0.21
0 Il Il Il Il 0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Hinh 2.12: Truong hop 1 chiéu, Vi du 1: So sanh nghiém chinh xac va nghiém giai s6
trong vi du 1 v6i nhiéu bang 0.1 (bén trai) va nhiéu bang 0.01 (bén phai). Ham trong
w dugc cho bdi (2.66)

—a— Noise =0.1 —a— Noise =0.01
= Exact.Sol. = Exact.Sol.
1 1
0.8f 1 08
206} £06
0.4 1 0.4
0.2f 1 0.21
0 Il Il Il Il 0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Hinh 2.13: Truong hop 1 chiéu, Vi du 2: So sanh nghiém chinh xac va nghiém giai s6
trong vi du 2 v6i nhiéu bang 0.1 (bén trai) va nhiéu bang 0.01 (bén phai). Ham trong
w dugc cho béi (2.66)
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—a— Noise=0.1 —=— Noise=0.01
IR sl ah p a——Eaisa] | P b= N |

il W HIRM L

0.8f
0.6f 1 0.61

0.8

£(t)
()

0.4F 1 041

02} ] ozl

e o

0.2 0.4 0.6 0.8 1 e 0.2 0.4 0.6 0.8 1

o

e el
rmmﬁ”ﬁ-‘mﬂ v

Hinh 2.14: Trusng hop 1 chiéu, Vi du 3: So sanh nghiém chinh xac va nghiém giai s6
trong vi du 3 v6i nhiéu bang 0.1 (bén trai) va nhiéu bang 0.01 (bén phai). Ham trong
w dugce cho bdi (2.66)

2.3.4.2. Vi du sb trong trudng hop 2 chiéu

Trong tiéu muc nay, ching toi trinh bay két qua s6 cho mot vai bai toan.
Cho 2 =(0,1) x (0,1), @ = x (0,1). Khi d6, bai toan (2.43) c6 dang

Uy — (a1<$, t>ua?1>x1 - (CZQ(%, t)um)xz + b(*T?t)u = f(t)go(ac,t) + g<xa t)? ($7t) €@
u(0,t) =u(l,t) =0,0<t <1

u(z,0) = up(z),z € Q.
(2.67)
Trong tat ca cac thit nghiém, ching to6i chon nhiéu 1a 10~ va 1072, ham trong

duge cho bdi

z ntual—e<zy<al+e vaa)-e<zy<af+e »
w(zr) = v6i e = 0.01.
0 neu ngugc lai

(2.68)
Tham s6 hiéu chinh v 14 1073, Tuy nhién, cac két qua s6 cho trusng hgp nhiéu
bing 1072 khong c6 nhicéu khac biét so véi trusng hgp nhidu bang 107!, Do do,
chiing t6i chi trinh bay két qua cho truong hop nhiéu bang 107!
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Giéng nhu truong hop mot chiéu, ching toi thay cac dit kién aq, as, b, f, ¢
va u vao hé phuong trinh (2.67) dé tim g. Sau d6, chiing t6i stt dung nhiéu trong
lu dé tim nhidu do dac h va 4p dung thuat todn dé thiét lap lai ham f(¢).

Thit nghiém 1. Vi du 1: f(t) = sin(nt).

ar(z,t) = as(x,t) = 0.5(1 —0.5(1 — t) cos(3mzy) cos(37rx2)),
b(x,t) = o7 + 25+ 221t + 1,

up(z) = sin(mway ) sin(ws),

u(z,t) = ug(x) x (1 —1),

o(z,t) = (z7 +5) (23 + 3)(t* + 2).

Thay vao phuong trinh (2.67) ta c¢6

g(z,t) = —sin(mzy) sin(rzs) (1 — (1 — ¢)(7* + 0.57° cos(3ma1) cos(3mzs)
+ 27+ 25 + 221t + 1)) + 0.757° (1 — t)?(sin(37a1) cos(3mw2) cos(mar) sin(ms)
+ cos(3mxy) sin(3mxs) sin(mz) cos(mx2)) — (x7 + 5)(23 + 3)(£* + 2) sin(wt).

Exact solution f(t) Approximation solution

0 10 20 30 40 50

Hinh 2.15: Truong hgp 2 chiéu, Vi du 1,Thit nghiém 1: Nghiém chinh xac (bén trai)
va nghiém giai s6 (bén phéi) v6i nhiéu = 0.1. Ham trong w duge cho béi (2.68).
Tt cac két qua trén ta thay rang, thuat toan on dinh hon néu ¢ "l6n". Néu

¢ "nhd", thi két qua s6 khong duge tét bang trusng hop ¢ "16n". Diéu nay c6
thé thay trong thit nghiem 2 duéi day.
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—— noise=0.1
— exact sol.

09
08
08
0.7
06

06
05 B 041
041

02
03

021 4
ok 4

01

Hinh 2.16: Truong hgp 2 chiéu, Vi du 1, Thit nghiem 1: So sanh nghiém chinh xac
va nghiém giai s6 v6i nhiéu = 0.1 (bén trai) va sai s6 (bén phai). Ham trong w duge

cho bdi (2.68).

Thi& nghiém 2. Vi du 1: f(t) = sin(nt).

Trong thit nghiém nay, ching téi sit dung cac ham twong tu nhu trong thu
nghiém trude nhung ham ¢(x,t) = (23 + 1)(z5 + 1)(t* + 1). Chung toi cha ¥
rang, trong thit nghiém nay, chuan ctia ham ¢ nhé hon so véi thit nghiem 1.

Két qua sb trong truong hop nay khong tét bang thit nghiem trude. Diéu
nay dugc chi ra trong Hinh 2.17 va Hinh 2.18.

Exact solution f(t) Approximation solution
T T T T T T

ft)

appr. sol.

) 10 20 30 40 50 "0 10 20 30 40 50

Hinh 2.17: Trudng hop 2 chiéu, Vi du 1, Thit nghiém 2: Nghiém chinh xac (bén trai)

va nghiem gii s6 (bén phéi) v6i nhiéu = 0.1. Ham trong w duge cho bdi (2.68).
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—&— noise=0.1

= exact sol.

08F
06F
04r

02r

ok 4
02 L L L L L L L L L ~02 \—/_/\
0

0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1 0 5 10 15 20 25 30 35 40 45 50

Hinh 2.18: Truong hgp 2 chiéu, Vi du 1, Thit nghiém 2: So sanh nghiém chinh xac
va nghiém giai s6 v6i nhiéu = 0.1 (bén trai) va sai s6 (bén phai). Ham trong w duge

cho béi (2.68).
Thit nghiém 3. Vi du 2:

ot néu t < 0.5
ft) =

2(1 —t) néu ngugc lai .

ai(x,t) = az(x,t) = 0.5(1 — 0.5(1 — ) cos(3mxy) cos(3mxs)),
uo(x) = sin(mwzy) sin(mxs),

b(z,t) = 22 + 235 + 221t + 1,

o(r,t) = (23 +5) (x5 + 3)(t* + 3).
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Thay vao phuong trinh (2.67) ta c6

(
—sin(7zy) sin(mzs) (1 — (1 — ¢) (7% 4 0.57% cos(3mx1 ) cos(3mzs)

+21 + 23 + 2z1t + 1))

+0.757%(1 — t)?(sin(3mx1) cos(3mas) cos(may) sin(mwas)

+ cos(3ma) sin(3mxs) sin(mwzy) cos(mwas))

— (23 +5)(z3 + 3)(t* + 3)2t néu ¢t < 0.5,
—sin(7ay) sin(mzs) (1 — (1 — ¢) (7% 4 0.57% cos(3mx1 ) cos(3mzs)

+x1 + 23 + 2z1t + 1))

+0.757%(1 — t)?(sin(3mz1) cos(3ma2) cos(mz1) sin(mzs)

+ cos(3ma) sin(3mxs) sin(mwzy) cos(mas))

— (23 +5) (23 + 3)(* + 3)2(1 — ¢) néu ngugdc lai

\

Két qua s6 duge thé hien trong Hinh 2.19 va 2.20.

Exact solution f(t) Approximation solution

Hinh 2.19:

0 10 20 30 40 50

Truong hop 2 chiéu, Vi du 2, Thit nghiem 3: Nghiém chinh x4c (bén tréi)

va nghiém gii s6 (bén phéi) v6i nhiéu = 0.1. Ham trong w duge cho bdi (2.68).
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—&— noise=0.1
= exact sol.
09 B

08F
081

0.7r
06F

0.6-
051 q 04r
0.4

02r
03r

0.1r

Hinh 2.20: Truong hop 2 chiéu, Vi du 2, Thit nghiém 3: So sanh nghiém chinh xac
va nghiém giai s6 v6i nhiéu = 0.1 (bén trai) va sai s6 (bén phai). Ham trong w duge

cho béi (2.68).
Thit nghiém 4. Vi du 3:

1, néu0.25 <t <0.75,

ft) =

0, néu ngudc lai.

ai(x,t) = az(x,t) = 0.5(1 — 0.5(1 — ) cos(3mxy) cos(3mxs)),
b(x,t) = 2% + 235 4+ 221t + 1,
up(z) = sin(mzy ) sin(ms),

© = (23 +5)(z3 +3)(t* + 3).
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Thay vao phuong trinh (2.67) ta c¢6

)
— sin(ray) sin(rz) (1 — (1 — t) (72 4 0.57% cos(3mz1) cos(3ma2)

+x1 + 23 + 221t + 1))
+0.75m%(1 — t)?(sin(3mwz1) cos(3mz2) cos(may) sin(rzs)
+ cos(3may) sin(3mas) sin(mway ) cos(mws))
g =9 — (23 +5) (23 + 3)(t* + 3) néu 0.25 <t < 0.75,
— sin(ray) sin(rzs) (1 — (1 — ¢) (7% 4 0.57% cos(3mz1) cos(3ma2)
+x1 + 23 + 221t + 1))

+0.7572(1 — t)?(sin(37x1) cos(3mxs) cos(mry) sin(mas)

\ + cos(3mxy) sin(3mxe) sin(mxy) cos(mxs)) néu ngugc lai.

Két qua s cho thit nghiém nay dude trinh bay trong Hinh 2.21 va 2.22.

Exact solution f(t) Approximation solution
1 ] 1 W
0.8- 1 0.8r
0.6r 5 06r
e 2
= 5
0.4 < 04f
0.21 1 0.2r 1
of———— OW Wow
_02 L L L L _02 L L L L
0 10 20 30 40 50 0 10 20 30 40 50

Hinh 2.21: Truong hop 2 chiéu, Vi du 3, Thit nghiém 4: Nghiéem chinh x4c (bén trai)

va nghiem gii s6 (bén phéi) v6i nhiéu = 0.1. Ham trong w duge cho bdi (2.68).
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—@— noise=0.1

= exact sol.

{ L2 adAaaaaaaaaaaadasaad 08k

081
06
06
041
041

02
02

200660066 or W
0 12000000004

02 L L L L L L L L L 02 L L L I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 5 10 15 20 25 30 35 40 45 50

Hinh 2.22: Truong hgp 2 chiéu, Vi du 3, Thit nghiem 4: So sanh nghiém chinh xac
va nghiém giai s6 v6i nhiéu = 0.1 (bén trai) va sai s6 (bén phai). Ham trong w duge

cho bdi (2.68).

Cac két qua so6 duge chung toi trinh bay trong cdc Bang 2.1, 2.2 va 2.3.
Trong Bang 2.1 va Bang 2.2, chting to6i trinh bay tham s6 hiéu chinh, sai s6
L?, s6 budc lap dé thuat toan dimg va gia tri cia phiém ham Tikhonov trong
truong hgp 1 chiéu. Trong Bang 2.3, ching toi dua ra sai s6 trong L2, gia tri
clla phiém ham quan sat tuong ng véi nhiéu trong truong hop 2 chiéu. Tu do6

cho thay thuat toin ching toi dua ra la hieu qua.

Vidi  Nhitu v n* |[f = furllizom I (for)
1 1071 005 8 9.7E —3 1.50F — 2
1 1072 0.01 10 2.0F — 4 2.49E — 3
2 1071 0.05 13 8.9E — 3 8.ATF — 3
2 1072 0.01 15 5.9E —5 1.66E — 3
3 1071 0.05 18 9.8F — 3 1.27TE — 2
3 102 0.01 29 8.AF — 4 2.54F — 3

Bang 2.1: Tham s6 higu chinh v, s6 budc lap n*, sai 6 || f — fo

L2(0,T) va gléJ tl"l

ctia phiém ham J,(f,+) (ham trong w dugc cho bdi (2.65)).
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Vidi  Nhitu v n* |[f = furllizom I, (for)
1 1070 005 8 7.8E -3 1.42E — 2
1 1072 001 9 2.9F — 4 2.47E — 3
2 1071 0.05 13 8.5E —3 8.50F — 3
2 1072 0.01 14 78E -5 1.66E — 3
3 1071 0.05 17 9.5F — 2 1.28E — 2
3 102 0.01 29 1.0E —3 2.53E — 3

Bang 2.2: Tham s6 higu chinh v, s6 budc lap n*, sai 6 || f — for

ctia phiém ham J,(f,+) (ham trong w dugc cho bdi (2.66)).

Vidu  Nhidu  Saisd L? J,
1 107 19FE—-2 3.96F —3
1 102 74E—-3 295FE—4
2 107" 1.0E—-1 223E-—4
2 1072 90E-2 221F—4
3 107! 18E—-2 282F—4
3 102 78E-3 262E—4

L2(0,T) va gléJ trl

Bang 2.3: Sai s6 trong L?, gia tri ctia phiém ham quan sat tuong tGng v6i nhiéu.
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KET LUAN CHUGNG 2

Cac két qua chinh ching toi dat dugce trong chuong nay 1a

- Dua ra cach tiép can mdi va phuong phap s6 cho bai todn xac dinh nguon
trong qua trinh truyén nhiét (xac dinh vé phai trong phuong trinh parabolic)
tit cac quan sat tich phan.

- Dua ra phuong phéap bién phan dé giai bai toan va cong thiic tinh gradient
(2.17) thong qua bai toan lién hgp (Dinh 1y 2.1).

- Roi rac héa bai toan bién phan bang cic phuong phap khac nhau nhu
phuong phap phan tit hitu han va phuong phéap sai phan hitu han phan ra, sau
d6 chiing minh cac két qua tuong tu ve tinh kha vi Fréchet cling nhu cong thiic
tinh dao ham Fréchet cho cac phiém ham rdi rac can t6i thiéu hoa.

- (Giai s6 cac bai toan bang phuong phap gradient lien hop khang dinh su
hitu hiéu ctia phuong phap.
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KET LUAN CHUNG

Luan an nay nghién citu bai toan xac dinh quy luat bién phi tuyén va xac
dinh nguon trong cac qué trinh truyén nhiet. Cu thé luan 4n da dat dudc céc
két qua sau:

1. Déi v6i bai toan xac dinh quy luat trao doi nhiét phi tuyén trén bién, vé
Iy thuyét chiing toi da giai quyét triet dé bai toan trong truong hgp nhidu chidu
dira trén phuong phap bién phan. Ching minh tinh kha vi theo nghia Fréchet
clia phiém ham can t6i vu hoéa, dua ra cong thic tinh dao ham bang bai toan
lien hgp. Trong mot s6 trudng hop chiing minh duge sy ton tai nghiém ciia bai
toan bién phan. Bai toan dugc roi rac bang phuong phap phan tit bien (BEM)
va sau d6 dudc gidi s6 bang phuong phap lap Gauss-Newton. Cac thit nghiem
bang s6 trén may tinh cho thay phuong phap va thuat toan 1a hitu hiéu.

2. V6i bai toan xac dinh nguon trong cac qué trinh truyén nhiét, ching toi
dua ra mot cach tiép can méi c6 ¥ nghia thuc té dé giai bai toan xac dinh nguon
nhiéu chiéu vé6i he s6 phu thudc thoi gian (chua duge nghien citu tir trude), sau
d6 chuyén bai toan vé bai toan bién phan. Vi bai toan bién phan khong én dinh,
nén ching to6i da hiéu chinh né bang phuong phap chinh Tikhonov, sau dé chiing
minh phiém ham Tikhonov kha vi Fréchet roi dua ra cong thitc cho dao ham
Fréchet qua su trg gitip ctia bai toan lién hgp. Bai toan dude rdi rac héa bang
phuong phép phan tt hitu han (FEM) va phuong phap sai phan phan ra (finite
difference splitting method), sau dé duge giai bang phuong phap gradient lien
hop (conjugate gradient method). Thuat todn duge thit nghiém trén may tinh
va cac két qua so cho thay phuong phap rat hitu hieu.

Luan an md ra mot s6 huéng tiép tuc nghién citu la:

1. Nghién citu phuong phap giai s6 bai toan xac dinh quy luat trao déi nhiet
phi tuyén titr quan sat mot phan bién va phuong phap gidi s6 bai toan xac dinh
hé s6 truyen nhiét tir quan sat tich phan. Nghién cttu bai toan cho phuong trinh
phtc tap hon.

2. Nghién cttu bai toan xac dinh nguon cho qué trinh truyén nhiét phi tuyén,

nghién cttu bai toan xac dinh nguon diem.
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